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Nuclear Transformations Produced in Zinc by Alpha-Particle Bombardment 


Witrrip B. Mann 
Radiation Laboratory, Physics Department, University of California, Berkeley, California 
(Received August 23, 1938) 


Zinc has been bombarded with 17 Mev alpha-particles and the consequent radioactivity 
observed. The disintegration products are mainly positrons; the half-lives of the observed 
activities are 19.840.4 minutes, 37*1.5 hours, 79* 2 hours and about 195 days. A chemical 
separation indicates that the first and third of these activities are due to gallium and the 
remaining two to germanium. The two gallium activities may be respectively assigned to Ga” 
and Ga". No very definite assignment has been possible, however, with respect to the activities 


associated with germanium. 


ITH the 17 Mev alpha-particles from the 

cyclotron at Bérkeley the transmutations 
produced in the bombardment of zinc with alpha- 
particles have been further studied. A prelim- 
inary report of the results obtained was given at 
the Stanford meeting of the American Physical 
Society in December, 1937. The results given at 
that meeting, however, require modification on 
account of the reported long-lived activity having 
been found to have a much longer half-life than 
was estimated. As a result, the half-life of 32 
hours assigned to germanium has been found to 
be 37 hours while that of 55 hours ascribed to 
Ga*’ has been increased to 79 hours. 


RADIOACTIVE PRODUCTS 


The activity obtained when a piece of chem- 
ically pure zinc was bombarded for about 4 
microampere hours with alpha-particles was fol- 
lowed by means of a Lauritsen-type quartz fiber 
electroscope. It was found that the resulting 
decay curve could be resolved into four com- 
ponents, representing activities having half-lives 
of about 20 minutes, 37 hours, 79 hours, and one 


of about 195 days. The last part of the decay 
curve, together with the corrected 79-hour ac- 
tivity, is shown in Fig. 1. At first it was suspected 
that the long 195-day activity might be due to 
deuteron contamination and was in fact the 
seven-month activity found by Livingood and 
Seaborg' on bombarding zinc with deuterons. No 
trace, however, of the accompanying one-hour 
gallium activity could be detected, so that this 
explanation was therefore ruled out. Extrapo- 
lated to zero time after bombardment the 20- 
minute, 37-hour, 79-hour and 195-day activities 
had intensities corresponding respectively to 
0.002, 0.4, 3.0 and 40 microcuries, giving yields 
of 4X10-7, 510-7, 1K10-7 and 4X10-°. The 
electroscope was calibrated with a uranium 
standard. 

In order to identify the various radioactive 
products, a target was prepared for bombard- 
ment with a view to effecting a chemical separa- 
tion. By using a chemically pure zinc sulphate 
bath and following the procedure given by Bar- 


1]. J. Livingood and G. T. Seaborg, San Diego Meeting, 
June 1938. 
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Fic. 1. Activity of zinc after bombardment 
by alpha-particles. 


clay and Hainsworth,’ a layer of zinc was electro- 
lytically deposited onto a sheet of carbon to a 
thickness of about one-fiftieth of an inch. This 
target was bombarded with alpha-particles for 
5.7 microampere hours; great care was taken to 
avoid deuteron contamination. Such contamina- 
tion was not difficult to avoid since the deuteron 
and alpha-particle peaks were quite adequately 
resolved in the cyclotron. 

After bombardment, the zinc target was dis- 
solved off the carbon by boiling in a mixture of 
concentrated hydrochloric and nitric acids con- 
tained in a flask provided with a reflux condenser 
to prevent volatilization of the germanium chlo- 
ride which might be present. Carriers of germa- 
nium and gallium were added and a separation 
for zinc, germanium and gallium carried out, 
according to the procedure recommended by 
Noyes and Bray.’ 

The solution obtained from dissolving the 
target to which the appropriate carriers had been 
added was diluted to about 6N and treated with 
hydrogen sulphide. Under this condition of 
acidity only germanium can be precipitated, 
while gallium and zinc remain in solution. The 
germanium precipitate was washed several times 
with 6N sulphuric acid saturated with hydrogen 
sulphide. The gallium and zinc filtrate was now 
evaporated to dryness and the residue redissolved 


2 W. R. Barclay and C. H. Hainsworth. Electroplating 
(Edward Arnold, London). 

3A. A. Noyes and W. C. Bray. Qualitative Analysis For 
the Rare Elements (Macmillan, New York). 


in 6N hydrochloric acid. From this solution the 
gallium was extracted by the ether method of 
extraction; the ether was washed several times 
with acid before it was finally evaporated. The 
zinc in hydrochloric acid, after washing with 
ether, was then evaporated to dryness and the 
residue dissolved in water. The zinc was then 
precipitated by treatment with hydrogen syl- 
phide. The results are shown plotted in Figs, 2 
and 3. In Fig. 2 are shown the decay curves of the 
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Fic. 2. Decay curves for gallium. 


gallium activity observed on two electroscopes, 
one having an aluminum window 0.0001 inch 
thick and the second having an aluminum win- 
dow 0.001 inch thick. In Fig. 3 is shown the decay 
curve of the germanium activity. The zinc 
showed a weak activity, having a half-life of 
about 38 hours, but this is probably due to a 
trace of germanium. 

The gallium activity after a short time of 
rapid decay, presumably due to the 20-minute 
activity of Ga”, settled down to a rate of decay 
corresponding to 79 hours, which was followed 
well into the background of the electroscope. The 
germanium activity decayed with a half-life of 
about 39 hours but started lengthening out just 
above background. By making a correction for 
the presence of this longer period the half-life of 
main activity was reduced to one of 37 hours, in 
agreement with that obtained without chemical 
analysis. 

The 195-day activity is still, however, not 
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chemically identified. The 20-minute and 79-hour 
activities may be attributed to Ga” and Ga", 
respectively. The 37-hour germanium activity is 
probably to be identified with that of 26 hours 
reported by Sagane for Ge**. While the possi- 
bility of isomerism cannot be overlooked, the 
identification with Ge®® seems reasonable. The 
lengthening out observed in Fig. 3 leads one to 
suspect that the 195-day activity is due to ger- 
manium and might possibly be due to the radio- 
active isotope Ge*’. There is no sign at all that 
there is any long period activity due to gallium. 
The ratio of the 79-hour and 195-day activities in 
Fig. 1 extrapolated to zero time after bombard- 
ment is such that if this activity were due to 
gallium, then it should most certainly be observed 
in the data given in Fig. 2, which were obtained 
after a bombardment of about the same duration. 
If, however, the activity be due to Ge*’, then 
there should also be present activity due to Ga* 
which would be formed by the disintegration of 
a Ge®’ nucleus. Accordingly the sample from 
which the readings in Fig. 1 were obtained was 
added to another which had aged until only the 
195-day period was present and a chemical sepa- 
ration was made for zinc, gallium and ger- 
manium. The activities obtained in the various 
fractions were weak. The germanium showed an 
activity about equal to background, the gallium 
about a third background, and the zinc about 
one-eighth background. The activity separating 
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Fic. 3. Decay curves for germanium. 
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THICKNESS OF ALUMINUM ABSORBER IN INCHES 
Fic. 4. Aluminum absorption curve for electrons 
emitted by radioactive Ga”, 

out with the gallium was, however, long-lived, 
nor did it show the characteristic absorption of 
Ga*’. Thus, as will be discussed in the next sec- 
tion, the soft beta-particles should have been 
practically completely absorbed by 0.001 inch 
of aluminum. This was not the case. However, 
since it is extremely improbable that any zinc or 
gallium will be precipitated in acid solution by 
hydrogen sulphide while any germanium left in 
solution would separate out with both these ele- 
ments, it seems fairly reasonable to conclude 
that the 195-day activity should be ascribed to 
germanium. 

With the identification of the 20-minute and 
79-hour activities with Ga?° and Ga®’, correction 
for the isotopic abundance of Zn®’ and Zn® from 
which the radioactive isotopes of gallium would 
be formed by alpha-particle capture and emis- 
sion of a proton, gives respective absolute yields 
of 9X10-* and 3X10-7. 


DISINTEGRATION PRODUCTS 


By examination in a magnetic field, the emitted 
electrons were found to be predominantly posi- 
tive. It is known, however, that the two gallium 
isotopes, Ga®? and Ga”, give rise to negative 
electrons, the former by conversion of a gamma- 
ray and the latter by emission in the process of 
transforming to stable Zn7. The chemically 
separated germanium was found to be positron 
active, corresponding, if the identification be 
correct, to a transformation from Ge® to Ga®. 
The germanium activity was investigated for 
soft x-rays but none was found. Absorption meas- 
urements were made using aluminum absorbers 
and the results are shown in Figs. 4, 5 and 6. 
From Feather’s empirical formula, values of 5.0 
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THICKNESS OF ALUMINUM ABSORBER IN INCHES 
Fic. 5. Aluminum absorption curve for conversion 
electrons from radioactive Ga®’. 
Mev and 1.0 Mev were obtained, respectively, 
for the maximum energies of the electrons emit- 
ted by Ga’ (19.8 minutes) and Ge®® (37 hours). 
The disintegration products of Ga*? (79 hours) 
have been exhaustively investigated by Alvarez* 
who found that Ga*’ transformed to Zn*’ by 
capture of a K shell electron followed by emission 
of an x-ray characteristic of zinc. The soft elec- 
trons which are emitted, the absorption curve for 
which is shown in Fig. 5, have been found by 
Alvarez to be due to conversion of a 100 kev 
gamma-ray in the K and L shells. In the present 
instance, the absorption coefficients of the x-rays 


4L. W. Alvarez, Phys. Rev. 53, 606 (1938). 
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Fic. 6. Aluminum absorption curve for electrons emitted 
by 37+1.5 hour germanium activity Ge®*(?), 


have also been measuredand acomplete identifica- 
tion of the results with those obtained by Alvarez 
has been established. 
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Note on K-Electron Capture in Be’ 


G. Breit AND J. K. Knipp 
University of Wisconsin, Madison, Wisconsin 
(Received August 5, 1938) 


There is no observed positron emission in Be’. This sets 
an upper limit of 2.09 mc? for the mass difference Be?—Li’? 
from Fermi’s theory and 2.3 mc? from the Konopinski- 
Uhlenbeck theory. This upper limit is compared with other 
estimates of the same mass difference. The gamma-ray 
emission accompanying the disintegration probably takes 
place after the K capture from an excited state of Li’ 
having a spin }. The K-capture transiticn to <=} from 
i=} is according to experiment only 75 as weak as that to 
1=}3. This speaks for the Gamow-Teller type of selection 
rules. The mean lives of He®, Be’, C!! are compared. It is 
found that the observed mean lives are relatively shorter 


HE experiments of Roberts, Heydenburg 

and Locher! show that Be’ captures its 

1R. B. Roberts, N. P. Heydenburg, G. L. Locher, Phys. 
Rev. 53, 1016 (1938); R. B. Roberts and N. P. Heydenburg, 


Abstract No. 78, 1938, Washington Meeting American 
Physical Society. 








for the lighter nuclei than Fermi's theory predicts. This is 
in apparent contradiction with the preference shown for 
the Fermi theory by the alpha-particle distribution from 
Li’. From a theory without derivatives, the facts seem to 
point either to an appreciable increase in the many-body 
aspect of nuclei from He‘ to C"™ or else to a decrease in the 
intrinsic B-emitting powers of nuclear particles in heavier 
nuclei. On the Konopinski-Uhlenbeck theory some of the 
disagreement can be removed but the §-particle distri- 
bution from Li’ (Gamow and Teller) speaks strongly 
against using this theory for mean lives. 


K electron to form Li’. They observe roughly one 
gamma-ray quantum per every ten Be’ atoms 
produced. The gamma-radiation is explained by 
them as being due to capture of a K electron into 
an excited state. Their measurements give 
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425425 kev for the energy of the gamma-ray. 
This agrees within experimental error with the 
position of the level of Li? (450 kev) determined 
by the reaction? Li‘+H?=Li?+H!'. Richardson* 
fnds that N'* emits in addition to the annihila- 
tion radiation also another somewhat softer 
y-ray. The gamma-radiation of N'* was used as 
a comparison standard in the determination of 
the radiation from Li’. The energy (Li’)* — Li’ is, 
therefore, possibly lower than stated and the 


TABLE I. Approximate values of lgiw(P./PxK). 


—_—_ = = = — = — 





511(Aw—1)kev... ‘ 10.2 2 
[Igio(P+/PK)| F- | 4.4] 2.6) 0.0) 0. 
[Iguo( P+ PK)|K-U 2 


————————— 


level responsible for gamma-radiation may be 
different from that observed in Li‘+H? = Li?7+H!'. 
The exact identity of the level makes little 
difference for the discussion below as long as its 
spin is }. It is likely and it will be assumed below 
that the level in question is identical with that 
observed in proton emission and that its spin is 
} because the energy measurements of gamma- 
rays are difficult and because it is difficult 
theoretically to explain the presence of two levels 
within 450 kev of the ground state. 

The mass difference Be?’—Li’ is not known 
directly with great certainty. The neutron dis- 
tribution from Li*+H? obtained by Rumbaugh, 
Roberts and Hafstad‘ indicates that their maxi- 
mum energy is at least 3.3 Mev for 800 kev 
incident neutrons. This gives Li'+H?=Be’+n 
+3.2 Mev. From the measurements of Cockcroft 
and Walton, Bethe and Livingston obtain 
Li'+H?= Li?’ +H'+5.023-0.12 Mev and Rum- 
baugh, Roberts and Hafstad‘ obtain 5.0(3) Mev. 
This gives Be? < Li7+1.8 Mev —0.00080 = 0.00091 
=1.6(7) mc? =0.91 mmu. Using the mass of Li® 
as given by Livingston and Bethe® and Bethe’s 
revised neutron mass® one obtains from the 
Be’+n process ; Be? = Li7+1.9(0) mc? = Li7+1.04 
mmu. The disagreement between these estimates 
makes it desirable to estimate the upper limit 

*L.H. Rumbaugh and L. R. Hafstad, Phys. Rev. 50, 681 
(1936). 

*J. R. Richardson, Phys. Rev. 53, 610 (1938). 

*L. H. Rumbaugh, R. B. Roberts and L. R. Hafstad, 
Phys. Rev. 54, 657 (1938); the writers are indebted to 
Messrs. Rumbaugh, Roberts and Hafstad for communicat- 
ing to them their results before publication. 

*M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 9, 


245 (1937). 
°H. A. Bethe, Phys. Rev. 53, 313 (1938). 


of the energy by making use of the apparent 
improbability of the positron emission from Be’. 

This was done by using the formulas of 
Yukawa and Sakata’ for the ratio of the positron 
probability P, to K-capture probability Px. 
It was supposed that the neutrino mass is zero. 
One has then in a sufficiently good approximation 


Aw 


[ F(e, O)de 
P, v1 


— , : (Fermi) (1) 
Pr 2nr(aZ)*3(1+Aw)? 





Aw 
{ F(e, 0)(Aw—)*de 
P, wv, 
—= —. (Konopinski- (2) 
Pr 2r(aZ)*(1+Aw)* Uhlenbeck) 


Here Aw—1 is the energy available for positron 
emission in mc? units, a=1/137 and Z(=4) is 
the atomic number of the unstable nucleus. 


x 
F(e, 0) = e(e@& —1)'(Aw— €)?——-; 
e*—1 


x =2raZe(e@—1)-. 


The a-particle distribution from Li* indicates, 
according to Gamow and Teller,* that the Fermi 
theory accounts for mean lives as a function of 
available energy in §$-decay better than the 
Konopinski-Uhlenbeck theory for the disintegra- 
tions of light nuclei. It appears safest, therefore, 
to use the formulas of the Fermi theory in this 
case also. One obtains the approximate values 
given in Table I of Igio(P,/Px«) on the Fermi (F) 
and the Konopinski-Uhlenbeck theories. 
Experiment shows that the number of y-rays 
is about 1/10 of the number of neutrons. An 
emitted positron should give two y-rays. The 
number of emitted positrons is, therefore, less 
than 1/20 of the number of Be’ atoms which is 
practically the same as P,/Px <1/20. According 
to Table I this corresponds to Be? — Li? <45 kev 
+2 mc?=2.08(8) mc? on the Fermi theory and 
Be? —Li?’<172 kev+2 mc?=2.34 mc? on the 
K-U theory. Since the K-U theory underesti- 
mates the emission at the end of the range the 
K-U calculation should give too low values of 


7H. Yukawa and S. Sakata, Proc. Phys. Math. Soc. of 
Japan 17, 467 (1935); 18, 128 (1936); C. Moller, Phys. 
Rev. 51, 84 (1937). 

’ Considerations of Gamow and Teller quoted by L. H. 
Rumbaugh, R. B. Roberts and L. R. Hafstad, Phys. Rev. 
51, 1106 (1937). 
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P,/Px for the correct energy and too high 
values of Be’—Li’ for a given P,/Px. The esti- 
mate from Fermi’s theory is preferable. Positrons 
with 45 kev maximum energy would easily 
escape detection and the only direct contra- 
diction to assuming the mass difference to be 
2.09 mc?=1.14 mmu lies in the neutron energy. 
Plotting the mass differences He*—H?*, C!'—B", 
N¥—C8, O'-—N'5, F'’—O" against Z one 
estimates that 0.9 mmu<Be’?—Li’<1.2 mmu. 
These estimates are seen to agree with each 
other. From the fact that C!'—B", O''—N!'> have 
relatively larger values than N'°—C, F!'7—Q'" 
values below 1.0 mmu appear unlikely so that 
the range between 1.0 mmu=1.8 mc? and 1.14 
mmu=2.09 mc? appears to be available for 
Be? —Li’. 

Since the normal state of Li’ has a spin 3, it 
is natural to suppose that the same is true for 
the normal state of Be’. There is some probability 
that the level of Li’ at 450 kev has a spin 3 and 
that it is the *P,,/2. partner of the ?P3/2 normal 
level. If so, the K capture occurs here into two 
nuclear states differing from each other mainly 
through the relative orientation of total particle 
spin with respect to total orbital angular mo- 
mentum. On the Fermi theory one would expect 
the transition to ?P1,2 to have negligible intensity 
in comparison with that to *P3)2. Experiment 
indicates the opposite and speaks in favor of the 
Gamow-Teller type of selection rules.’ With the 
interaction energy given by their Eq. (2) the 
transition probabilities are proportional to 5 and 
4 for ?P32 and ?P;2 respectively (for /=1, the 
ratio is 2/+3 : 4/ on a single particle model with 
l=orbital angular momentum) and besides to 
(1+Aw)*. Using the ratio 10 : 1 for the transition 
probabilities and 0.88 mc? for (Li?)*—Li’ one 
obtains Aw by solving 

(1+Aw)? 49 


(0.12+Aw)? 51 


This gives Aw=0.40 which makes Be’—Li’ 
=1.4 mc?=0.8 mmu. This value is too low. 
For a mass difference of 2.09 mc*® the expected 
ratio of the transition probabilities for *P 3/2 and 
*Pi;2 is 3.7 which corresponds to 1/4.7 as many 
y-rays as neutrons. The difference between 1/4.7 


9G. Gamow and E. Teller, Phys. Rev. 49, 895 (1936). 
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and 1/10 may not be significant in view of the 
difficulty of y-ray intensity measurements and 
the uncertain nature of the theory. On the K- 
theory modified with spin terms for heayy 
particles the ratio 10 : 1 gives in the same way 
Aw =1.3 which corresponds to Be? —Li?=2.3 me 
and is only slightly too high. For 2.09 me the 
expected ratio of the transition probabilities js 
12 which agrees better with experiment than the 
Fermi-like theory. This comparison is, however, 
only apparently favorable to the K-U form 
because Gamow and Teller’s® matrix element \, 
cannot be used by itself. Their matrix element 
M, will increase the ratio considerably making 
the Fermi-like result approach the experimental 
value and the K-U value recede from it. 

An appreciable intrinsic preference for a transj- 
tion to ?P3/2 in comparison to *P1/2 is apparently 
ruled out by the approximate value 10:1 of 
Be’ : y. Thus even if there were only a factor 
10 favoring *P3/2 the ratio of transitions to i=} 
and 1= 3 would be on the Fermi theory 
10(1+Aw)?/(0.12+Aw)?. The smallest possible 
value of Aw is 0.7 which gives 40 for this ratio 
and the largest Aw is 1.1 which gives 30. Ona 
K-U theory with an intrinsic preference 10: 1 
for 3 one has a ratio of 180 for Aw=0.7 and 9 
for Aw=1.1. All of these values are appreciably 
greater than 10. 

The Be’ nucleus differs from Li’ presumably 
only through the conversion of a proton into a 
neutron. The matrix element M of the £6-ray 
theory should be, therefore, of the order of magni- 
tude 1 for the transition 3-3. It is thus natural 
to expect that the mean life of Be’ should corre- 
spond to an anomalously high | 1/7 |? with Fermi's 
g which was obtained from more complicated 
and, therefore, less probable transitions. The 
increase of | M |? with decreasing atomic number 
has been pointed out by Nordheim and Yost" 
and has been attributed by them to the increasing 
importance of the many-body aspect for heavier 
nuclei. A comparison will be made here with the 
period of C''-->B" which gives about the same 
value of | M|? as N'8-C". Before discussing the 
numerical relations it is necessary to consider 
the dependence of |M{? on other nuclear 





properties. The isotopic spin notation is the most 


10. W. Nordheim and F. L. Yost, Phys. Rev. 51, 943 
(1937). 
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K-ELECTRON 


convenient.'' The wave function is then anti- 
symmetric for simultaneous interchanges of space 
coordinates x, spins o and isotopic spins r. 
The matrix element for positron emission is on 
Fermi’s theory 
M= (¢, > 3 (rE +i74")Y). (3) 


k 


Here ¥, ¢ are the wave functions of initial and 
final nuclei. The operators r*, 7", 75 are Pauli’s 
matrices for isotopic spin so that (7*)?=1ete. - 

The wave-lengths of the light particles are sup- 
posed to be long compared with the nuclear 
radius, so that there is no difference in the values 
of the light particle wave functions at the 
different heavy particles within the nucleus. The 
above formula takes into account the inter- 
ference of the light particle field due to emissions 
from different heavy particles. For a symmetric 
Hamiltonian the normal state of the final nucleus 


has 
e= 3 (rE +i7,")y, 
M=(y¥, (T;—1T,)(T;+1T,)y). 


(3’) 
so that 
Evaluating the operator in the scalar product 
one finds 


M=T(T+1)—T;(T;+1) 
=(T—-T;)(T+T;+1), (4) 


where one has set (y, ¥) =1 since the wave func- 
tion must be normalized. Here 7; is }(N—Z) 
=$27,5 and 7(7+1) is the characteristic value 
of T?+7,7+T7¢ where 7;, 7, are defined simi- 
larly to 7;. If the number of protons is the 
minimum possible with a given T then T;=T 
and M=0. This should be the case because there 
can be no final nucleus with the same T with a 
smaller number of protons. The values 7>;, 
T;+1 are seen to be the values of 7; in the 
initial and final nucleus. For the disintegrations 
Be?=Li’, C'—B", N8—>C, T;= —3 so that 


M=(T+3)?. 
There is considerable probability" that T=} for 


™The most complete account of this is given by E., 
Wigner, Phys. Rev. 52, 106 (1937); first introduced by 
W. Heisenberg, Zeits. f. Physik 77, 1 (1932); cf. also B. 
Cassen and E. U. Condon, Phys. Rev. 50, 846 (1936). 
Wigner’s notation is used here. 


CAPTURE 655 


the ground states. This gives 1/=1 for the 
three cases. 

The validity of -Eq. (3’) was essential for 
Eq. (4). If the Hamiltonian is symmetric the ¢ 
of Eq. (3’) will be a solution of the wave equation 
and will correspond to a possible final nucleus. 
For a Hamiltonian that is not symmetric this is 
not the case. Even the inequality between unlike 
particle and like particle forces matters. For 
example, the Heisenberg interaction between 
unlike particles can be expressed as 


BD (reer Ft r4"7 5") J (rij). 


k>i 
For long range forces this becomes 
[(T2+T?+T*) —T?—(n/2) ]J(0). 


The term 7, does not commute with 7;+77, 
and Eq. (3’) does not hold in general. This is 
due to the fact that an ‘“unsymmetric Hamil- 
tonian”’ is not invariant to rotations of the 
isotopic spin and does not commute with 
T;+iT,. The equation H(7T;+iT,)y=0 then 
does not follow from J7~=0. If, on account of a 
difference between like and unlike particle forces, 
the four neutrons of Li’ should be somewhat 
farther out than the three protons, then similarly 
in Be’ the four protons will be somewhat farther 
out than the three neutrons. When a K capture 
occurs the neutralized proton finds itself in the 
right position to be a neutron of Li’ but the three 
remaining protons are too far out. Such a con- 
dition would be expected to decrease the transi- 
tion probability. The model just mentioned is 
meant only as an illustration of principle and 
not in a literal way. Similarly an inequality 
between proton-proton and proton-neutron inter- 
actions introduces terms in 7 and 7°. A surplus 
repulsion between protons will make Be’ slightly 
larger than Li? and C" slightly larger than B". 
Due to this cause, however, one will expect only 
very small effects because the Coulomb barrier in 
carbon is at the most 6 mc? and changes at the 
most by 1 mc? in the positron emission. The mass 
differences Be*++-H*—B'"=0.012 and Be*+He* 
—C"=0.0097 show that H* and He* must be 
quite thoroughly distorted in B" and C". It is 
probable that these nuclei do not have any 
loosely attached particles for which the Coulomb 
effect is especially important. In Li’ the H® 
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combination is bound only by 0.0028 mass units 
and here the H* combination may be behaving 
somewhat as a unit. The Coulomb field in H? is 
too weak, however, to cause much distortion 
in H*. It is difficult to see, from such average 
field effects, a reason for a smaller |M ? in 
C'—B" than in Be7—Li’. 

Using the Fermi theory and disregarding the 
presence of transitions that violate the selection 
rules, one obtains, with g=4.0X10-", C'—B" 
—2 mc?=2.26 mc*, |M\|?=1 an expected mean 
life of 270 minutes. The observed mean life is 
20.5 min./0.694 = 29.6 min. This requires | 1/| °? 
=9.(0). In Be’ with the same g and | M|? and 
with Be?—Li’=2 mc’, the expected mean life is 
5.3 years. The observed mean life is 43 days/0.694 
=62 days. This requires | .W|,.2=30. The ratio 
of the two | M|? is 3.3. One can try to lower the 
ratio by increasing the value of Be? —Li’ used in 
the calculation of the expected mean life. The 
small number of emitted positrons makes it 
impossible to assume more than 2.1 mc? for 
Be’—Li’. The transition probability due to K 
capture is then increased by 10 percent in the 
total transition probability due to positron 
emission. The discrepancy is then still repre- 
sented by a factor ~2.6. 

According to Bjerge and Bjerge and Brostrum” 
the half life of He® is ~1 sec. and the available 
energy ~3.7 Mev corresponding to | M|?~120. 
This | M|? is even larger than that in Be’ and is 
more surprising because He® and Li® are not 
homologous. The @-disintegrations of the light 
elements show in this way an interesting con- 
tradiction in pointing for Li* to the dependence 
of probability on energy predicted by Fermi’s 
theory, as has been noticed by Gamow and 








2% The anomalous behavior of He*® was noticed inde- 
pendently by H. A. Bethe. For measurements on He® see 
Bjerge, Nature 138, 400 (1936); Bjerge and Brostrum, 
Nature 138, 400 (1936). 


Teller, and in showing besides a systematic jp. 
crease in the probability with decreasing Z. 

The K-U theory when applied to C' and Be? 
gives approximate agreement of | J/\¢? and 
|.M\|,.? with the use of the inspection limit for 
C" and Aw=1 for Be’. It is difficult to believe 
that this agreement means much because the 
K-U theory does not account for the a-particle 
distribution of Li* but it should be noted that 
the extreme shortness of the life of He® in com. 
parison with that of C'! is accounted for more 
easily on the K-U than on the Fermi theory. 
According to Gamow and Teller, however, the 
alpha-particle distribution from Li’ speaks 
strongly against the K-U theory. 

The approximate regularity of mass differences 
in He*—H?, C''—B" and their partial agreement 
with expected Coulomb energies indicates the 
partial validity of Eqs. (3’) and (4). To be sure, 
Eq. (4) holds only for the Fermi interaction and 
not for the generalization of Gamow and Teller, 
Nevertheless the increase in the probability with 
decreasing Z appears to be too strong to be 
explicable by the geometrical factors that may 
be expected to appear in Gamow and Teller’s 
theory. It is, perhaps, worth while to consider 
the possibility of a decrease in the intrinsic 
B-emitting powers of nuclear particles with in- 
crease in atomic weight. This would amount to 
a change of g in the calculations. Such an effect 
is conceivable if the interactions between nuclear 
particles are intimately connected with the 6-ray 
field. 

It should also be remembered that the equality 
of unlike and like particle interactions which is 
essential for (3’) has so far its experimental 
support only for particles with zero relative 
angular momentum. 

The authors would like to thank the Wis- 
consin Alumni Research Foundation for its sup- 
port and the University of Michigan Physics 
Symposium for its hospitality. 
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Nuclear Transmutations of the Lithium Isotopes 
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Yield curves have been obtained for eight of the more 
important reactions of Li® and Li’ produced by proton and 
deuteron bombardment in the energy range from 200 to 
1000 kev. Each curve was obtained with an accuracy of 
about five percent, and a set of intercomparisons served to 
determine the relative yields between the different reac- 
tions within 20 percent. A special set of observations on a 
single reaction then gave the absolute vield for all the 
reactions within a factor of about three. An investigation 
was made of the reactions involved in the formation and 
decay of Li’, the mass of which was found to be 8.02499 
+0,00020. The range-distribution of the delayed alpha- 
particles from Li* was measured and the interpretation of 


this distribution is discussed. Observations on the reaction 
Li'+n—He'+ H? gave a value of 4.97 Mev for the reaction 
energy as compared to a value of 4.56 Mev derived from 
the masses involved. No evidence could be obtained for 
the production of Li’ by the process Li’+n—Li*. Measure- 
ments of the energies of the neutrons produced by deuteron 
bombardment of Li® indicated that Be’ is formed by the 
reaction Li*+D*~Be’+n. Further experiments showed 
that Be’ is radioactive and is converted to Li’ by K-electron 
capture. It was found that this process is followed 
by gamma-ray emission in roughly ten percent of the 
transitions. 





A. INTRODUCTION 


ITHIUM was the first element to be dis- 

integrated by artificially accelerated ions 
and its transmutation processes have been 
studied by many investigators, but at the time 
this work was undertaken there still remained 
much valuable information to be obtained from 
a more comprehensive investigation and correla- 
tion of the various processes involved in its trans- 
mutations. The products of disintegration have 
long been known and the energy balances have 
been measured for most of the possible modes of 
disintegration, but very little information was 
available concerning the yields of the various 
reactions and the variations of the yields with the 
energy of the bombarding particles. For a more 
complete understanding of the nucleus, measure- 
ments of the relative yields of different particles 
from the same compound nucleus are highly im- 
portant. While the types of reactions which will 
occur and their energy balances can be predicted 
from a knowledge of the masses involved, and the 
general shape of most of the yield curves can be 
calculated by consideration of the penetration 
probabilities, the differences between yield curves 
for different isotopes or different projectiles prob- 
ably depend on the arrangement of the nuclear 


* Now at the University of Minnesota. 
t Carnegie Institution Fellow. 


constituents themselves, and thereby furnish 
definite criteria for testing the success of any 
theory of the structure of the nucleus. 

It was the object of the present work to supple- 
ment the investigation of the transmutation 
processes of lithium previously reported! by ob- 
taining accurate data on the yields of the various 
processes and by measuring quantitatively several 
other features of the reactions which had been 
studied only in a qualitative fashion. Some of the 
material covered by this paper has been reported 
briefly in the Physical Review.* 

Because of the large number of possible reac- 
tions involved, they are collected in Table I for 
the convenience of the reader. 


B. EXPERIMENTAL PROCEDURE 


In general, the experimental procedure was 
similar to that of the previous work. The par- 
ticles used in bombardment were accelerated by 
the two-meter electrostatic generator of the De- 
partment of Terrestrial Magnetism. Voltages 
were measured by the high resistance voltmeter, 


'L. H. Rumbaugh and L. R. Hafstad, Phys. Rev. 50, 
681-689 (1936). 

?L. H. Rumbaugh, R. B. Roberts, and L. R. Hafstad, 
Phys. Rev. 51, 1013 (1937); 51, 1106-1107 (1937); R. B. 
Roberts, L. R. Hafstad, and L. H. Rumbaugh, Phys. Rev. 
52, 247 (1937); R. B. Roberts and N. P. Heydenburg, 
Phys. Rev. 53, 929 (1938); R. B. Roberts, N. P. Heyden- 
burg, and G. L. Locher, Phys. Rev. 53, 1016 (1938). 
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previously described,* the absolute calibration of 
which has since been checked independently by 
observations of the scattering of protons in nitro- 
gen and argon. The ion current could be varied at 
will from 0.2 to 5.0 microamperes, which was a 
great convenience in maintaining suitable count- 
ing rates. Molecular ions were employed for very 
low voltage work on deuteron produced reactions. 
The ion current was measured by a current 
integrator. 


Targets 


As in the previous work, a set of 18 isotopic 
targets which ranged from 10 micrograms to 4 
milligrams in mass was available for use in any 
case where the disintegration products of the 
two isotopes might be confused. All yield curves 
were taken with thin targets. 


Detecting apparatus 


The apparatus used in detecting the various 
products of disintegration included several ioniza- 


TABLE I. Nuclear reactions of lithium.* 


Lit+ H'—He?, 2 em +He's em+3.72 Mev 

Li?+H'—He'‘; .» +He's em+17.13 Mev 

Li?7+ H'—(Be*)*—Be®+hv+(17 Mev) 

Lit+ D*+He‘)3 em +He'i3 en +22.07 Mev 

Lié+ D?—+Li?+ H!30 em +5.03 Mev 

Li'+ D*+(Li?)*+H "25 em +4.58 Mev 

(Li?)*—Li?+Av+0.455 Mev 

Li®+ D*—He?+ He!+n-+ (1.56 Mev) 

Lié+ D*—+Be’?+n+ (3.1 Mev) 

Be? +ex—Li’?+7+(1 Mev) 

Be? +ex—(Li’7)*+7+ (0.55 — 43 days) 

(Li7)*—>Li?+Av+0.45 Mev 

Li?+ D*+Be®+n+(14.5 Mev) 

Li7+ D*~He'+ He*; -n + (14.3 Mev) 

(He®)—Het_¢ em +n+(0.8 Mev) 

Li?7+ D*+He‘y_s em +He'o_s en +n2+ (14.9 Mev) 

Li?7+ D?—Li’+ H!—0.2 Mev 

Li'+He'y_. em +He'o_¢ cm + 8-+n+ 15.9 Mev 
(half-life 0.85 sec.) 





Lié+n—He*; «m+H*s emt 4.9 Mev 
Li‘+n—He®+ H!—2.8 Mev (probable) 
Li?+n-—Li’+hy (not observed) 
Li?+n—He'’+ H?—2.7 Mev (probable) 





* The ranges given are for identification only, and are taken from 
the well-known original work in which the existence of such groups were 
established, no adjustment being made for differences in bombarding 
energies in different experiments. The disintegration products which 
have been observed are shown by boldface type. Those reaction energies 
included in parentheses are approximate. 


3L. R. Hafstad, N. P. Heydenburg, and M. A. Tuve, 
Phys. Rev. 50, 504-514 (1936). 
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tion chambers and Geiger-Miiller counters with 
their associated amplifiers and counting circuits, 
a shielded Lauritsen electroscope, and a Wilson 
cloud chamber. Special features of the equipment 
will be described in conjunction with the experj- 
ment in which the apparatus was used. 


Range measurements 


In all measurements of the ranges of the jim. 
mediate products of disintegrations, the observa. 
tions were made at 90° to the incident beam. The 
smallest aperture which would give adequate 
counting rates was used. Two sets of calibrated 
mica windows mounted on wheels provided a 
means of rapidly varying the stopping power in 
5-mm steps. A screw on the ionization chamber 
furnished a fine adjustment. In all cases where 
accurate range measurements were desired the 
stopping power of the window of the target 
chamber and of the effective air path to the 
ionization chamber was calibrated by placing a 
clean polonium source at the target position and 
measuring the range of the emitted alpha- 
particles. In converting to energy, the revised 
Cornell range-energy curves of 1937 were used 
for protons and those of 1938 for alpha-particles. 


Elimination of spurious effects 


In the first attempt to obtain accurate yield 
curves, some difficulty was encountered in getting 
reproducible results. The source of the difficulty 
was soon traced to the current measurements 
which recorded as effective current some ions 


‘which entered the target chamber but were not 


effective in producing observable disintegrations; 
that is, ions missing the target area or striking 
parts of the target shielded from the detector. To 
correct this condition the target chamber was 
placed at the end of a 60-cm collimating tube. 
At each end of this tube was a diaphragm with 
a ;;-inch hole, which insured a well-defined beam 
at the target which was located approximately 
ten cm be!ow the last diaphragm. The collimating 
tube was built in insulated sections so that it also 
served as a trap for the electrons liberated from 
the diaphragms. Very little ion current was 
sacrificed by this arrangement due to the sharp 
focus of the accelerating tube. Fluctuations of the 
current caused no errors since the current was 
measured by an integrator. Voltage fluctuations 
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Fic. 1. Yield curves for Li® and Li? bombarded by protons. 


were also eliminated because of the high resolu- 
tion given by the magnetic field in combination 
with the slit system. As soon as this arrangement 
was installed, there was no further difficulty in 
repeating any observation with agreement better 
than five percent. 

The possibility of changes in the calibration of 
the voltmeter was eliminated by checking the 
voltmeter occasionally with a measurement of 
the lithium gamma-ray resonance at 440 kev. 
The same measurement applied to the thin tar- 
gets of Li’ used for the yield curves showed the 
thicknesses of the targets and the amount of 
carbon (contamination) which had accumulated 
on them. 

Despite the magnetic analysis of the ion beam 
it was possible, of course, to have molecular 
hydrogen present in the mass 2 spot. Its presence 
readily could be detected and its percentage esti- 
mated by observing the current carried by the 
mass 1, 3, and 4 spots. This error was never 
serious as the mass 2 spot was almost invariably 
better than 95 percent deuterons. 

Confusion due to contamination by carbon or 
oxygen on the target was easily avoided in most 
cases since the characteristic groups of charged 
particles arising from these elements are well 
known. In counting the beta-rays from lithium, 


however, it was necessary to use a coincidence 
pair of Geiger-Miiller counters shielded by lead 
to avoid spurious effects from x-rays produced in 
the tube and from beta- and gamma-rays from 
carbon. Carbon neutrons also had an appreciable 
effect when counting neutrons at the higher 
voltages. 
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Fic. 2. Alpha-particles from Li?+H!'. 








660 L. H. RUMBAUGH, R. B. 


ROBERTS AND L. 





R. HAFSTAD 

















400 500 60C 800 /0 











Fic. 3. Neutrons from Li®+ D2, 


C. YIELD CURVES 
(1) Li‘+H! 

Figure 1 shows the yield curves for the proton 
produced reactions in lithium. The yield of the 
reaction Li'+H!—He*-+ He‘ was measured with 
an ionization chamber by counting He‘ particles 
emitted from a thin isotopic target. It was im- 
possible to carry the investigation to voltages 
higher than 600 kv because the range of the 
scattered protons there became sufficient to inter- 
fere with the counting of the He® particles. A 
thin isotopic target was used. 


(2) Li’+H! 

Thin targets of ordinary lithium, as well as 
thin Li’ targets, were used in investigating the 
yield curve for the reaction Li’+H'—He‘+ He’. 
The alpha-particles from this reaction have a 
range of about eight cm, so all alpha-particles of 
ranges greater than six cm were counted with an 
ion chamber connected to a counting system set 
at medium bias. 

The resulting yield curve, shown in Fig. 1, is 


in satisfactory agreement with the yield functions 
which have been published previously.*:+ The 
possibility that short-range alpha-particles are 
emitted in the reaction Li7+H'!—He*+He!+h» 
was investigated by the use of a Li’ target to 
eliminate the short-range particles from Li®+H!. 
The range-number curve (Fig. 2) was taken at 
475 kv, and the Li’ target was sufficiently thick 
to insure the observation of any contribution 
from the 440 kev resonance. No evidence for a 
reaction emitting short-range alpha-particles was 
found. 

The weak peak at 1.2 cm was ascribed to a Li‘ 
contamination of roughly one part in 500, since 
the cross section for the Li®+H! reaction is ap- 
proximately 30 times greater than for Li’+H". 
While the contamination assumed is about 40 
times greater than that measured for the thin 
isotopic lithium targets, it was expected to be 
large in the present instance because of the very 
high deposition current (0.6 milliampere) used in 


4R. G. Herb, D. B. Parkinson, and D. W. Kerst, Phys. 
Rev. 48, 118-124 (1935). 
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Fic. 4. Alpha-particles from Li*+ D*. 


collecting the thick Li’ target in the mass 


spectrometer. 


(3) Li'+D° 

The yield of neutrons from a thin Li’ target 
is shown in Fig. 3. The target was placed at 
the center of a large block of paraffin and the 
neutrons were counted in a boron lined ioniza- 
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Fic. 5. Alpha-particles from Li®+ D2, high counter bias. 





tion chamber. It was believed that neutrons 
from carbon deposited on the target made an 
appreciable contribution to the number of neu- 
trons observed at the higher voltages (over 
800 kv). The effect of the carbon contamination 
was negligible below 800 kv because of the very 
steep excitation curve for the production of car- 
bon neutrons. A qualitative method of correcting 
for the carbon effect above 800 kv is indicated 
below, in the discussion of the neutrons from Li’, 
where a similar carbon effect is estimated by 
recourse to the alpha-particles which are emitted 
in the same reaction as the Li’ neutrons. 

Figure 4 shows the voltage-yield curve meas- 
ured for the reaction Li®'+ D?—»>He*+ He’. A thin 
isotopic target was used in order to minimize any 
contaminations, which otherwise would be more 
abundant by amounts corresponding to the pro- 
portional increase in useless Li’. The alpha- 
particles were counted in an ionization chamber 
and the thyratron counter was biased to dis- 
criminate against protons. The same isotopic 
target was used in extending the number-range 
curve for Li®+D? through the region ordinarily 
obscured by alpha-particles from Li7+ D*. Fig. 5 
indicates that reactions of the type Li®+D* 
—He't+ Het+hy are highly improbable. 
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Fic. 6. Total protons from Li®+D?. 


The total yield of protons from the two proc- 
esses Li®+ D?—Li’?+ H! and Li*+ D?—Li’* +H! is 
shown in Fig. 6 as a function of the deuteron 
energy. The thyratron counter was biased to 
count both fast and slow protons, and the ioniza- 
tion chamber was adjusted for ranges sufficiently 
short to include both Li® proton groups but 
sufficiently long to stop the alpha-particles from 
Li® and the proton groups from carbon and 
oxygen which comprised the only appreciable 
charged particle groups to be avoided. 

The relative yields of the two Li® proton groups 
at various deuteron bombarding energies, as 
given in Fig. 7, indicate clearly that the relative 
-probability of forming Li’ in an excited state 
increases at higher bombarding voltages. The 
gradual increase in this probability observed by 
Williams, Shepherd, and Haxby® from 100 to 
225 kv continues through the interval from 200 
to 500 kv but becomes more rapid for deuteron 
energies above 500 kev. The mean energy separa- 
tion of the two states of Li’, as measured from 
the proton groups of Fig. 7, is 455+15 kev. 


5 J. H. Williams, W. G. Shepherd, and R. O. Haxby, 
Phys. Rev. 52, 390-396 (1937). 


(4) Li’7+D? 

The yield of neutrons from deuteron bom- 
bardment of Li’, shown in Fig. 8, was meas- 
ured by counting neutrons and by counting 
alpha-particles produced in the same reaction, 
Li’+ D*—He'+ He*+n. The alpha-particles were 
counted in the usual ionization chamber with the 
thyratron counter lightly biased to record all 
alpha-particles, both fast and slow. The alpha- 
particles produced in the radioactive disintegra- 
tion of Li’ were avoided by placing the ionization 
chamber at a range of four cm where the relative 
numbers of these alpha-particles become negli- 
gible. A thin Li’ target was used in order to 
escape the uncertainty of corrections for the 
13-cm group of alpha-particles emitted from Li’. 
In counting the neutrons the target was sur- 
rounded with paraffin and the neutrons were 
detected in a boron lined ionization chamber. 

These two independent methods of measure- 
ment gave identical results for bombarding ener- 
gies between 200 and 770 kev, but at bombarding 
energies above 770 kev the alpha-particle yield 
ceased increasing and no longer corresponded to 
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664 L. H. RUMBAUGH, R. B. 
the neutron yield. This discrepancy must be 
ascribed to the production of neutrons in some 
other process than the one mentioned above. One 
possible explanation is that the reaction Li7+D? 
—Be*+n only becomes relatively probable at 
deuteron energies above 770 kev since, according 
to Bonner and Brubaker,® this reaction con- 
tributes only a small fraction of the total lithium 
neutrons at voltages below 800 kv. A much 
more plausible explanation is that the excess 
observed above 800 kv was due to neutrons 
produced in carbon contamination on the target. 
The similar effect observed above 800 kv in the 
yield curve for neutrons from Li® indicates that 
the latter explanation is the correct one. 

Figure 9 shows the yield curve for the produc- 
tion of radioactive Li* which was measured by 
counting the alpha-particles as well as the beta- 
particles released in the decay of Li’. A double 
coincidence pair of Geiger-Miiller counters was 
employed in counting the beta-particles. The 
counters were shielded with lead so that the 
background count remained very low even when 
the high voltage was applied to the tube. The 
counters viewed the lithium target through a 
small window in the lead covered with Dow 
metal to screen out the less energetic beta- 
particles from the carbon contamination on the 
target. The solid angle subtended by the counters 
was adjusted to give counting rates such that the 
correction for the recovery time of the counters 
(about 10-* sec.) was negligible. The resolving 
time for coincident discharges was about 5 X 10~° 
second. The effect of the carbon contamination 
was shown to be negligible by the fact that no 
increase in the background counting rate was ob- 
served after the target had been bombarded for 
some time. The effect of gamma-rays from carbon 
also was proved negligible by comparing con- 
tinuous counting rates (that is, rates during bom- 
bardment) with the numbers of counts observed 
in five-second intervals after bombardment. 

The alpha-particles emitted by Li® can be 
observed effectively only if some arrangement is 
made to separate them from the instantaneously 
emitted alpha-particles from the reaction Li’+ D? 
—He'+He't+n. This separation was accom- 
plished by using a target deposited on a wheel 


6T. W. Bonner and W. M. Brubaker, Phys. Rev. 48, 
742-746 (1935). 
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Fic. 9. Yield of delayed particles from Li?+D®, 


which was rotated during the bombardment. 
Only those alpha-particles were observed which 
were emitted after the wheel had rotated 90° 
from its position during bombardment. A thin 
target of ordinary lithium was used since a 
separate experiment proved Li*® did not emit 
any delayed alpha-particles. The particles were 
counted with the usual ionization chamber. 
Counting rates also were taken with the wheel at 
rest to measure the background of neutron 
recoils. 

All points of the yield curves represent 1000 or 
more counts, except for a very few at the lowest 
voltages. Because of the great variations in the 
yields with incident particle energy, it was some- 
times necessary to change the solid angle of the 
detector as well as to vary the current to maintain 
usable counting rates. The curves were fitted at 
all points at which it was necessary to change the 
solid angle. In most cases the two portions of the 
curve have a large overlap. Different portions of 
the curves, taken with different apertures, are 
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indicated on the curves by different symbols for 


the points. 


D. RELATIVE REACTION CROss SECTIONS 
FOR THE LITHIUM REACTIONS 


The curves shown above give only the forms of 
the yield curves, since the observed number of 
particles is plotted against energy. For many 
theoretical considerations a knowledge of relative 
reaction cross sections of different reactions, as 
shown in Fig. 10, is of value, so a special effort 
was made to obtain dependable relative yields 
by a system of intercomparisons carefully chosen 
to avoid conflicting groups. In order to obtain 
the ratio 


Li’+H'—He*+ Het 
Li’+ D’—He*+Het+n 





for instance, it was necessary to use an isotopic 
Li’ target to avoid counting the 13-cm alpha- 
group from Li* and further to make the observa- 
tion at a voltage so low that the contribution due 
to the delayed alpha-particles from the reaction 
Li’7+D?—Li*+H! was negligible. For this reason 
a bombarding voltage of 380 kv was chosen. All 
alpha-particles of ranges greater than eight mm 
in the continuous distribution were counted. The 
ratios 


Li’+H'!—2He? 
Li*+H'—He!+He! 
Li*'+ D*—2He?4 
Li'+ D*?-Li’+H! 
Li’+H'—2He? 
Li®+ D?—2He?4 











also were obtained at 380 kv from an ordinary 
Li target for which Brewer's value of 11.6 for the 
Li’/Li® ratio was assumed. An isotopic Lif target 
bombarded at 690 kv checked the ratio 

Li'+ D?—2He* 


Li*+D*—Li?7+H"™ 





This ratio was related to the others by means of 
the yield curve for the 13-cm alpha-particles 
given in Fig. 4. 


The ratio of the neutron yields 


Li?+D—Be'+n 
—2Het+n 


Li*+ D?Be’+n 
—He'*+Heit+n 


was obtained by bombardment at 690 kv of iso- 
topic targets of nearly equal masses under other- 
wise identical experimental conditions, using 
paraffin and a boron lined ionization chamber for 
the detector. 

The relative masses of the isotopic targets were 
determined in two ways, namely, (a) from the 
integrated collector current in the mass spec- 
trometer in which they were deposited and (b) by 
taking the alpha-particle ratio 


Li’ + D?—2Het+n 
Li'+ D?—2He!’ 





for the two targets. Then this ratio was compared 
with all those discussed above. 

The number of neutrons from Li?7+ D? in terms 
of numbers of Li?+ D? continuous alpha-particles 
was obtained from Bonner and Brubaker’s esti- 
mate® that only five percent of total neutrons 
from ordinary Li+D? come from reaction 
Be®+n'. It follows that the rest of the Li7+D? 
neutrons come from He*+He*t+n. Though the 
voltage distribution of the deuterons used by 
Bonner and Brubaker was unknown and the Li® 
and Li’ neutron excitation functions are not 
parallel, correction of their data for Li®+ D? neu- 
trons gives no serious uncertainty since Li’/Li® 
= 11.6 in nature. 

The internal consistency of the above measure- 
ments and cross checks indicated the relative 
reaction cross sections given in Fig. 10 to be 
accurate to +20 percent between 300 and 750 
kv with the exception of the radio-lithium yield. 

It proved impossible to isolate the reaction 
leading to radio-lithium for an accurate deter- 
mination of the relative yield because of the 
short life of Li’ and the presence of continuous 
alpha-particles from Li?7+ D*. The estimate of the 
relative yield of radio-lithium given in Fig. 10 is 
taken from comparisons between the numbers of 
delayed and total alpha-particles from Li?7+D* 
and may be in error by a factor of two. 
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Fic. 10. Yield curves for lithium reactions. 


E. ABSOLUTE Cross SECTIONS FOR REACTIONS 


The yield of He* from Li®+ D? is used to fix the 
scale of Fig. 8. The cross section scale adopted is 
the average computed from the masses of two 
LiOH thin targets analyzed by the National 
Bureau of Standards, through the kindness of Dr. 
C. J. Rodden, and from the mass of one Li® target 
measured in terms of collector currents during 
deposition in the mass spectrometer. Because of 
difficulty in obtaining absolutely uniform thin 
deposits, the various targets gave values for the 
absolute cross sections varying among themselves 
by a factor of nearly three. 

It has been convenient in Fig. 10 to plot the 
logarithm of the reaction cross section in cm? 
against the velocity of light divided by the 
velocity of the bombarding particles in order to 
provide a common scale for the reactions result- 
ing from both proton and deuteron bombard- 


ment. Several significant features are obvious in 
the collected cross section curves. 

(1) The familiar exponential-like dependence 
of the reaction cross section upon the velocity 
of the incident particles appears in all the 
curves. 

(2) The increase in the yield of Li’ with inci- 
dent deuteron velocity is exceptionally rapid. 
This increase will be discussed separately in con- 
nection with the radio-lithium problems of the 
next section. 

(3) The remaining curves may be divided into 
two groups according to slope so that below 400 
kv therate of increase in cross section is ap- 
proximately the same function of the incident 
particle velocity, v, for all the reactions within 
the same group. The rate for the first group, 
which consists of the two reactions Li*(D?, H') 
and Li?(D?, 2He*+~7), is greater than the rate for 
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the second group of reactions by approximately 
a factor v?. 

(4) The curves for the two reactions resulting 
from deuteron bombardment of Li? both break 
rather sharply near 770 kv and their cross 
sections become comparable. 

(5) Deuteron bombardment of either lithium 
isotope leads to a high neutron yield, but the two 
neutron yield curves are different functions of v. 

(6) The cross section for the reaction Li7(H', 
2?He*) is much smaller than for any other reaction 
considered. 

The exponential form of the yield functions 
may be explained in the usual way by assuming 
that the governing term resembles the Gamow 
factor for penetration through the potential 
barrier, G~exp (—2raZzcv—), where a is the fine 
structure constant, Z and z are the atomic num- 
bers of the reacting particles, v is their relative 
velocity, and c is the velocity of light. The various 
reactions, excepting the case of radio-lithium, 
involve penetration of the potential barrier by 
the incident particle only, since the emitted par- 
ticles receive energies considerably greater than 
the barrier heights. Theoretical discussions of 
reaction cross sections have been given by 
Gamow,’ Breit and his colleagues,*: * Bethe,"®: "' 
and others. At bombarding energies that are 
small compared to the barrier heights, the various 
derived expressions generally are asymptotic to 
the simplified formula for the cross section, 
o~Gv~, where v~ has the significance of an 
absolute cross section proportional to the square 
of the wave-lengths of the incident particles. The 
simplified formula gives relative cross sections 
which increase too slowly by, roughly, a factor of 
v through the intermediate range of bombarding 
energies (200 to 400 kev) to agree with even the 
least steep excitation curves of Fig. 10. 

An interpretation of the yield curve for the 
reaction Li7(H, 2He*), as measured by Herb, 
Parkinson, and Kerst,* and by Hafstad, Heyden- 
burg, and Tuve,* at bombarding energies over- 
lapping those of the present experiments, has 


uae Gamow, Atomic nuclei and radioactivity (Cambridge, 
‘) 

*G. Breit, Phys. Rev. 34, 817 (1929). 

*M. Ostrofsky, G. Breit, and D. P. Johnson, Phys. Rev. 
49, 22-34 (1936). 

“H. A. Bethe, Rev. Mod. Phys. 9, 186-219 (1937). 

UE, Jj. Konopinski and H. A. Bethe, Phys. Rev. 54, 
130-138 (1938). 
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been given by Ostrofsky, Breit, and Johnson.® 
They calculated the reaction cross section as 
proportional to the density of incident protons 
within a potential well of chosen breadth and 
depth. Both the rate of increase with incident 
particle energy and the form of the calculated 
yield function then became sensitive to the posi- 
tions of the resulting resonances. However, their 
expression for the cross section at low bombard- 
ing energies simplified to the formula o~Gv~ 
when the density factor was included. On the 
other hand, a reaction cross section proportional 
to the flux of incident particles through the 
nucleus simplified to a prior expression, also 
given by Breit,* o~Gv~'. This oversimplified 
formula for the cross section is the one plotted 
in Fig. 10 for purposes of comparison, since the 
cross sections observed in the present experi- 
ments appear to agree more nearly with this 
expression. 

The final levels available for a given disinte- 
gration process include, of course, excited levels 
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668 L. H. RUMBAUGH, R. B. 
as well as the ground levels of the disintegration 
products. Consequently the cross section curves 
of Fig. 10 in some instances represent the meas- 
ured sums of the cross sections for more than one 
final level, since such measurements were the 
experimentally practical ones. Two states of Li’? 
are summed in the cross section curve for the 
reaction Li®(D?, H'), but the curve for either Li’ 
state singly may be obtained by reference to Fig. 
7. Only a small part of the steeper initial increase 
with relative velocity in the total cross section for 
the reaction Li®(D?, H') may be attributed to the 
increased probability of forming Li’ in the ex- 
cited state, since the yield of this state relative 
to the ground state increases but slowly between 
200 and 500 kv according to Fig. 7. However, at 
higher voltages the form of the curve is influenced 
considerably by the more rapid increase in the 
relative strength of the excited state. Likewise, 
in the reaction Li7(D*, 2He*+) a part of the 
observed variation of the cross section might be 
related to accompanying changes in the distribu- 
tion-of the disintegration products among the 
numerous available final levels, since several 
known levels cover a range of about 12 Mev, and 
the bombarding energy was varied by nearly one 
Mev in obtaining the yield curve. However, there 
is no evidence of such changes in the distribution 
of available final states for this reaction since (1) 
the only discernible variation in the distribution 
of the associated alpha-particles which occurred 
when the bombarding energy was varied by 400 
kev is actually due to the delayed alpha-particles 
from Li® (see Fig. 11), and (2) the cross-section 
curve from neutron measurements and that from 
alpha-particles of ranges greater than four cm 
appear identical in shape except for the effect 
ascribed to carbon neutrons at high bombarding 
voltages (Fig. 8). The final levels for the reaction 
Li*(D?, m) are unknown except that they are per- 
haps about equally divided between Li*®+D? 
—He*+ Het+~n and Li®+ D*—+Be’+n. The num- 
ber of final levels is probably small because the 
energy released in the disintegrations is not large. 
The disintegrations Li7+H'!—2He?* and Li®+D? 
—2Het seem able to occur only to the ground 
levels according to Fig. 2 and Fig. 5. Likewise, 
the reaction Li7+D?—Li*+H! seems to involve 
only the ground state of Li® since the energy 
release is small and no gamma-radiation has been 


ROBERTS AND L. R. 





HAFSTAD 


detected (see Section F). However, the apparent 
absence of gamma-radiation is not very concly. 
sive evidence by itself due to the experimenta| 
difficulties of detecting it. 

The break in the cross-section curves for Lj? 
under deuteron bombardment at 770 kv cannot 
be due solely to the effect of competing reactions 
in the compound nucleus since both curves break 
at apparently identical deuteron energies. Ac. 
cording to the views of Breit and his colleagues,’ 
a high resonance in Be* might account for either 
or both breaks. Such a resonance would need to 
be located in the neighborhood of (Li? + D?—Be') 
+(7/9)(0.77) Mev ~17.2 Mev above the ground 
state of Be’, and at the same time would account, 
at least qualitatively, for the observation that 
the cross section for the reaction Li7(D?, 
2He‘+n) increases faster with voltage than do 
the cross sections for most lithium reactions. 

Above 800 kv the cross section for the forma- 
tion of radio-lithium appears to be somewhat 
larger than the cross section for neutron emission 
in Li’, though this has not been established 
definitely due to the uncertainty in the beta-ray 
yield, as described in Section D. Various investi- 
gators have identified a considerable number of 
final levels associated with neutron emission in the 
reaction Li7(D*, 2He*+ ),® but radio-lithium 
appears to be formed only in the ground state 
(no gamma-radiation). Consequently, it may be 
inferred that in light nuclei other factors can be 
more important in determining relative yields of 
competing reactions than is Bethe’s rule" that at 
emission energies above the potential barrier the 
relative yields of competing reactions are ap- 
proximately proportional to the relative numbers 
of final levels available for the reactions. On the 
other hand, this rule more successfully approxi- 
mates the relative yields of the competing proc- 
esses in Li® under deuteron bombardment. 

It should be noted that at the lower bombard- 
ing energies the cross section for neutron emis- 
sion from Li® is sufficiently larger than that from 
Li? to account for an appreciable fraction of all 
the neutrons observed during deuteron bombard- 
ment of ordinary lithium, and such neutrons must 
be taken into account in studies of the distribu- 
tion in energy of ordinary Li neutrons. 

The comparatively low yield of the reaction 


2 W. E. Stephens, Phys. Rev. 53, 223-226 (1938). 
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Li?(H!, 2He*) relative to other lithium reactions 
has been discussed by Goldhaber,"* by Breit and 
his colleagues,* and by Konopinski and Bethe" 
in connection with the influence of the orbital 
momentum of the incident particle upon the 
probability that it will penetrate the barrier. 


F. Rapio-LitHiuM 


The reaction usually assumed for the pro- 
duction of radio-lithium, Li?+D?—Lit+H'!+Q,, 
seems the only possible one fitting the experi- 
mental facts, although the proton group from the 
reaction never has been found. During the previ- 
ous work with isotopic targets, the upper limit of 
the range of this group had been set at eight cm.! 
Consequently, in the present investigation, a 
special effort was made to find the proton group 
superimposed upon the continuous distribution 
of alpha-particles ending at eight cm from the 
reaction Li?7+ D?—Het+ Het+n. 

It is obvious, according to the reaction cross 
sections of Fig. 10, that such a proton group 
should be especially conspicuous at bombarding 
energies of 800 kev or more but should decrease 
at lower voltages much more rapidly than do the 
yields of other lithium reactions. Accordingly, 
range-number curves were obtained at 860 kv 
and at 455 kv, using a bias on the detector such 
as to count protons near the ends of their range. 
These curves are shown in Fig. 11 with ordinates 
adjusted to bring the two curves into juxtaposi- 
tion for easy comparison. There is no proton 
group of range greater than 1.7 cm associable 
with Li’, since the two curves apparently are 
identical except for the effect at shorter ranges on 
the 860-kv curve due to the delayed alpha- 
particles from short life radioactive disintegra- 
tion of Li’. This effect readily could be estimated, 
either from the results of Fig. 10 and Fig. 13, or, 
independently, by observing the number of de- 
layed alpha-particles after interrupting the bom- 
barding beam of deuterons. The proton group 
sought should appear in numbers large compared 
to the delayed alpha-particles of Fig. 11, being in 
equilibrium with the delayed alpha-particles of 
all energies after a few seconds’ bombardment. 
The group at 3.5 cm clearly is not due to the 
formation of Li* for (1) it is far too weak, (2) it 


3M. Goldhaber, Proc. Camb. Phil. Soc, 30, 561-566 
(1934). 
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still persists at 455 kv whereas the yield of Li’ 
has decreased by a factor of 100 according 
to Fig. 10, and (3) it appears to be a broad 
alpha-particle group belonging to the reaction 


Li?’+ D?—+He'+ Het+n. 


Mass of Li* 


The 860-kv curve of Fig. 11 can be used to fix 
an upper limit for the energy release, Q;, in the 
formation of Li’. Since the energy of the bom- 
barding deuterons was 0.860 Mev and since 1.7 
cm protons have an energy of 0.830 Mev, it 
follows that Q; is less than (1+ })(0.830)—(1 
—2/8)(0.860) =0.290 Mev. A lower limit on Q, 
can be set by the fact that disintegrations of 
radio-lithium were observed for bombarding 
energies as low as 360 kev. The kinetic energy of 
the incident deuteron available to the center of 
mass system is, at the latter bombarding voltage, 
(7)(0.360) =0.280 Mev, so Q; is greater than 
—0.280 Mev since the escaping proton must have 
positive kinetic energy. In fact, the exceedingly 
low yield of the reaction at 360 kev suggests that 
Q; is considerably nearer to —0.280 Mev than 
to +0.290 Mev. 

A better value for Q,, and consequently for the 
mass of Li’, can be obtained as follows. Assuming 
that the proton is emitted with very low energy, 
it can escape the system only by penetrating out 
through the potential barrier. Hence, two pene- 
tration factors must be included in computing 
the cross section for the reaction. Using the ap- 
proximate formula due to Breit® we have 


o =Kvp™ exp (—2r3acvp") exp (—2r3acv,—"), 


where vp and v, are the relative velocities for the 
deuteron and for the proton, and ¢ and @ are the 
velocity of light and the fine structure constant, 
respectively. The quantity v, is unknown but is 
related to vp by the momentum and energy rela- 
tions which give 


Sy = 9 80:+ 7, 8Ep, 


where E, and Ep are the kinetic energies of the 
proton and deuteron. By means of these equa- 
tions, ¢ can be calculated as a function of E» for 
various values of Q; and compared with the cross- 
section curve of Fig. 9 in the range 400 to 600 
kv. In this way, the best fitting value of Q; was 
found to be —0.200+0.010 Mev. It is not certain 
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Fic. 12. Periods of alpha- and beta-particles from Li*. 


that the factor 1,/vp is correct in this application 
and the observed form of the cross-section curve 
probably is influenced by resonances, as discussed 
in the preceding section. In spite of this uncer- 
tainty, it is very probable that Q; is —0.200 
+:0.030 Mev, because the double penetration fac- 
tor is by far the more important in the formula. 
When Livingston and Bethe’s masses for Li’, 
D, and H are used, this value of Q; gives a mass 
of 8.02499 for Li’. The error in this mass prin- 
cipally depends upon the error in the mass of Li’. 


Disintegration of Li* 


An effort to detect gamma-rays from Li’ bom- 
barded by deuterons was unsuccessful, and a 
similar result has been reported by Bayley and 
Crane.'* Hence it may be assumed that, of the 
possible reactions! in the radioactive decay of Li', 
only the reaction Li8—2He*+e-+(Q is of impor- 
tance. This conclusion is supported by the fact 
that the number of (delayed) alpha-particles of 
range greater than six mm is slightly greater 
than (1.1 times) the total number of beta- 
particles observed. Corrections for alpha-particles 
of shorter range and for the geometry of the beta- 


4 PD, S. Bayley and H. R. Crane, P hys. Rev. 52, 604-609 
(1937). 


counter!® would tend to make this ratio closer to 
two, which is the factor necessary if Li* always 
disintegrates with alpha-emission. Furthermore, 
the facts that the two yield curves taken with 
beta-particles and with alpha-particles are iden- 
tical (Fig. 9) and that the decay periods, deter- 
mined for both kinds of particles by least-square 
adjustment, are the same within the experi- 
mental error (Fig. 12) also suggest that the alpha- 
particles and the beta-particles are emitted in the 
same reaction. As a final check numerous cloud 
chamber photographs were obtained of the simul- 
taneous emission of two charged heavy particles 
of equal ranges in approximately opposite direc- 
tions from a very thin film of lithium previously 
bombarded by deuterons. Since the heavy par- 
ticles therefore have equal masses and equal 
charges and were observed to behave like doubly 


4 The relative numbers of alpha- and beta-particles were 
obtained by counting the delayed particles of each type 
where they emerged through a one-mm hole in a six-mm 
thick lead plate at the end of a tube about eight cm distant 
from a thin target. Even the use of turned lead baffle 
plates, carefully spaced and aligned, apparently did not 
eliminate excessive counts due to the “piping’’ of beta- 
particles by small angle scattering. The beta-particle yields 
obtained in this manner did not agree with those obtained 
with more distant beta-counters viewing a wide-windowed 
target chamber through air when no alpha-particles were 
being counted. 
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Fic. 13. Li8 alpha-particle distribution curve. 


charged particles in an ion chamber, it follows 
that they can be only Het.!® 


Alpha-particles from Li*® 


Breit and Wigner'’ have suggested that the 
radioactive disintegration of Li® is associated 
with the emission of alpha-particles from a rather 
broad excited state in the neighborhood of three 
to five Mev in Be®, and a somewhat similar ex- 
planation has been advanced by Kronig.'* The 
most crucial test of such a hypothesis should be 
given by the form of the energy distribution 
curve for the delayed alpha-particles. Three 
different methods were found necessary to ob- 
serve these particles effectively at short, inter- 
mediate, and long ranges because of their wide 
variations in number and range. 

18 See also J. C. Bower and D. P. R. Petrie, Proc. Camb. 
Phil. Soc. 33, 534-539 (1937). 


G, Breit and E. Wigner, Phys. Rev. 51, 593 (1937). 
R. de L. Kronig, Physica 4, 171-174 (1937). 


An ion chamber in combination with the thin 
lithium target deposited on a rotating wheel (de- 
scribed above) was suitable for observing alpha- 
particles of intermediate range. The number- 
energy distribution at constant bombarding volt- 
age was readily measured for ranges between one 
and four cm with the aid of this device and 
showed a decrease in intensity by a factor of over 
100 as four cm was approached. At greater ranges 
the rotating wheel proved to be too inefficient 
since only a small fraction of the delayed alpha- 
particles was emitted in front of the detector. 

At the longer ranges, an intermittent rotator, 
devised by our colleague R. C. Meyer, was used 
to measure the alpha-particles. In this apparatus 
two targets fixed on opposite ends of a rod about 
25 cm long alternately were rotated into position 
in the bombarding beam and in front of the de- 
tector. The magnetic coupling to the driving 
motor was so arranged that the targets were in 
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Fic. 14. Li’ alpha-particle distribution curve, comparison with Gamow-Teller theory. 


position for roughly one second and then rapidly 
exchanged in a fraction of a second. By means of 
this apparatus it was possible to fix the end point 
of the distribution of delayed alpha-particles at 
15.8+0.5 Mev, the large error mainly being due 
to the manner in which the alpha-particle in- 
tensity approaches zero. 

In the low energy region the determination of 
range-number distributions by electrical count- 
ing methods is unsatisfactory because of the 
short ranges of the emitted particles. If the 
counter is set to differentiate sharply the effec- 
tive range is reduced, and if differentiation is not 
used a maximum in a distribution appears only 
as an inflection. Though an inflection at short 
ranges was observed during the present experi- 
ments by using a counter without electrical 
differentiation, not enough points could be ob- 
tained on the low energy side of the inflection to 


establish its position with any certainty. These 
observations merely check qualitatively a better 
determination made with a cloud chamber. The 
use of windows in the cloud chamber was avoided 
by mounting a thin target on an arm which could 
be moved from the outside. The target proper 
was a lithium film deposited on a foil of one mm 
of air equivalent thickness. This target could be 
swung into a side tube of the chamber where it 
was bombarded by deuterons entering through a 
metal foil. The arm was moved to the center of 
the cloud chamber before expansion, thus per- 
mitting the tracks of all charged particles taking 
part in a disintegration to be photographed, with- 
out any intervening windows or wall effects to 
mar observation of the shortest. tracks. The 
cloud chamber observations showed a definite 
maximum at about seven mm air equivalent in 
the range distribution but this maximum was less 
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sharp on the low energy side than that found by 
Fowler and Lauritsen.'®? The observations of 
Smith and Chang” do not show this maximum, 
but it would not be expected to appear in their 
experiments since they used a counter technique. 

The energy distribution resulting from obser- 
yations covering an intensity range of nearly 10° 
js plotted in Fig. 13 with the Pasadena and the 
Cavendish results shown for comparison. This 
distribution curve indicates that the excited level 
in question lies between 2.5 and 3 Mev rather 
than at the higher value previously reported 
from the Cavendish.*! The lower value agrees 
well with the excited level of Be* found by Dee 
and Gilbert” in the disintegration of boron. 


Discussion 


Gamow and Teller? have pointed out that the 
main features of the distribution curve can be 
explained as a four-body disintegration by con- 
siderations based on the Fermi theory of beta- 
neutrino decay. According to this view the 
equation for the disintegration is 


Li’—He'+ He*+e-+7+ Qe, 


where v signifies the neutrino. The disintegration 
energy, Qe, is divided between the energy of the 
light particles, E,=E,+£,, and the energy of 
the two alpha-particles which is 2E, since the 
two heavy particles must receive nearly equal 
energies if momentum is to be conserved. Then 


Qe= 2E.t+E.+£y= 2E.t+E 1. 


The probability of beta-decay, N(E_), is pro- 
portional to £;* in the Fermi theory and there- 
fore to (Q2—2E,.)°, but in the present case there 
is an additional factor E," describing the separa- 
tion into two alpha-particles, where 7 is 3 or 5/2 
corresponding to alpha-particles of angular mo- 
menta zero or 2. Consequently, on the basis of 
the Fermi theory, the number-energy distribu- 
tion function for the alpha-particles is given by 
N(E.)~(Q2—2E.)*Eq", since N(E,) must be 


ues: A. Fowler and C. C. Lauritsen, Phys. Rev. 51, 1103 
3/). 

*C. L. Smith and W. Y. Chang, Proc. Roy. Soc. 166, 
415-424 (1938). 

*“W. B. Lewis, W. E. Burcham and W. Y. Chang, 
Nature 139, 24 (1937). 

2P. I. Dee and C. W. Gilbert, Proc. Roy. Soc. 154, 
279-296 (1936). 


proportional to N(E,) if charge is to be con- 
served. 

The observed number-energy distribution of 
the delayed alpha-particles has been replotted in 
Fig. 14 using as abscissa the logarithm of the 
energy (Q2—2£E,) available to the light particles. 
It is seen that the Gamow-Teller formula with 
n=} agrees fairly well with the experimental 
points except in the region of low alpha-particle 
energies, which indicates that the effect of the 
potential barrier must be included before a calcu- 
lation of the above type can be made exact. 
The Konopinski-Uhlenbeck beta-neutrino field 
would predict a seventh power dependence on 
the energies of the light particles, in marked 
disagreement with the observed distribution. 

Consequently, it appears that the Fermi beta- 
theory should account satisfactorily for most 
features of the observed distribution of alpha- 
particles from the radioactive decay of Li'. 
However, it is important to emphasize that in 
the region of the high energy alpha-particles 
(where the energy available to the light particles 
becomes small) the definiteness of agreement 
with the Gamow-Teller calculations becomes 
quite sensitive to the values of (Q2—2E,). 
Q2=15.8 Mev, the observed end point of the 
distribution of delayed alpha-particles, is used 
in Fig. 14. 
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Fic. 15. Range curves for particles from Li®+n, 
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The value of Q2 may be computed on the basis 
of the observation that Li’ disintegrates into 
two alpha-particles without gamma-radiation, if 
negligible rest mass for the neutrino is assumed. 
Direct computation from the mass of Li’, as 
determined above, and from the mass of He’, 
gives Q2=16.03 Mev to which the uncertainty in 
the mass of Li’ alone contributes about 0.170 
Mev in probable error. It seems better to com- 
pute Q»2 by taking the mass of Li’ as equivalent 
to 2He*—H'+17.13 Mev. Subtracting the equa- 
tion Li7 +H! = He*+ He*+17.13+0.06 Mev from 
Li’+ D?=Lit+H!—0.20+-0.03 Mev, gives Li’ 
= D?—2H+2He*—17.33 Mev. Then, since Li® 
=2He!+Qs2, Q2=D?—2H'+17.33 Mev=15.90 
Mev, where Bainbridge and Jordan’s* value for 
the separation of the mass-spectrographic dou- 
blet (H2'—D?) is used. It is, of course, point- 
less to attempt to use the less accurate end point 
of the alpha-particle distribution from Li® as a 
check on any of the above values. 


G. DISINTEGRATION OF LITHIUM BY NEUTRONS 


Two thin, square isotopic deposits, 2.5 cm on a 
side, were prepared upon flat silver plates 
especially for study of the disintegration of 
lithium by slow neutrons. One target contained 
400 micrograms of Li® and the other 4600 micro- 
grams of Li’. These targets were interchangeable 
in a target holder located close to a neutron 
source at the center of a large block of paraffin in 
order to obtain a maximum flux of slow neutrons 
through the lithium. 

The neutron produced disintegration particles 
from the lithium were observed by means of a 
linear amplifier connected to a broad but shallow 
ion chamber whose face was parallel to the 
lithium target and target holder. The face of the 
chamber carried a collimator made from a plate 
five mm thick drilled with }-mm diameter holes 
closely spaced in hexagonal pattern, so that only 
those disintegration particles whose paths lay 
within 6° of the normal to the target could enter 
the ion chamber. The chamber could be moved 
with respect to the target by means of an 
attached screw and each setting was read with a 
micrometer. 


*%K. T. Bainbridge and E. B. Jordan, Phys. Rev. 49, 
883 (1936). 


ROBERTS AND L. R. 


HAFSTAD 


Li'+n 

The alpha-particles and the H? particles 
emitted in the disintegration of Li® by neutrons 
according to the reaction Li'+n—He!+H), ioe 
observed with this apparatus. The neutron 
source, equivalent in strength to 7000 millj- 
curies of (Rn — Be), was produced by bombarding 
a graphite plate with ten microamperes of 1-Mey 
deuterons.“ Carbon neutrons produced in this 
manner are of relatively low energies and, 
through the consequent elimination of high 
energy recoil particles, give only a fraction of 
the background effects of other neutron sources, 
When the electrical counter was biased to count 
H? particles near the end of their range, the back- 
ground was about equal to the effect produced 
by the H® particles, but the H* peak was stil] 
clearly defined; when the counter was biased to 
count only alpha-particles, the background was 
negligible. The range-number curves for both 
types of particles are plotted in Fig. 15. The 
alpha-particles are more suitable for an accurate 
determination of the energy released in the 
disintegration, since their energy-range relation 
is well established in the range interval under 
consideration. The less accurately measurable 
range and energy of H® are chiefly useful for 
determining the disintegration which occurs and 
for checking the experimental value of the 
reaction energy obtained from the alpha-particle 
measurements. 

Immediately after the range-number curve was 
taken for the alpha-particles from Li‘, their 
range was compared directly with the range of 
polonium alpha-particles under identical con- 
ditions of geometry and counter bias by replacing 
the Li® target with a clean polonium source 
prepared on a silver square similar to that 
carrying the lithium. This comparison gave 
2.13 Mev as the energy of the alpha-particles 
from Li® exposed to slow neutrons, when the 
Cornell range curves for alpha-particles (1938) 
were used and 3.842 cm was assumed as the mean 
range of the polonium alpha-particles.”? The 
corresponding reaction energy is then (7/3) (2.13) 
=4.97 Mev, in sufficient agreement with the 


*E. Amaldi, L. R. Hafstad and M. A. Tuve, Phys. 


Rev. 51, 896-912 (1937). 
% M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 


18-38 (1938). 
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value of 4.86 Mev observed by Livingston and 
Hoffman,?® but definitely in disagreement with 
the energy release of 4.56 Mev calculated from 
commonly accepted values for the masses in- 
volved. The value for the energy release found in 
the present experiments requires an energy of 
(4/7)(4.97) =2.84 Mev for the H* particle. Ac- 
cording to the Cornell proton range curve (1937 
revised), the corresponding mean range expected 
for the H’ particles is 6.15 cm, in good agreement 
with the value of 6.1 cm obtained from the range- 
number curve of Fig. 15. 


Mass difference of H*® and He’ 


The direct measurement of the energy released 
in the disintegration of Li® by neutrons is of 
special interest in view of its application in 
establishing a value for the mass difference 
between He* and H*. A value for this mass 
difference previously has been obtained by 
eliminating the mass of deuterium between the 
equations 


D?+ D?=H'+H'+(Q,, (1) 
D?+ D?=n+He®+Qz, (2) 
which gives (He*— H*) +(n—H!') =Q:—Q2=0.69 


Mev, where Q, is taken as 3.98 Mev, according 
to Livingston and Bethe’s*’ revision of data by 
Oliphant, Kempton, and Rutherford,”* and Q2 is 
3.29 Mev according to Bonner.” 

On the other hand, the masses of Li® and He* 
may be eliminated between the equations 


Li‘+n=Het+H?+Qs3, (3) 
Li6+H'=He'+He+Q,, (4) 


giving (He* — H*) + (mn —H') =Q;—Q,=1.20 Mev, 
if Q3 is taken as 4.92 Mev (the average of the 
value determined in the present experiment and 
that of Livingston and Hoffman) and Q, is taken 
as 3.72 Mev.??: 

Since the value of (Q:—(Qs2) fails to agree with 
the value of (Q;—Q,) by 0.5 Mev, there either 


*M. S. Livingston and J. G. Hoffman, Phys. Rev. 53, 
227-233 (1938). 

7M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 371 (1937). 

*M.L. E. Oliphant, A. R. Kempton, and Lord Ruther- 
ford, Proc. Roy. Soc. 149, 406-416 (1935). 

* T. W. Bonner, Phys. Rev. 53, 711-713 (1938). 

*H. Neuert, Physik. Zeits. 36, 629-642 (1935). 


must be considerable error in the determination 
of one or more of the four reaction energies or 
gamma-radiation must accompany at least one 
of the disintegrations. In the deuterium reactions, 
for example, if Q: were assigned too small a 
value or Q2 were too large, or if gamma-radiation 
were emitted in reaction 1, the value for (Q;—Q2) 
given above would be too small. Likewise, the 
value of (Q;—Q,) given by the lithium reactions 
might be assumed to be too large. However, it 
appears difficult to explain an appreciable part 
of the 0.5-Mev discrepancy by the latter assump- 
tion. The gamma-radiation from lithium under 
proton bombardment has been investigated ex- 
tensively in a number of laboratories but no 
gamma-radiation assignable to reaction 4 has 
been found, since the observed gamma-radiation 
can be produced from Li’ but not from Li® 
targets and exhibits very strong resonance char- 
acteristics.':? A 0.5-Mev error would occur in 
the determination of Q; if the measured range of 
He* were 1.5 mm in error in the present investiga- 
tion of reaction 3, while a like error in Qs would 
be introduced by an error of two mm in the 
range of He* as determined by Neuert* for 
reaction 4, assuming the Cornell range-energy 
relation to be correct. However, possible errors 
in the range-energy relation should have but 
small effect on the energy difference, (Q;—Q,), 
since the ranges of He* in the lithium-neutron 
reaction and He?’ in the lithium-proton reaction 
are very nearly equal. Furthermore, it seems un- 
likely that the value used for Qs is seriously in 
error in view of the manner in which it was 
obtained and the close agreement between the 
present experiment and that of Livingston and 
Hoffman. 

Since (7 —H') =0.74 Mev according to Bethe’s 
adjusted mass values,*' the evidence obtained 
from the Li® reactions predicts that He’ is un- 
stable by 0.46 Mev and may be transformed to 
H® by K-electron capture. Consequently, it 
seems important to look for possible gamma- 
radiation accompanying the (D+D) reactions 
and to reinvestigate the energy liberated in the 
disintegration of Li® by protons because of the 
relation of these reactions to the problem of 
proton-proton and neutron-neutron interactions. 


31H. A. Bethe, Phys. Rev. 53, 313-314 (1938). 
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Fic. 16. Energy distribution of neutrons from Li®+ D*. 
Li’+n emission of any alpha-particles after the neutron 


The apparatus described above also was used 
in a search for disintegrations produced in Li’ by 
neutron bombardment. The presence of the 4600 
microgram Li’ target in front of the ion chamber 
under exposure to 7000 millicuries (Rn—Be) 
equivalent of carbon-deuteron neutrons caused 
no observable increase over the background 
counting rate at any counter bias, indicating 
that no appreciable number of charged heavy 
particles is emitted by Li’ under these conditions. 
Veldkamp and Knol*® have observed a faint 
beta-activity, which they attribute to Li’, by 
bombarding lithium with (Rn—Be) neutrons. 
The observations of delayed alpha-particles from 
the disintegration of radio-lithium is necessary 
and sufficient to confirm the presence of Li’, as 
discussed in Section F, but since the radioactivity 
observed by Veldkamp and Knol is of very low 
intensity, it is scarcely to be expected that such 
alpha-particles would be detected in the arrange- 
ment described above. Consequently, a small 
ionization chamber lined with ordinary lithium 
was placed at the center of a large block of 
paraffin and close to a (D—Be) neutron source 
equivalent to 70,000 millicuries of (Rn—Be).* 
Repeated observations failed to detect the 


® J. Veldkamp and K. S. Knol, Physica 4, 166-170 
(1936). 


source was removed by interrupting the deuteron 
beam, though the ion chamber counted 4.6 
Li® disintegrations per minute per millicurie 
(Rn—Be) equivalent of (D—Be) neutrons when 
the beam was on the target, as determined by 
direct count with a weak (D—Be) neutron 
source. With the Li’/Li® ratio taken as 11.6, it 
was calculated that the maximum cross section 
for production of Li* from Li’ by neutrons is less 
than 5X10-® times the neutron disintegration 
cross section of Li®. 

It is difficult to compare the sensitivity of the 
above method with that used by Veldkamp and 
Knol, but it seems unlikely that their method 
should have been sufficiently more sensitive to 
compensate for the much larger number of 
neutrons (700 to 1) employed in the present 
observations. It should be pointed out that the 
present apparatus was sensitive only to heavy 
particles and therefore strictly limited to the 
detection of Li’, whereas the method of Veld- 
kamp and Knol would detect the formation of 
any other beta-active elements as well. Since the 
half-period of He®, a beta-emitter,*® is nearly 
identical with that of Li’, it follows that they 
probably detected the reaction Li’+n—He'+H! 
—2.8 Mev. The endothermic nature of this 


3 T, Bjerge, Nature 138, 400 (1936). 
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reaction would account for the low intensity of 
the radioactivity which they observed, since only 
, fraction of their total (Rn—Be) neutrons 
would possess sufficient energy to form He’. 


11. NEUTRONS FROM Li® 


The energy distribution of the neutrons pro- 
duced by deuteron bombardment of Li® was 
investigated by measuring proton recoil tracks in 
a coud chamber placed to receive neutrons 
emitted roughly at right angles to a deuteron 
beam incident on a Li® target deposited upon 
silver. A bombarding energy of 800 kev was 
chosen in accordance with the yield curve for 
this process (Section C) in order to obtain the 
highest possible intensity of Li® neutrons without 
introducing a serious number of neutrons from 
carbon. Under these conditions, the maximum 
kinetic energy of the Li® neutrons was [(3)Q 
+5(0.8) ] Mev, where Q is the energy released in 
the reaction. Only recoil proton tracks beginning 
and ending in the chamber and projected within 
30° of the direction of the incident neutrons were 
measured. About 200 such recoil tracks were 
obtained in a preliminary survey. The distribu- 
tion of the corresponding neutron energies, 
plotted in Fig. 16, had a range of over three 
Mev. Roughly one-half of the measurable tracks. 
were produced by neutrons of more than 2.0- 
Mev energy, so that the corresponding values of 
Q were greater than 1.7 Mev, provided these 
neutrons originated in Li® reactions. A series of 
tests indicated that the presence of any con- 
tamination in amounts sufficient to have pro- 
duced a considerable fraction of the total 
neutrons could have been detected easily by the 
accompanying characteristic groups of charged 
particles. Carbon on the target doubtless con- 
tributed a small part of the low energy neutrons, 
but the effect of deuterium upon the observed 
neutron distribution at higher energies appar- 
ently was inappreciable. 

Deuteron bombardment of Li® may produce 
neutrons by either of two reactions 


Li'+ D’—Be?7+n2+Q,, (1) 
Li'+ D?—He'+ He®+7+4+Qz. (2) 


Strong evidence for the occurrence of the first 
reaction has been obtained from the energies of 


recoil particles observed in an ion chamber 
during the previous work with lithium isotopes,' 
while the second reaction is to be expected, in 
analogy with the reaction Li’ + D?—Het+ He*+n, 
since it is exothermic. 

The energy balance, Q,, for the first case can 
be predicted only in so far as the mass of Be’ 
can be estimated. Since the previous observations 
indicated that the formation of Be’ leads to no 
radioactivity of short life,' it may be predicted 
that Be’ should be roughly one Mev heavier 
than Li’, either by estimating the Coulomb 
energy excess of Be’ over Li’ or by interpolating 
between the relative masses of neighboring pairs 
of nearly stable isobars. The corresponding 
value of Q; is 3.1 Mev. In the second reaction, 
Q2 can be calculated from accepted values for 
the masses involved and is 1.56 Mev, where the 
chief uncertainty is introduced by a probable 
error of 0.2 Mev in the mass of Li® according to 
Livingston and Bethe.** However, the results of 
experiments discussed in the preceding section 
indicate that the accepted mass of He’* possibly 
is too small by 0.5 Mev so that Qe might be as 
low as one Mev. When the uncertainty in the 
mass of Li® is taken into account it follows that 
an upper limit of 1.7 Mev appears reasonable for 
Qe, so neutrons of energies greater than ({)(1.7) 
+ (3)(0.8)=2.0 Mev would not be expected to 
originate in reaction 2. Consequently, the 
neutron energy distribution of Fig. 16 consti- 
tutes strong but qualitative evidence that Be?’ is 
formed according to reaction 1. A_ greater 
number of recoil tracks must be measured before 
the mass of Be’ can be fixed accurately or any 
of its energy levels determined in case Be’ is 
not always left in the ground state. However, 
the observed distribution of neutron energies is 
not in disagreement with the estimate of the mass 
of Be’ given above. 

The relative probabilities of reactions 1 and 2 
can be estimated to be very roughly equal at 
800 kev if all neutrons of energies greater than 
2.0 Mev are assigned to reaction 1 and all others 
to reaction 2. However, such an estimate is 
subject to considerable error, chiefly because of 
the uncertainty in the value of Q2 and the large 
statistical variations which are probable when 


%M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 373 (1937). 
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only 200 tracks are measured. In addition, the 
usual observational uncertainties for cloud 
chambers are present. The measurement of 
tracks tends to discriminate against very low 
energy neutrons because the recoil tracks are 
short, and against high energy neutrons because 
the longer recoil tracks are less apt to end within 
the cloud chamber. Likewise, there is the usual 
background from scattered neutrons and target 
contaminations. When all these factors are 
weighted the formation of Be’ appears to be the 
more probable reaction, but the ratio 1 :1 for 
the relative probabilities of the two reactions, as 
estimated by the more direct method, is believed 
to be within a factor of three of the true value. 


I. RADIOACTIVITY OF Be?’ 


Be’ may be expected to be unstable since this 
isotope does not occur in beryllium minerals. 
Furthermore, the evidence outlined in the pre- 
ceding section indicates that Be’ is heavier than 
Li’ and consequently should be transformed to 
Li’ either through positron emission or absorp- 
tion of an orbital electron by the nucleus. 
A previous investigation of isotopic targets bom- 
barded by deuterons had shown that no short 
period activity existed which could be associated 
with Li® or the formation of Be’.'! Consequently, 
the possibility of a long half-life was investigated. 
Through the cooperation of Dr. G. L. Locher, 
a target of ordinary LiF which had been bom- 
barded a month earlier with 35 microampere 
hours of 1000-kev deuterons was examined and 
found to exhibit radioactivity with a half-value 
period of 43+6 days. Likewise, a thick target of 
lithium metal bombarded with 20 microampere 
hours of 1000-kev deuterons showed an activity 
corresponding to the increased proportion of 
lithium in the target. The surface of the latter 
target was scraped off and was found to carry 
the activity, which demonstrated that deuterons 
and not neutrons had produced the activation. 

A chemical separation, carried out by Dr. M. 
H. Van Horn of George Washington University, 
concentrated the active element in a_ final 
precipitation of beryllium from 100 micrograms 
of beryllium carbonate added as a carrier. How- 
ever, the chemical separation would not remove 
iron, which is a common impurity in metallic 
lithium. Consequently, an iron target was bom- 
barded with 1000-kev deuterons and tested for 
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radioactivity, but it was found that an jrop 
impurity of more than 100 percent would have 
been required to account for an activity equiva. 
lent in intensity to that observed in the lithium 
target. It was apparent, therefore, that the 
radioactive element produced was a beryllium 
isotope and almost certainly Be’, in view of the 
evidence from the Li® neutrons and the fact that 
the known isotopes Be’, Be*, and Be" do not 
possess a 43-day half-period. 


Proton bombardment of boron 


A second reaction which should lead to the 
production of Be’ is BY +H'—Be’+He!+0. 
A boron carbide target which had been bom- 
barded with 11 microampere hours of 950-key 
protons exhibited radioactive properties equiva- 
lent to those observed in the lithium targets, 
The intensity of this radioactivity was 75 percent 
as great as that produced in the lithium metal 
target, which indicates that transmutations pro- 
ducing Be’ constitute an appreciable fraction of 
the disintegration processes for B' under proton 
bombardment. 

The range of the alpha-particle group from the 
reaction B'’+H!—Be’+He'+Q could be used 
to determine the mass of Be’. An attempt was 
made to observe this group superimposed upon 
the intense continuous distribution of alpha- 
particles from the four times more abundant 
isotope B" but the experimental difficulties 
proved to be too great. If Be’ is assumed to be 
one Mev heavier than Li’, the expected range of 
the alpha-particle group from B" is only about 
five mm for the negligible bombarding energies 
which are required in order to avoid protons 
scattered from the target. A reasonably intense 
superimposed group usually can be resolved by 
using counters with strong electrical differentia- 
tion, but differential counters cannot be used for 
very short range particles. Consequently, in the 
present experiments it was necessary to use a 
shallow ion chamber connected to an amplifier 
and counter without differentiation, but this 
arrangement did not reveal any significant de- 
parture from the expected continuous distribu- 
tion of alpha-particles from B" down to ranges as 
short as three mm, where scattered 200-kev 
protons from the target began to enter the ion 
chamber. 
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TRANSMUTATIONS OF 


Nature of radiation 

The 43-day half-life radioactivity observed in 
the lithium and boron targets was shown to be 
due to gamma-ray emission. When covered 
targets were alternated with uncovered targets 
within the chamber of a Lauritsen electroscope, 
the comparative discharge rates were those to 
be expected from gamma-ray ionization only. 
Likewise, no charged particles could be detected 
with Geiger-Miiller counters having wall thick- 
nesses equivalent to only a few centimeters of air, 
although the counting rates obtained with 
shielded counters indicated the emission of more 
than 100 gamma-ray quanta per second. 

This unusual type of radioactivity might 
originate in the decay of Be’ to form Li’ by 
either of two reactions 


Be’?—Li’+e* +2, 


e+*+e-—2hn, (1) 
Be? +e-—>Li’7+2, 
Be? +e-—>Li™* +2, (2) 


Li™*—Li’+hrz, 


where v signifies a neutrino. In the first case, Be’ 
may emit a positron with so little energy that 
it does not ionize appreciably but can be de- 
tected by the resulting radiation of two simul- 
taneous 0.5-Mev annihilation quanta. In the 
second case, an orbital electron may be absorbed 
by Be’ so that the resulting Li? nucleus is formed, 
at least part of the time, in an excited state 
from which it then passes to the ground level 
with gamma-ray emission. i1. the second reac- 
tion, the expected number of gamma-ray quanta 
per transmutation is less than unity because 
part of the Li’ nuclei may be formed in the 
ground state and emit no gamma-radiation. 

It is evident from the above discussion that 
several experimental tests (involving energy, 
simultaneity, and number of gamma-ray quanta 
emitted by Be’) may be used to discriminate 
between transmutations of Be’ by positron 
emission and by K-electron capture. Geiger- 
Miiller counters were used in making three such 
tests and it was found efficacious to compare the 
Be’ radiation directly with the 0.5-Mev annihila- 
tion radiation from the. positron emitter N®, 
produced in ample quantities according to the 
reaction C"®+D?—N"+n by bombarding a 
graphite target with 1000-kev deuterons. N™ 
probably decays entirely by the transmutation 
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N®=>C%+et++v7 so that two 0.5-Mev annihila- 
tion quanta per N® atom result. In addition, 
comparatively faint 0.2-Mev gamma-radiation 
(presumably corresponding to occasional forma- 
tion of Cin an excited state) has been reported.*® 
In the present experiments, monochromatic 0.5- 
Mev radiation in equilibrium with its secondaries 
was assured after the rays had passed through 
s inch of lead, since the absorption curve ob- 
served with greater thicknesses of lead was a 
simple exponential. 
Absorption coefficient 

The comparative absorption coefficients for 
the gamma-radiation from Be? and for the 
0.5-Mev radiation from N", measured in lead 
under identical conditions, were found to be 
0.169+0.008 and 0.130+0.002 g cm™', respec- 
tively, by a least-square determination. The 
corresponding energy for the Be’? gamma-radia- 
tion is 425+25 kev, in reasonable agreement 
with the energy to be expected if a K electron 
were absorbed by Be’ to form Li’ in its known 
excited state at 450 kev (Section C). 


Simultaneity 


Another test to determine the decay process 
was made by placing Be’ between two Geiger- 
Miiller counters arranged to count double coin- 
cidence discharges. No statistically significant 
departure from the cosmic-ray background rate 
of 0.6 counts per minute was observed with the 
Be’ in position. If Be? decayed only by positron 
emission, the resultant simultaneous emission of 
two annihilation quanta in opposite directions 
should have increased the counting rate by a 
factor of three over the background rate. 


Number of quanta 


A third experimental test, indicative of the 
process by which Be’ decays, was made by 
determining approximately the average number 
of quanta emitted per Be’ atom. The gamma-ray 
counting rates from lithium targets containing 
Be’ and from graphite targets containing N"™ 
were measured under identical conditions with a 
Geiger-Miiller counter shielded with } inch of 
lead. If yw radioactive atoms having a decay 
constant \ sec.—! and emitting gamma-rays per 
disintegration are presented to a counter shielded 
to insure equilibrium between gamma-rays and 

% J. R. Richardson, Phys. Rev. 53, 610 (1938). 








680 L. H. RUMBAUGH, R. B. 
their secondaries, the observed counting rate, C, 
is given by 

C=)une sec.', 


where ¢ is the over-all efficiency of the detecting 
apparatus. In the present experiment, € was con- 
sidered to be the same for both Be’? and N® 
gamma-ray quanta since their energies are prac- 
tically alike and all other conditions were held 
constant throughout the observations. Then, the 
ratio of the gamma-ray counting rates for Be’ 
and N* is given by 


C1/Co= (Aipim) / (AgueMe), 


where the subscripts 1 and 2 refer to Be’? and N*, 
respectively. The decay constants, A; and a, 
were known with considerable accuracy and m2 
was assumed to be two annihilation quanta per 
N® atom. The ratio u:/ue was calculated, with 
appropriate corrections for radioactive decay, 
from available information on neutron yields for 
the reactions in which Be’ and N™ were formed. 
The numbers of neutrons from deuteron bom- 
bardment of lithium and carbon targets had been 
measured by Amaldi, Hafstad, and Tuve,™ the 
relative neutron yields from Li® and Li’ were 
obtained from Fig. 10 of the present experiments 
and the known isotope ratio, and the approxi- 
mate fraction of Li® neutrons corresponding to 
the formation of Be’ was estimated within a 
factor of three from Fig. 16. Calculations based 
on the above data gave m as 0.1 gamma-ray 
quantum per Be’ atom within limits 0.03<m, 
<0.3, which is consistent with the hypothesis of 
K-electron capture because transitions to the 
ground state of Li’, which produce no gamma- 
radiation, should be more probable than the less 
energetic transitions to excited levels. 


Possibility of positron emission 


The experiments enumerated above did not 
preclude the possibility of the emission of low 
energy positrons by a small fraction of the Be’ 
atoms. Accordingly, a bare LiF target which had 
been bombarded some weeks previously was 
placed inside a cloud chamber. Repeated expan- 
sions failed to reveal any particle track of any 
length whatsoever which definitely originated in 
the target, nor was there any evidence of ioniza- 
tion in the immediate neighborhood of the target. 
However, the gamma-ray emission was suffi- 
ciently intense that occasional Compton electron 
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tracks were observed in various parts of the 
chamber. The total number of Be? atoms decay. 
ing during the sensitive periods of the cloud 
chamber could be estimated, since the decay 
constant and the approximate number of Be? 
atoms present in the target were known, as out- 
lined above. Thus, it was possible to estimate 
that, provided positron emission occurs at all, 
probably not more than one Be’ atom per 
thousand decays with the emission of a positron 
of more than a few kilovolts’ energy. 


Discussion 


There are four separate lines of experimental 
evidence in all, which strongly indicate that 
positron emission does not occur and that Be? 
decays only through the absorption of an orbital 
electron to form Li’ sometimes in the ground 
state and sometimes in the 450-kev excited level. 
It follows that the upper and lower limits for 
the mass difference (Be7—Li’) may be set at 
1.0 Mev and 0.45 Mev, respectively, since for 
greater differences positron emission would be- 
come probable and for lesser differences Li’ 
could not be formed in the 450-kev state. More- 
over, mass differences near the lower limit are 
not to be expected, since the transition proba- 
bility for the 450-kev state should decrease more 
rapidly than Be?’—Li’—450 kev, the energy 
available for this transition, in analogy with all 
other known radioactive processes. For example, 
if the relative transition probabilities for the two 
Li’ states, as given by the number of gamma-rays 
observed per Be’ atom, arbitrarily are taken to 
be proportional to the fourth power of the 
relative transition energies,*® then the mass 
difference (Be’—Li’) is approximately one Mev 
for 0.1 gamma-ray quantum per Be’ atom, and 
0.8 Mev for 0.03 quantum per Be’ atom. 
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This paper reviews the theory of nuclei composed of 
alpha-particles alone, and extends it to cases where in 
addition to the alpha-particles, a single neutron or proton 
is present, and also to those light nuclei in which a single 
neutron or proton is missing from the complete alpha- 
particle structure. In the latter cases the missing particle 
js considered as a neutron or proton “‘hole.’’ In the first 
section of the paper, the configuration of the alpha- 
particles is considered together with the motion of the 
neutron, proton, neutron hole, or proton hole, in the field 
of the fixed alpha-particles for nuclei lighter than fluorine. 
Rough values for the binding energies are obtained and 


INTRODUCTION 


HE liquid-droplet model of the nucleus 

which has been recently discussed by Bohr 
gives an adequate description of many nuclear 
processes, and also provides us with some very 
general statements about nuclear binding ener- 
gies and the distributions of excited states. 
More detailed results, however, may be obtained 
only with the help of models based on more 
specific assumptions. Two models of this kind 
have been proposed, namely, the independent- 
particle model and the alpha-particle model. 
The main difference between these two models is 
that, while in the independent-particle model 
each neutron or proton is assumed to be subject, 
in the first approximation, to the average force 
obtained from all other neutrons and protons, in 
the alpha-particle model the interaction of two 
neutrons and two protons (constituting an alpha- 
particle) are first considered, and then the 
interaction of these groups with each other and 
with particles outside of the groups are con- 
sidered later. 

It is undoubtedly true that no one is more 
aware of the weaknesses inherent in the use of 
the independent-particle model of the nucleus 
than those theoretical workers who have been 
making calculations on this basis. Such calcu- 


compared with the results of the Hartree model. In the 
second section of the paper, rotations of the same nuclei 
are discussed, and the symmetry properties of the funda- 
mental states, as well as the symmetry properties and the 
approximate spacing of some of the excited states are 
obtained. The symmetry properties of the fundamental 
states are in agreement with those obtained from the 
independent-particle model. Furthermore the excited 
states as obtained from the two models show a marked 
parallelism, although a greater number of levels is pre- 
dicted by the alpha-particle model than by the inde- 
pendent-particle model. 


lations are based on the model in which each of 
the nuclear constituents moves in a field obtained 
by averaging over the positions of the other 
particles and it neglects, therefore, in the first 
approximation the phase relation of the nuclear 
constituents. The success of a similar model in 
explaining atomic structure is due to the fact 
that all electrons are subject to the nuclear 
attraction, which is greater than the interaction 
between the electrons, and that the latter 
interaction, too, is a Coulomb force, that is, a 
long range force. It has been pointed out fre- 
quently that the absence of a central body in 
nuclear structure and the short range interaction 
between the constituents tend to make the 
Hartree or independent-particle approximation 
a very poor one. If the interaction is assumed to 
be of an exchange type, the independent-particle 
picture becomes even less justified. The impres- 
sion that a considerable degree of success has 
been attained by this model, created perhaps 
especially among experimentalists, may be due 
to the fact that it is mainly the successes of the 
theory, and not its shortcomings, which are 
published, or at least which are emphasized in 
publication. It is well to remember in this 
connection that Breit and Rabi' stated at a 


1G. Breit and I. Rabi, Phys. Rev. 46, 230-231 (1934). 
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very early date in the development of nuclear 
theory that: ‘According to the usual ideas of 
nuclear structure the constitution of a nucleus 
resembles that of a polyatomic molecule or else 
a liquid. It is questionable whether there is 
much meaning to a central field which one must 
necessarily assume in order to assign an orbital 
quantum number to a particle under these 
conditions.” 

An older picture of the nucleus,’ to which the 
above quotation implicitly refers, assumes that 
alpha-particles are present in the nuclei as 
comparatively stable sub-units. It has been 
emphasized that the alpha-activity and, to some 
extent, also the greater stability of nuclei of the 
4n-type may be explained by the independent- 
particle picture as well,’ but still it seems 
impossible to obtain as good absolute values for 
the binding energy with the help of the Hartree 
model as is obtained in the zeroth approximation 
from the alpha-particle picture. Again, it has 
been shown in some cases, and will be shown for 
others in this paper, that the behavior of the 
nuclei in the vicinity of O'*, which seemed to be 
in particularly good agreement with the closing 
of the ‘‘P-shell”’ in the Hartree model, can be 
also accounted for by the alpha-particle model. 

Our purpose in this paper is to discuss the 
alpha-particle model for light nuclei. Such dis- 
cussions have been given previously*: ¢ for nuclei 
composed of alpha-particles alone. We shall 
review the theory of these nuclei and extend it 
to cases where, in addition to the alpha-particles, 
a neutron or proton is present, and also to those 
light nuclei where a single neutron or proton is 
missing from a complete alpha-particle structure. 
In the latter cases we may speak of a neutron 
or proton “hole.’’ Our treatment, will be based 
on the analogy with molecular structure, just as 
the conventional application of the independent- 
particle picture is based on an analogy with 
atomic structure. The alpha-particles will cor- 
respond to the nuclei of the molecule, the 
neutron hole or proton hole to the electron 
moving in the field of the heavier constituents. 


2G. Gamow, Proc. Roy. Soc. A126, 632-644 (1930). 

3H. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 168- 
171 (1936). 

4W. Wefelmeier, Zeits. f. Physik 107, 332-346 (1937); 
J. A. Wheeler, Phys. Rev. 52, 1083-1106 (1937); C. F. 
von Weizsicker, Naturwiss. 26, 209-217, 225-230 (1938). 
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Obviously this picture too is inherently weak. 
Thus it has been pointed out that, particularly 
in heavy nuclei, considerations of energy and 
space-occupation® make the stability of alpha- 
particles as sub-units somewhat doubtful. Fur. 
thermore, our calculations, for those nuclej 
which are not composed of alpha-particles alone, 
contain the assumption that the mass of the 
neutron or proton is negligible as compared to 
that of the alpha-particle. 

However, the essential reason that the 
independent-particle picture has been used so 
largely in recent theoretical investigations has 
been the belief that the alpha-particle picture 
would be more complicated for actual numerical 
calculations. As will be shown below, many 
important results can be obtained from the 
alpha-particle picture in a simple way. 

It is a significant fact that, while the Hartree 
and alpha-particle approximations start from 
widely different assumptions, the results ob- 
tained agree in many of the main features as 
well as in some of the details. For example, the 
second approximation of the independent-par- 
ticle picture, as applied to heavy nuclei,® brings 
about a distribution of neutrons and protons 
resembling more closely that obtained from the 
alpha-particle picture. A parallelism has also 
been found’ with regard to the properties of the 
first excited states of heavy nuclei as obtained 
from the two points of view. 

Our treatment consists of two main sections. 
In the first, the configuration of the alpha- 
particles is considered together with the motion 
of the neutron, proton, neutron hole, or proton 
hole, in the field of the fixed alpha-particles for 
nuclei lighter than fluorine. Rough values for 
binding energies are obtained and compared with 
results of the Hartree model. 

In the second section, rotation of the same 
nuclei is discussed. In this section we obtain the 
symmetry properties of the fundamental states 
as well as the symmetry and approximate 
spacing of some of the excited states. The 
symmetry properties of the fundamental states 
are in agreement with those obtained from the 


’ W. Elsasser, J. de phys. et le rad. 5, 389-397, 635-639 - 


(1934). 
6H. Euler, Zeits. f. Physik 105, 553-575 (1937). 
7E. Teller and J. A. Wheeler, Phys. Rev. 53, 778-789 


(1938). 
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Fic. 1. Interaction potential between alpha-particles. 


independent-particle model. Furthermore, the 
excited states as obtained from the two models 
show a marked parallelism although a greater 
number of levels is predicted in the alpha- 
particle picture than in the independent-particle 
picture 

The agreement of the symmetry properties in 
the two models seems to us to be the main result 
of the present paper. 

Though we do not think that the model here 
presented is good enough to give a detailed 
account of experimental facts, we believe that 
it is not worse than the Hartree model. Explicitly, 
we believe that neither of these pictures can 
give an adequate explanation of the details of 
nuclear structure. However, it is of some interest 
to present calculations based on the alpha- 
particle model which give the same results as 
the Hartree model. Such results seem to be 
relatively less sensitive to the approximations 
which have been made and therefore might be 
expected with somewhat greater confidence to 
agree with experimental observations. Such 
agreement, however, seems to imply only the 
validity of those considerations which are 
fundamental to both points of view, and must 
not be interpreted as supporting the detailed 
assumptions of either model. 


SECTION I 
Fundamental states, proper functions, binding 
energies 


Saturated nuclei of 4n-type—We shall call 
those nuclei which contain 2m neutrons and 2n 
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protons, and can therefore be considered as 
consisting of m alpha-particles, saturated nuclei. 
The name saturated nucleus refers to the fact 
that the alpha-particles are the saturated sub- 
units in nuclear structure. In fact, these nuclei 
are analogous to the rare gases and other 
saturated shells in molecular physics. They have, 
at least for light nuclei, a comparatively high 
binding energy, a high frequency of occurrence 
in nature, and no angular or magnetic momen- 
tum. These nuclei have been described in 
accordance with the “saturation character’’ of 
nuclear forces.’ By “saturation character’’ is 
meant that the binding energy (and also the 
volume) of a nucleus is roughly proportional to 
the number of particles contained in it, and not 
to the square of the number of particles as might 
be expected if each particle interacted with all 
other particles. To obtain this condition, it can 
be assumed that the alpha-particles repel each 
other at small distances. In order to build up 
saturated nuclei containing more than one alpha- 
particle, an attraction must be introduced at 
larger distances. Thus an interaction potential 
between two alpha-particles is obtained of the 
form shown in Fig. 1.° This interaction may be 
compared to that between two saturated shells 
in atomic physics. The repulsion at small dis- 
tances corresponds to the exchange interaction, 
the attraction at greater distances to the van der 
Waals, or polarization, forces.* The analogy with 
the closed atomic shells makes it plausible that 
the interaction forces are of an additive nature, 
that is, the interaction of two particles is not 
changed by the presence of a third alpha-particle. 

According to these assumptions, alpha-par- 
ticles will be held in equilibrium-positions within 
the nucleus, Be* corresponding to a dumb-bell 
model, C” to an equilateral triangle, O'* to a 
tetrahedron, and further saturated nuclei to 
more complicated structures. If, in analogy to 
atomic physics, a short range interaction is 
assumed between the closed shells, the binding 
energy will be proportional to the number of 
“bonds” between adjacent particles, that is, to 
the number of pairs of alpha-particles which for 


8’ W. Heisenberg, Zeits. f. Physik 96, 473-484 (1935). 


® The effect of the Coulomb interaction at great distances 
will not be considered in what follows, since it is of rela- 
tively small importance for light nuclei. 
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geometrical reasons can approach to the distance 
of maximum interaction 7. 

In Fig. 2 the binding energies of saturated 
nuclei, that is, the masses of the constituent 
alpha-particles minus the nuclear mass, are 
plotted against the number of ‘“‘bonds.”’ The 
experimental values are plotted with vertical 
lines to show their limits of error. The same 
procedure will be followed in Figs. 5 and 6. 
In agreement with the model, a very good linear 
relation is obtained with the exception of Be’ 
and Ne”, which both fall below the curve. 
According to the model, Be® should have a 
binding energy corresponding to one bond, that 
is, 2.58 in Mev. Its actual binding energy, 
however, is close to zero. It has been suggested 
by Wefelmeiert that this discrepancy may be 
due to the effect of the zero-point energy in 
analogy to Wigner’s explanation’ of the sur- 
prisingly great ratio of the binding energies of 
the alpha-particle and the deuteron. 

In order to check this explanation, we have 
calculated the zero-point energies for Be*®, C", 
and O'* for a simplified model, assuming that 
the zero-point amplitudes are small as compared 
to the distances between the alpha-particles and 
that the effects of the anharmonicity of the 


10 E, Wigner, Phys. Rev. 43, 252-257 (1933). 


Fic. 2. Binding energy for saturated nuclei. 


forces, and the interaction with rotation, may 
be neglected. If, furthermore, the additivity of 
the forces is remembered, the ratio of the zero- 
point energies" for the sequence Be® : C® ; 0! 
is as 1 : [(3/2)'+2(3/4)*] : (V2+2/v2+43.1), or 
1 : 2.9 : 5.8. This ratio is very nearly equal to 
the ratio 1:3 :6 of the number of bonds in 
these nuclei so that the ratios of the total 
binding energy should remain 1 : 3:6. Thus 
for the model proposed the zero-point energy 
does not explain the anomaly for the Be*-nucleus. 

The reason that, in comparing H? and H‘*, the 
zero-point energy is of great importance while 
for Be® and C® it is not, seems to us to be as 
follows. In H? and H® the equilibrium positions 
of the neutrons and protons coincide. Therefore, 
H? possesses three ‘‘vibrational’”’ degrees of 
freedom and H? six “vibrational’’ degrees of 
freedom. Very roughly one may therefore expect 
the zero-point energy to increase by a factor of 
two. At the same time the pairs of interacting 
particles and therefore the number of terms in 
the potential energy change from one to three, 
that is, the potential energy increases more 
rapidly than the zero-point energy. On the 
other hand, in the models for Be® and C" the 


1 The normal vibrations may be obtained from Table IV 
in the paper by Wheeler, reference 4. 








numt 
equal 
there 
and | 
quali 
great 
may 
energ 
In 
addit: 
up to 
two s 
relati 
heavit 
ture” 
fact t 
the b 
more 
alpha. 
howe\ 
is sm 
obtair 
on the 
The 
retain 
as th 
partic 
increa 
heavy 
pletely 
possib 
less vi 
to exp 
bindin 
appro» 
a part 
whene 
One 
sion t¢ 
particl 
mation 
heavy 
Nucl 
a sing! 
alpha-y 
given 
alpha-j 





Plt sl 
for heav 





& 








MODEL OF 


number of vibrational degrees of freedom is 
equal to the number of bonds and it may 
therefore be expected that the zero-point energy 
and potential energy will be proportional. This 
qualitative consideration suggests that a rather 
great change of the model of saturated nuclei 
may be necessary to explain the low binding 
energy of Be’®. 

In Fig. 2 it will be noticed that the number of 
additional bonds per particle increases markedly 
up to O'* but remains constant for the following 
two saturated nuclei. This corresponds to the 
relatively smaller binding energy for the nuclei 
heavier than O'* predicted by the “shell struc- 
ture” in the independent-particle model. The 
fact that Ne” lies below the curve shows that 
the break in binding energy after O° is even 
more marked than would be expected from the 
alpha-particle model. It should be remembered, 
however, that the disagreement for Be* and Ne” 
is small as compared to the disagreement as 
obtained in any of the direct calculations based 
on the independent-particle model. 

The degree to which alpha-particles may 
retain their individuality in nuclei will decrease 
as the total interaction between an alpha- 
particle and the other constituents of the nucleus 
increases. It is therefore not improbable that in 
heavy nuclei where an alpha-particle is com- 
pletely surrounded by other alpha-particles (and 
possibly neutrons) the alpha-particle picture is 
less valid than for light nuclei. This may help 
to explain the fact that for all heavy nuclei the 
binding energy of an added neutron or proton is 
approximately constant, whereas for light nuclei 
a particularly great binding energy is obtained 
whenever a new alpha-particle is completed." 

One of our reasons for restricting this discus- 
sion to light nuclei is that for these the alpha- 
particle model may be a reasonable approxi- 
mation even though it may break down for 
heavy nuclei. 

Nuclei of (4n+-1) type.—For nuclei containing 
a single neutron or proton in addition to the 
alpha-particles, the total binding energy will be 
given by the binding energy of the group of 
alpha-particles plus an additional energy due to 





® It should be remembered, however, that mass defects 
for heavy nuclei are relatively less accurately known. 
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the binding of the single particle to the alpha- 
particle group. 

In the simple case of He® the additional energy, 
which we will call B, will be given directly by 
the difference between the masses of He® and 
(Het+n). Thus He®’—(Het+n)=B. 

The independent-particle picture predicts that 
the fundamental state of He® should be a P state, 
consisting of four s particles and one p particle. 
We take this result over into the alpha-particle 
picture by assuming that the four s particles 
correspond to the alpha-particle and that the 
added neutron in He is in a p state with a 
node through the center of the alpha-particle. 
Such a model will satisfy the exclusion principle, 
and make it possible in the simplest way that 
the ¥-function of the added neutron should be 
orthogonal to the y-function of the neutrons 
within the alpha-particle. One consequence of 
the presence of this node through the alpha- 
particle is that the added particle will be found 
with a small probability within the alpha- 
particle, corresponding to the notion that the 
density of matter within the alpha-particle 
closely approaches the maximum density which 
can be reached within a nucleus. 

The case of Li in which a proton is added to 
the alpha-particle will differ only slightly from 
that of He® due to the effect of the Coulomb 
forces. This difference, and those for other 
nuclei in which a proton is added instead of a 
neutron, can be calculated quite as readily for 
our present model as for the independent- 
particle picture. However, since the results are 
practically identical for the two models (as might 
be expected, since the effect of the long range 
Coulomb forces will not depend very greatly on 
the details of the configuration of nuclear 
constituents) and, further, since the experimental 
uncertainties in the available data are too great 
for definite conclusions to be drawn, the effects 
of Coulomb interactions will not be considered 
in this paper. 

In cases of more than one alpha-particle, we 
may reason as follows. The force between the 
neutron and any one alpha-particle has a short 
range. This force will therefore contribute to the 
binding energy only when the neutron is close 
to some one of the alpha-particles. This fact 
makes it plausible that the neutron does not 
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simultaneously interact to a great extent with 
other alpha-particles which are at the average 
distance 79. Thus the neutron will interact with 
each alpha-particle only part of the time. 

For Be* we have two alpha-particles each 
with an associated y-function for the neutron 
which we will designate as y; and yo, respectively. 
As in the case of He*, each neutron y-function 
must have a node through the respective alpha- 
particle. The total wave function may be any 
linear combination of ¥; and ye, but, since we 
are seeking the lowest energy state and since 
long wave-lengths correspond to smallest energies 
of the particle, we choose a combination (~;+w2) 
with a single plane node extending through both 
alpha-particles. The average energy of the 
neutron will be given by 


. S (Vite) H(vityva) 
E(¥itye2) = “, 
S (bite)? 

where H=(V,+V2+T7) and V, refers to the 
potential energy of the neutron due to alpha- 
particle number one, V2 refers to the potential 
energy of the neutron due to alpha-particle 
number two, and T is the kinetic energy of the 
neutron. On expansion we find that the terms 
can be grouped as binding, interaction, and 
exchange, terms which we will designate as B, 
R, and Q, respectively. The B terms will have 
the form /y¥i(VitT7)y and refer to the po- 
tential and kinetic energy of the neutron due to 
a, (that is, the first alpha-particle) when the 
neutron is near a, with corresponding terms 
for ae. The R terms will have the form /yWiVey 
and refer to the additional potential energy of 
the neutron when near a; due to the presence 
of a2, and conversely. The exchange terms are 
those having form /yWiJTf2 and have the usual 
meaning. Letting S= /yYiye we find 


2(B+R+Q) _B+R+Q 


SVEFSVE+IS Via = «14S 


In keeping with the idea that the added 
neutron interacts mainly with one alpha-particle 
at a time and that therefore ¥; and Ye do not 
overlap strongly, we assume that the overlapping 
of the ¥-function is small and therefore S<1," 


























E(¥ity2)= 


8One might expect that for similar reasons QB and 
also R&B. This however need not be true since the two 
terms fyi Viyiand /yiTy, in B tend to cancel each other. 





AND E. TELLER 
so that 
E(¥ity2) =[B+R4+Q]. 


Applying the same type of arguments to (2 
we will expect that the added neutron proper 
functions will have a plane node through all 
three alphas, satisfying the Pauli principle with 
the smaliest amount of added kinetic energy, A 
similar argument as has been given for Be® leads 
to the energy of the neutron of [B+2R+20), 
The interpretation of this formula is as follows: 
Since as far as the term B is concerned the 
neutron will interact with one alpha-particle at 
a time, this term will be the same as in He and 
Be®. On the other hand, in the interaction R 
and for the proper functions which we are using 
also for the exchange term Q, the neutron at one 
alpha can interact simultaneously with the two 
neighboring alpha-particles. Therefore, — these 
terms are multiplied by two for C®. 

We now wish to build O"” by adding a neutron 
to the tetrahedron constituting O°. The wave 
function of the added neutron should have a 
node through each of the alpha-particles. This 
can no longer be done with one plane node. 
The added neutron will probably have least 
kinetic energy while satisfying the Pauli principle 
if a spherical node passes through the four 
alpha-particles. 

It is not possible to calculate from our picture 
the energy of the neutron in O'’ without intro- 
ducing new constants. It follows, however, that 
the energy will be greater than [B+3R+3Q], 
the value which would be obtained by extra- 
polating the energies of He®, Be®, and C". The 
different orientation of the nodes on different 
alpha-particles in O'* will make the wave-lengths 
of the neutron effectively shorter, and therefore 
the kinetic energy of the added neutron larger 
and its binding energy smaller. 

Summarizing our results for nuclei of the 
(4n+1) type, we have 


He®— (He*+) =B, 

Be’ — (Be*+n) =B+(R+Q), 
C8 (C#-4n)=B+2(R+Q), 
O'—(O'§+n) >B+3(R+Q). 


A comparison with experimental observations 
is given in Fig. 3; the mass-values used are those 
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Fic. 3. Increments of binding energy for nuclei of (4n+1) type. 


of Livingston and Bethe.“ This figure shows 
clearly the “break” in the curve at O' which 
has been interpreted‘ as strong evidence for the 
independent-particle picture but which as we 
have seen is to be expected on the basis of the 
alpha-particle picture as well. 

The experimental binding energies for He’, 
Be®, and C® can be represented by the theory if 
we set B=1.2 Mev and (R+Q)=-—3.2 Mev. 
The fact that |R+Q! is actually greater than 
B makes our conclusions about the binding 
energies rather doubtful. If the presence of 
further alpha-particles modifies the binding of a 
neutron to one alpha-particle so strongly, it 
would seem necessary to include higher order 
approximations, that is, polarization terms in 
the calculation. However, even these extremely 
rough considerations account for the trend of the 
binding energies of the light nuclei as well as 
does the independent-particle picture. Similar 
statements hold for the nuclei of (4n—1) type 
which we now proceed to discuss. 

Nuclei of (4n—1) type-—With our model we 
can treat nuclei of the (4n—1) type by con- 
sidering the missing particle as a ‘“‘hole’’ and then 


4M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 373 (1937); see however F. Joliot and I. Zlotowski, C. R. 
_. sci. 206, 1256-1259 (1938) in regard to the mass 
of He’. 





proceeding just as in the case of the added 
particle. However, whereas the added particle 
was in a f state, with a node through the alpha- 
particle corresponding to the small probability 
of the neutron’s being within the alpha-particle, 
the “‘hole’’ will be in an s state since it may be 
expected to be within the alpha-particle. Fur- 
thermore, whereas in the previous case we 
obtained a minimum energy for our model by 
arranging the wave functions of the added 
particle so as to have as few nodes as possible, 
in the present case we will get the lowest energy 
state for the entire nucleus by giving the “missing 
particle” as large an energy as possible. 

For He® we have simply the energy B=He' 
— (He*—x). 

For Be’ we have a case analogous to that of 
ionized molecular helium; the alpha-particles 
correspond to the closed shells of the two He 
atoms and the missing neutron correspond to 
the missing electron.'® Guided by the require- 
ment suggested above that the “missing particle” 
should have high energy, we proceed as in the 
case of Be® but choose (¥,;—y2) as our wave 
function, in order to obtain the maximum 


16 W. Weitzel and E. Pestel, Zeits. f. Physik 56, 197-214 
(1929). 
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Fic. 4. Increments of binding energies for nuclei of (4n—1) type. (The superscript to the carbon symbol should be 12.) 


number of nodes. We evaluate 


S (¥i-— v2) T(Yi— 2) 
E(¥i—y2) _ 
S (¥i-v2)? 


and find (B—Q+R) as the binding energy for 
Be’ —(Be®—1) ; the negative sign in front of the 
exchange integral Q is due to the change in the 
sign of Ye. For the missing particle case, however, 
Q will probably be positive, so that (B—Q+R) 
rather than (B+Q+R)—corresponding to ¥:+y2 
—will represent the lowest possible energy. 

For the cases C"™ and O'', we assume again 
that Q is positive. We find then from group 
theory 


Yi-—(Wetws)/2 and ypitye—(vstys) 


for proper functions corresponding to the lowest 
energies. The first of these functions, correspond- 
ing to C", is one of a twofold degenerate set and 
leads to the energy (B—Q+2R). The second 
function corresponding to O is_ threefold 
degenerate and gives (B—Q+3R). It will be 
seen that the exchange term remains constant 
regardless of the number of alpha-particles. 
This is due to the fact that by choosing, the 
wave function with a node between two alpha- 





particles, the third alpha-particle in the case of 
C", and the third and fourth alpha-particles in 
the case of O'5, lie on this node and therefore do 
not contribute to the exchange energy. It may 
be worth while to point out that, since for the 
case of O' a spherical node such as was needed 
for O' is not required, the break in the linear 
relation at O' is not to be expected in the 
missing particle case. 

A comparison with the experimentally ob- 
served values of the binding energies of nuclei of 
this type is given in Fig. 4. In view of the 
incompleteness of the data for ‘‘missing-neutron” 
elements, the equivalent ‘‘missing-proton”’ ele- 
ments are used instead. According to theory the 
points for Li’, B“ and N' should lie on a straight 
line, whereas the point for H® not containing an 
exchange term should lie above the line by an 
amount Q. The agreement with experiment for 
the alpha-particle model obviously is not, good 
but is certainly no worse than that given by the 
independent-particle model, for which the data 
were taken from Table V of Feenberg and 


Wigner."® 


16E. Feenberg and E. Wigner, Phys. Rev. 51, 95-106 
1937). 
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Fic. 5. Comparison of calculated and observed binding energies. 





While it is not the purpose of this paper to 
emphasize detailed agreement with experiment, 
since we believe that calculations based on either 
model are too inaccurate to give quantitative 
results, we include Fig. 5 as a summary of the 
results so far obtained by each theory for the fun- 
damental states. The data for the independent- 
particle model were obtained from Fig. 1 in the 
paper by Feenberg and Phillips.'? For each 
model the total number of arbitrary constants 
used in fitting the experimental curve is large. 
For the alpha-particle model we determined from 
the experimental data constants B, R, and Q, 
both for the added particle and for the hole, 


‘and the mass defect of the alpha-particle, as 


well as the “‘binding energy per bond”’ for the 
saturated nuclei, making a total of eight 
parameters. For the independent-particle model'® 
the parameters are as follows: A, a, Gi, Gs, and 
two from the linear correction function, making 
a total of six. 


SECTION II 


Nuclear rotation, symmetry, excited states 


In the previous section nuclear proper func- 
tions have been described insofar as they bear 
upon the relative positions of alpha-particles, 
added neutron or proton, or missing neutron or 


proton. These proper functions have given us 


ssn. Feenberg and M. Phillips, Phys. Rev. 51, 597-608 


rough values of the binding energies. But if we 
inquire into the symmetry properties of the 
states in question, it will be necessary to add 
the description of the proper functions as 
depending on the orientation of the nuclear 
constituents in space, that is, it will be necessary 
to consider nuclear rotation. 

This consideration will yield as a by-product 
some information on excited nuclear states. 
Further excited states would be obtained if we 
would include in our discussion the nuclear 
vibrations. However, the lowest excited levels 
will, as a rule, be rotational levels. 

The considerable quantitative differences be- 
tween theory and experiment as found in Section 
I indicate that no great emphasis can be laid 
upon the calculated spacing of excited states. 
Therefore the symmetry properties of both the 
fundamental and the excited states are of 
primary interest to us. 

Saturated nuclei of 4n-ty 
case, which we include for completeness, the 
results of Wheeler* are represented. As indicated 
by Wheeler, the rotational levels may be 
obtained very simply by comparison with the 
analogous molecules. 

For Be® we have the case of a diatomic 
molecule, for which the energy is given by 


Ey=(h?/2Tpe)J(J +1). 





However, since the alpha-particles obey Bose 
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‘statistics, and the antisymmetrical ~-functions 
for J=1, 3, 5 -++ are therefore excluded, only 
values of J=0, 2, 4 --+ will be allowed. From 
the fact that reflection at the center of symmetry 
exchanges the two alpha-particles, we conclude 
that all states are even. 

For C” we have the case of a symmetrical 
top for which 

WJ(J+1) kK? 


In. 4 ne 


J is the quantum number for the total angular 
momentum, while K is the component of J 
about the figure axis, that is, about the axis 
perpendicular to the plane of the three alpha- 
particles. Jp. is, as above, the moment of inertia 
of Be. In our formula it has been implicitly 
assumed that the separation of the alpha- 
particles in Be* and C® is the same. Since, as 
above, only symmetrical y-functions are allowed 
by the requirement of Bose statistics, K must be 
a multiple of 3. J, being the absolute value 
of the length of a vector, must be zero or 
positive. K, however, being a component of J, 
can be either positive or negative, but its absolute 
value must be smaller than or equal to J. For 
the case of K =0, that is, no rotation about the 
figure axis, J can have only even values just as 
in the case of Be’. When K #0, however, J may 
have any positive value greater than or equal 
to |K|. 

The states will be odd or even according to 
whether K is odd or even.'® 

In the case of O'® we have a spherical top for 
which all moments of inertia are equal. Also 
from the tetrahedral arrangement we may 
conclude that Joxygen=2J pe so that 


Ey=hJ(J+1)/4Ipe. 


From group theory one may find that all 
values of J are allowed except J=1, 2, and 5. 

The states will be even for /=0, 4, and 8, 
and odd for /=3, 7, and 11. For the remaining 
allowed J values there will be both even and 
odd states with equal rotational energies. 


Nuclei of (4n+1) type 
He or Li>—From our point of view we cannot 


consider excited states of He® or Li® for, as in 
the monatomic molecule, there will be no 


— 





18 This may be seen by rotating through zw around the 
figure axis and reflecting in the plane of the alpha-particle. 
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rotational states. The fundamental state wil] 
have J=1 and will be odd, that is, it will haye 
the same symmetry properties as in the inde- 
pendent-particle picture. 

Be® or B*.—The node of the neutron waye 
function through the two alpha-particles means 
that there is an angular momentum hi of the 
neutron around the axis connecting the two 
alpha-particles and therefore we have the lowest 
state J=1, that is, a P state. 

The excited states may be obtained by analogy 
with a diatomic molecule with a 7, electron, 
for which the nuclei obey Bose statistics. The 
rotational energies will be roughly given by the 
formula which held for Be’. The wave function 
will be symmetric in the alpha-particles. Two 
cases arise, because the plane of the neutron 
wave function may be either (a) parallel or (8) 
perpendicular to the axis of rotation. For case 
(a) odd values of J will be permitted; the 
neutron function changes sign on an interchange 
of alpha-particles by rotation. For case (b) even 
values of J will be permitted, since now the 
neutron function does not change sign. All 
values of J=1 will therefore be allowed. By 
reflection at the center of symmetry we find no 
change due to the alpha-particle wave function 
but a change of sign due to reflection of the 
neutron wave function which has a node through 
the center. Therefore all states are odd. 

O8 or N*®*.—The rotational energies are 
roughly given by the formula for C”. The 
former rule that K must be a multiple of three 


remains valid, because rotation about the figure 


axis has no effect on the neutron wave function. 
As in the case of C", all values of J are allowed 
for K #0. 

For K=0, the axis of rotation is perpendicular 
to the figure axis. As in the pure alpha-particle 
case, an interchange of two alpha-particles must 
not cause a change in sign. Such interchange of 
two alpha-particles can be performed by rotating 
through 180° around an axis passing through 
one of the alpha-particles and the midpoint 
between the other two alphas. Such a rotation, 
however, will also act on the neutron proper 
function. Since the neutron has a node in the 
plane of the three alphas it will change its sign. 
Symmetry with regard to the interchange of two 
alpha-particles will be obtained, therefore, when- 
ever the rotation through 180° produces a 
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MODEL OF 


change of sign, that is, for K=0 only odd values 
of J are allowed. 

Because of the influence of the added neutron 
with its node, there will be even states for odd 
K values and odd states for even K values. 

O” or F'7.—The added particle will have 
spherical symmetry and therefore there will be 
nochangein the conditions governing the rotations. 

Since an even (spherically symmetrical) proton 
or neutron is added, the parity of the states will 
be the same as for O'°, 


Nuclei of (4n—1) type 

Li’ or Be’.—-As in the case of binding energies, 
we again may choose as our proper function 
either (¥itwWe) or (¥i—yY2). In our consideration 
of the fundamental states we were guided in 
our choice by the fact that we wished to find 
the lowest possible state. This enabled us to 
select the (Yi—yW2) for the “missing particle”’ 
case. For excited states both possibilities should 
be considered. Now the difference between the 
two cases manifests itself by a change in sign 
of the exchange integral Q as we have seen. 
above, so that the separation in energy levels 
calculated for the two cases will be 

[B+Q+R]-[B-0+R]=20, 

to which a contribution arising from the rotation 
must be added. As may be seen from the sequence 
for the binding energies in the missing particle 
case, the magnitude of the exchange term Q 
may be determined, in principle, from the 
observed binding energies, as shown in Fig. 4. 
(Q for the added particle case cannot be deter- 
mined separately, for it appears only in the 
combination with R.) Actually the errors in the 
data are too great to permit any conclusion 
except within wide limits. It is possible that the 
Li? doublet'® is due to the two states (¥,+wW2) 
and (¥i—yY2). An explanation of this doublet 
has been proposed by Inglis®® but this suggestion 
does not seem to account for a variation in the 
relative intensity of the two groups with voltage 
which has been observed.?' Such a variation, 
however, is not surprising if the explanation sug- 

wL.H. Rumbaugh and L. R. Hafstad, Phys. Rev. 50, 
681-689 (1936). 

*D. R. Inglis, Phys. Rev. 50, 783-784 (1936). 

*L.H. Rumbaugh, R. B. Roberts, and L. R. Hafstad, 
Phys. Rev. 51, 1013 (1937). J. H. Williams, W. G. Shep- 
herd, and R. O. Haxby, Phys. Rev. 52, 390-396 (1937). 


L. H. Rumbaugh, R. B. Roberts, and L. R. Hafstad, 
Phys. Rev. 54, 649-672 (1938). 
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gested by the alpha-particle model is accepted. 

Restricting the discussion of nuclear rotation 
to the (yi:—ye2) case, we have a proper function 
with a node between the two alpha-particles. 
Except for different values for the moments of 
inertia this problem is therefore the same as 
that for C® for K=0 which has already been 
considered. The allowed states will be J=1, 3, 5, 
7 +++, with the fundamental state a P state. 
The rotational energies are roughly given by the 
Be® formula. All states will be odd. 

The analogous molecular case for Hest has 
been investigated by Weizel and Pestel,'® who 
found in this case that experimentally only 
states with odd values of J actually occur. 

Considerations regarding the magnetic moment 
of the Li nucleus, as obtained with the aid of the 
alpha-particle model, have been given by Bethe.” 

C" or B".—-For this case the proper function 
of the ‘“‘hole’’ in the field of fixed alpha-particles 
must be considered more closely. The transfor- 
mation properties under the effect of rotation 
through 27/3 and 47/3 around the figure axis 
are the same as those of a proper function for a 
particle with unit angular momentum. Thus 
unity must be added to, or subtracted from, the 
angular momentum of the alpha-particles around 
the figure axis. The latter will be, just as for C™, 
a multiple of three, so that K for the missing 
particle case must differ from a multiple of three 
by +1. This means that K can be any integer 
not divisible by three. 

We have seen that the proper function of the 
“hole” transforms as though it had unit angular 
momentum. Nevertheless, the actual mean value 
of the angular momentum of the “hole’’ will be 
smaller than h. If we assume it to be small as 
compared to f, the formula for rotational 
energies of C” will hold roughly also for C' and 
B". The actual values for the rotational energies, 
shown in Fig. 6, are obtained from that formula. 
If, however, the mean angular momentum of 
the “hole’’ is not small as compared to h, 
interaction between the orbit of the ‘‘hole’’ and 
the rotation may influence the rotational energy 
considerably. 

All values of J=|K| will be allowed with J=1, 
K=1 the fundamental state. 

The states will be even if K is even and odd 
if K is odd. 


2H. Bethe, Phys. Rev. 53, 842 (1938). 
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Fic. 6. Excited states of nuclei: Comparison of independent-particle model (left) to alpha-particle model (right) 
with energy scales adjusted to agree with D level of Be® (,=even, ,=odd). 


O' or N'®.—Because the proper function of 
the “‘hole’’ transforms as that of a particle with 
an angular momentum unity, the state J/=0 
cannot occur. All others can. 

If the mean angular momentum of the “‘hole”’ 
is small compared to f, the formula for the 
rotation of O'® will roughly be applicable. 
Otherwise the coupling between rotation and the 
orbit of the “‘hole’’ must be taken into account. 

The state with J=1 will be odd (this is the 
fundamental state) and that with J=2 will be 
even. States for higher J values will occur with 
both even and odd parity. 

For convenient comparison, the permitted 
energy states of the various nuclei are shown in 
Fig. 6. The fundamental states have been 
assumed to have the energy zero. Actually the 
rotation will contribute in some cases to the 
energies of the fundamental states. These 
contributions are, however, in view of the 
discrepancies found in Section I, too small to be 
worth discussion. The excited level system 
predicted by the alpha-particle model (rotations 
only) are given to the right of the line for each 
element of Fig. 6, the numbers indicated referring 
to J when only one number is given and to the 
quantum numbers J and K, respectively, when 


two numbers appear. The levels predicted by 
Feenberg and Phillips,'? taken from their Table 
III, are given on the left. The parity of the 
levels is indicated for both models. 

The ordinate scale for the alpha-particle 
model is given in units of h?/2J,.. This scale is 
fitted to that of Feenberg and Phillips by 
arbitrarily identifying their D level in Be® with 
our (J=2) level. From their Table I it may be 
seen that their K is exactly equal to two of 
our units. 

It is significant that the symmetry of the 
fundamental states, as well as that of many of 
the excited states, are the same for the two 
models. The agreement for the nuclei Be’, Be’, 
and Be’® is particularly good. For C", C™, and 
C® additional low excited states occur in the 
alpha-particle picture. They have the opposite 
parity as the levels obtained from the inde- 
pendent-particle picture. For O' and O'* no 
low excited states are predicted by the inde- 
pendent-particle picture, whereas the alpha- 
particle model gives some low rotational states. 
These differences may tend to diminish if in the 
independent-particle picture excitation of neu- 
trons or protons into higher orbits is taken into 
account. 
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An X-Ray Test of Superstructure in Fe Ni; 


F, E. HAwortH 
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(Received September 12, 1938) 


A search has been made for superstructure in permalloy 
of composition near FeNi;. Curves of x-ray scattering 
power near the absorption edges of Ni and Fe show that 
Fe Kg-radiation should give the strongest superstructure 
lines, and calculations indicate that reflection from (321) 
planes of a perfectly ordered structure should have about 
one-seventh the intensity of the ordinary (222) reflection. 
The specimen was a powdered alloy containing 70 percent 
nickel, annealed at 1000°C and baked at 425°C. It was 


INTRODUCTION 


N the iron-nickel series of solid solutions the 

region from 65 to 81 percent nickel has been 
of outstanding interest because of the extremely 
high permeabilities developed by suitable heat 
treatments. The composition at 78.5 percent 
nickel has long been the standard permalloy, 
and the highest permeability ever reported! 
(1,330,000) was in a single crystal of permalloy 
of 65 percent nickel content, the same composi- 
tion yielding the highest permeability for poly- 
crystalline material.? Since this region includes 
the composition at 75 atomic percent nickel, it 
has been suggested for many years that the 
properties might be affected by the formation of 
a superstructure at FeNi;. Such a structure is 
very difficult to detect by means of x-ray diffrac- 
tion because iron and nickel have nearly equal 
scattering powers. Jette and Foote*® looked for 
it in alloys of 79.4 and 66.8 percent nickel, but 
found no indication of superstructure lines. 

However, considerable indirect evidence has 
appeared which strongly indicates such a super- 
structure. Dahl‘ has studied the effect of plasti- 
cally deforming some iron-nickel alloys and 
found that at 35 and 100 percent nickel changes 
in resistivity produced by cold working an 
annealed specimen amounted to only one or two 
percent, while in the region between these 
compositions the effect was greater, reaching a 





1R. M. Bozorth, J. App. Phys. 8, 575-88 (1937). 

? Joy F. Dillinger and Richard M. Bozorth, Physics 6, 
279-284 (1935), 

*Eric R. Jette and Frank Foote, Metals Technology, 
Tech. Pub. No. 670 (1936). 

*Q. Dahl, Zeits. f. Metallkunde 28, 133-138 (1936). 


placed in a focusing camera in a beam of Fe K8-rays which 
were selected and concentrated by a curved rocksalt 
crystal, and exposed for one hundred hours. No super- 
structure lines appeared, although superstructure in 8-brass 
was easily detected with similar technique. This negative 
result, which is supported by a considerable amount of 
indirect evidence, indicates that no long range order exists 
in FeNis. 


maximum of some 34 percent at 75 atomic 
percent nickel. In this same region quenching 
also produced resistivities considerably higher 
than those of the annealed specimens. This is 
similar to the behavior of some alloys known to 
have superstructures, notably Cu;Au. Two cases 
of large changes in resistivity with cold work 
where no superstructure exists are known in 
tungsten, with 50 percent change, and molybde- 
num, with 18 percent change, but as pointed out 
by Nix and Shockley® these are rather brittle 
substances and may not be strictly comparable 
with the more plastic alloys. 

Another strong support for the superstructure 
theory occurs in the specific heat measurements 
of Kaya.® He found a sharp maximum between 
500°C and 600°C in the specific heat of the aged 
alloy, while for the quenched alloy the maximum 
was much lower. Additional indications of super- 
structure in FeNi; are found in the measurements 
of the lattice spacings of the Fe—Ni series.’ 
It was found that from 45 to 100 percent nickel 
the lattice spacing departed from the linear 
relation with composition, the change being a 
slight decrease with a maximum at about 78 
percent nickel. 

On the other hand, in the few cases in which 
magnetic measurements have been made on 
ordered structures exhibiting ferromagnetism, 
the change from order to disorder is accompanied 


® Foster C. Nix and William Shockley, Rev. Mod. Phys. 
10, 57 (1938). 

®° Seiji Kaya, J. of the Faculty of Science, Series II, Vol. 
II, No. 2, Hokkaido Imperial University, Sapporo, Japan. 

7 A. J. Bradley, A. H. Jay, and A. Taylor, Phil. Mag. 23, 
545-557 (1937); E. A. Owen, E. L. Yates, and A. H. Sully, 
Proc. Phys. Soc. 49, 318 (1937). 
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WAVELENGTH OF X-RAYS (A) 


Fic. 1. Atomic scattering factors of Fe and Ni as a 
function of wave-length. On the wave-length scale are 
marked the positions of the Ka- and K8-rays from Cu, Ni, 
Co and Fe. 


by changes in the saturation magnetization at 
room temperature and in the Curie point. This 
is especially true of those which in the disordered 
state have no ferromagnetism, such as Ni;Mn 
and the Heusler alloy Cu2MnAl. In the 70Ni 
permalloy no significant change in saturation 
magnetization has been found on comparing the 
annealed with the hard worked alloy. 

All of these are indications only, not direct 
proof, and hence it appeared desirable that a 
more exhaustive test be made. Recent improve- 
ments in methods have increased the probability 
of obtaining x-ray diffraction lines characteristic 
of superstructures in cases formerly considered 
out of the question, and the present work was 
undertaken to apply these methods to FeNi3. 
This involved choice of the x-rays of the most 
suitable wave-length, selecting and concentrating 
them into as intense a beam as possible, and 
using a focusing camera covering the reflection 
angle in which lies the strongest superstructure 
line. 

CHOICE OF RADIATION 


The difference in x-ray scattering powers of 
two neighboring elements may be increased if 
advantage is taken of the fact that near the 
absorption edge of an element its scattering 
power is greatly decreased. This was used by 
Mark and Szillard® in a study of KBr, by 
Bradley and Rodgers® in demonstrating super- 


8H. Mark and L. Szillard, Zeits. f. Physik 33, 688-691 


(1925). 
9A. J. Bradley and J. W. Rodgers, Proc. Roy. Soc. Lond. 


A144, 340 (1934). 
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structure in a Heusler alloy, and recently by 
Jones and Sykes" on 8-brass. By using Zn Ko. 
radiation the latter were able to increase the 
difference between the atomic scattering powers 
of Cu and Zn from about 0.6 to 2.1, thus in. 
creasing the intensity of the superstructure lines 
by a factor of about twelve. 

In Fig. 1 is shown the atomic scattering curve 
of Ni as determined by Jesse," together with a 
corresponding curve for Fe, derived from it. 
From this it is seen that the Fe K£-radiation, 
which is very close to the iron absorption edge, 
is scattered with the greatest difference. Recently 
Bradley and Taylor” have reported that they 
used Co Ka-radiation in a test for superstructure 
of FeNi; and found no indication of any. Co Ka 
gives a reflecting power for the superstructure 
lines somewhat less than half that for the Fe Kg. 
Jette and Foote* and Kaya® both used Ni Ka. 
radiation in their studies. This wave-length lies 
between the absorption limits of iron and nickel 
and hence is strongly absorbed by iron. Very 
little is known of the scattering curve on the 
short wave-length side of the absorption limit 
because the reflections are weak and the back- 
ground scattering high. Hence Ni Ka-radiation 
is very unsuitable and might even lie close to 
where the two curves cross, thus giving a 
difference in scattering power less than that for 
any other radiation which might be chosen. 

Calculations were made of the relative in- 
tensities of all possible reflections of Fe KB- 
radiation from FeNis, allowing for absorption in 
the specimen and the effect of temperature. 


TABLE I. Calculated intensities for FeNis. 





























INTENSITY INTENSITY 

Orb. S.S. Orb. S. &. 
hkl 6 LINE LINE hkl 6 LINE LINE 
100 | 14.3 5.4 300) 47.7 14.3 

221) 

110 | 20.4 8.3 310 51.3 13.3 
111 25.3 703 311 54.9 | 1140 
200 | 29.6 | 402 222 | 58.7 435 
210 | 33.4 11.2 320 | 62.8 21.6 
211 | 37.2 10.6 321 | 67.3 58.7 
220 | 44.3 | 499 400 | 80.6 | 1350 











10 F, W. Jones and C. Sykes, Proc. Roy. Soc. Lond. Al6l, 


440 (1937). 
1 Williams P. Jesse, Phys. Rev. 52, 443-451 (1937). 
2A. J. Bradley and A. Taylor, Proc. Roy. Soc. 166, 


353-375 (1938). 
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SUPERSTRUCTURE 


These are given in Table I, and show that the 
reflection from the (321) planes should be the 
superstructure line easiest to detect. 


I-XPERIMENTAL 


The apparatus consisted of a Phillips-Metalix 
x-ray tube with Fe target, a bent curved crystal 
of rocksalt to select and concentrate the Fe K,- 
radiation, and a symmetrical focusing camera. 
These were arranged as shown in Fig. 2, a more 
complete description being given in an earlier 
paper.'* The specimen was prepared from per- 
malloy containing 70 percent nickel by filing 
powder from a quarter-inch bar. This was mixed 
with sufficient quartz dust to prevent sintering 
and annealed for 1 hour at 1000°C and then for 
5 hours at 425°C. The powder was spread on a 
curved brass strip, and mounted on the circum- 
ference of the camera. The angular range covered 
by the camera was such that the (311), (222), 
(320), (321) and (400) reflections could be 
recorded. The film was exposed in this position 
for 100 hours and then taken out and cut in half. 
About an inch was cut off the end of one half 
and then this half was replaced in the camera 
with its position shifted one inch and re-exposed 
for about five hours. The two sections of film 
were then developed and fixed together. The 
second exposure gave reflections from the (311) 
and (222) planes of intensities equal to and about 
one-third of the expected intensity of the (321) 


SOURCE 
Ye ee 
~ I 





AMERA 
, a ‘ 











SPECIMEN 


Fic. 2. Arrangement of apparatus. The Fe K8-rays from 
the source are brought to a focus by the bent and cut 
rocksalt crystal at the camera circumference. They then 
diverge to the specimen and after reflection are refocused 
at the film. 


®R. M. Bozorth and F. E. Haworth, Phys. Rev. 8. 
538-544 (1938). 
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Fic. 3. X-ray diffraction pattern of FeNis; exposed to 
Fe K8-rays for 100 hours. Section (a) is one half as orig- 
inally exposed; section (b) is the other half after cutting 
off the end and re-exposing for five hours in a different 
position, giving the fainter (311) and (222) reflections as 
shown. The (321) superstructure lines would be at the 
points indicated by the arrows and should be as intense as 
the (311) line on section (b) and three times as intense 
as the (222) line on section (b). 


superstructure line, on a background of like 
intensity. No reflections from the (321) planes 
or the (320) planes could be observed although 
the five-hour exposure of the (222) reflection, 
which should have only one-third the intensity 
of the (321) reflection, is very plainly visible and 
the five-hour (311) reflection, which should be 
equal in intensity to the (321) reflection, has 
considerable intensity. The two halves of this 
film are reproduced unretouched in Fig. 3. 

This film was the culmination of many at- 
tempts to detect superstructure lines in FeNis. 
In one of these the material was rolled into 
strips, annealed for one hour at 1000°C, and 
then for 100 hours at 425° 
crystallites a preferred orientation, and advan- 
tage was taken of this to set it at just the proper 
angle to give a maximum reflection from the 
(321) planes. After an exposure of 70 hours no 
(321) reflection appeared. As a further check of 
the technique some 8-brass was prepared, and 
given sixteen hours exposure to Cu K@-radiation 
by the method first described. The superstructure 
line from the (320) planes was observed, although 
by calculation its intensity should be only one 
twenty-eighth that of the expected (321) reflection 
from the FeNi;. The 8-brass was given another 
exposure of sixty-four hours to have the re- 
flection strong enough for reproduction and this 


This gives the 


is shown in Fig. 4. 

Thus it seems reasonable to conclude from 
these experiments that no superstructure exists 
in FeNi; of sufficiently long range to form an 
x-ray diffraction pattern. 
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that for all treatments which gave it resistivities two Pp 
such that ordering would be expected, super. propel 
structure lines were found, and from this jt The 
seems logical that ordering sufficient to produce for th 
222 detectable superstructure lines and ordering repres 
sufficient to affect resistivity are concomitant, the sl 
but there are not sufficient data to establish This | 
such a generalization. CusAt 
320 Another criterion which may be useful in such reproc 
problems and which I have not yet seen proposed applic 
in the literature is this: It is well known that for ABs, t 


materials in which no superstructure exists, 
Matthiessen’s rule is obeyed when the annealed 


321 








material is cold worked, i.e., the slope of the where 
resistivity vs. temperature curve does not change: perfec 
this is true even for tungsten'® which changes its at whi 
resistivity by as much as 50 percent when cold ably f 
Fic. 4. X-ray diffraction pattern of Cu Zn exposed to worked ; but for ul : — of definite superstruc T. for 
Cu K8-rays for 64 hours. The superstructure line is the tures for which resistivity-temperature curves or 95 
wait ? 5 . i F 
one marked (320). are reported in the literature, Matthiessen’s rule depart 
ny is not obeyed in changing from the ordered to failure 
— the disordered state. These data are listed in tion of 
There still exists the possibility that there is Table IT. we shi 
order in FeNi; of such a short range that no There appear to be no data available on libriun 
diffraction lines could be obtained, and no_ resistivity vs. temperature for cases in which exper 
definite statement can be made of whether this superstructure is destroyed by cold work, but equilit 
would produce the observed change in resistivity. Dahl‘ has found that cold working the quenched to loo 
In the Cu;Au alloy Sykes and Jones" found Cu;Au alloy changed its resistivity by less than words, 
slope « 
TABLE II. Comparison of materials with and without superstructure with respect to Matthiessen’s rule. jie det 
ae ow ee state | 
dp dT (OHM CM/DEG.) X 10% chang¢ 
mea PERCENT 
MATERIALS QUENCHED CoLtp WorRKED ANNEALED CHAXGE | REFERENCE the © 
menhieempcemenncitet aveeneneinenuate onncinereemenaiin eee aeeneene: enemas attaine 
With Superstructure val 
Cu;Au 0.68 1.12 +65 | 16 values 
CuAu 0.64 0.96 + 50 17 even f 
Cu;Au 0.74 1.03 +39 18 
CuAu 0.90 1.28 +42 18 Resi 
cr » . 
rt pte 0.40 0.59 +47 18 used i 
-~  -¢ *s9° 
Ni;Mn 1.2 5.8 +380 19 Dilling 
Without Superstructure f th 
) 
2.60 2.64 +15 | 15 end 
Mo 2.69 2.67 —0.7 15 At the 
Ni 5.10 4.97 —2.5 15 
; : y not pu 
Pt 4.13 4.17 +1.0 15 P 
Ni +0.1 20 specim 
; , -- for th 
es PN . ‘ . : 
4 C. Sykes and F. W. Jones, Proc. Roy. Soc. A157, 213 (1936). 8.5X1 
W. Geiss and J. A. M. v. Liempt, Zeits. f. Physik 41, 867 (1927). it does 
1° C, Sykes and H. Evans, J. Inst. Metals 58, 255 (1936). the fa 
1 U, Dehlinger and L. Graf, Zeits. f. Physik 64, 359 (1930). . 
8G. Borelius, C. H. Johansson and J. O. Linde, Ann. de Physik 86, 291-318 (1928). those ; 





19S. Valentiner and G. Becker, Zeits. f. Physik 93, 795-803 (1935). 7 
20 Heinz Bittel, Ann. de physique 31, 219 (1938). a 7.F 
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SUPERSTRUCTURE 


two percent, thus indicating that it is similar in 
properties to the quenched alloy. 


The curves from which the values of dp/dT 


for the ordered state were taken probably do not 
represent complete order, but for complete order 
the slope should be greater if any different. 
This may be shown by a consideration of the 
Cu;Au curves, those of Sykes and Evans being 
reproduced in Fig. 5. On the basis of Peierls® 
application of Bethe’s theory to alloys of type 
AB;, the value of the critical temperature is, 


oe = 1 33Eo, 'R, 


where Ey is the energy of transformation from 
perfect order to randomness. The temperature 
at which the equilibrium curve departs appreci- 
ably from perfect order is T=0.75E)/R. Since 
T. for CusAu is 654°K (381°C), T will be 368°K 
or 95°C. Therefore at room temperature any 
departure from perfect order should be due to 
failure to attain equilibrium rather than destruc- 
tion of ordering by thermal agitation. And since 
we should expect the curve to be nearer equi- 
librium At the higher temperatures, if the 
experimental curve (A) of Fig. 5 is not the 
equilibrium curve, we should expect the latter 
to look more like (B), than like (C). In other 
words, if the material is not in equilibrium, the 
slope of the curve at room temperature should 
lie between that of the completely disordered 
state and the equilibrium curve. Hence if the 
changes of slope recorded in Table II are for 
the conditions for which equilibrium is not 
attained, the changes are less than the true 
values and Matthiessen’s rule would be violated 
even further at equilibrium. 

Resistivity data on the permalloy specimens 
used in the present experiments were taken by 
Dillinger®* and confirmed Dahl’s measurements 
of the change in resistivity with cold working. 


At the same time data were taken on dp/dt, but’ 


not published. He found that for the cold rolled 
specimen dp/dt was 9.3X10-* ohm cm/deg. and 
for the specimen annealed at 460°C it was 
8.5 10-8, a decrease of about 8.6 percent. Thus 
it does not obey Matthiessen’s rule closely, but 
the fact that the change is small compared to 
those in the known superstructures and in the 


* J. F. Dillinger, Phys. Rev. 49, 862 (1936). 
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TEMPERATURE IN DEGREES CENTIGRADE 


Fic. 5. Electrical resistivity-temperature curve for 
Cu;Au, The experimental curve is marked A, and is in 
equilibrium at temperatures above 350°C. 


opposite direction is indicative of the absence 
of superstructure. 

The measurements of Kaya® on the specific 
heat of an alloy containing 24.1 percent iron 
provide such strong evidence of ordering that 
they will be considered in some detail. He found 
that the additional energy under the large 
maximum of the curve for the aged alloy was 
14.57 cal./g while for the quenched alloy it was 
only 2.09 cal./g. His assumption was that the 
former represented the energy associated with 
the disappearance of ordering plus that of the 
magnetic transformation, while the latter was 
due to the magnetic transformation only. In 
accord with this idea was a calculation of the 
energy of ordering after the theory of Bragg 
and Williams, from which, 


Q=RT-./2.26M =11.7 cal./g, 


in which 7, is taken as 773° (500°C), and M is 
the atomic weight. But the theory as modified 
by Peierls for application to structures of the 
AB; type yields instead 

Q=RT,/1.33M =19.0 cal./g. 


Stoner” has considered very carefully the energy 
change due the magnetic transformation in pure 
nickel as obtained from specific heat measure- 


2 Edmund C. Stoner, Phil. Mag. 22, 81-106 (1936). 
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TABLE III. Properties of FeNis for which a change by long 
range order would be expected and the results as known. 











PROPERTY CHANGE INDICATION 





Increase on cold work- Ordering 
ing or quenching 

dp/dT —8.5% on annealing No ordering 
the cold worked alloy 





Resistivity, p 


Magnetic saturation at No change No ordering 
room temperature 
Magnetic permeability High on quenching None 


Ordering or magnetic 
transformation 
No superstructure lines No long range or- 

dering 


Specific heat 15 cal./g peak 


X-ray diffraction 








ments, and obtains 191 cal./g-atom = 3.3 cal./g. 
Since from theoretical considerations one would 
expect the energy to vary directly with the 
Curie temperature and the saturation magnet- 
ization, for FeNi; the energy should be 


Q=3.3(870/630)(12200/6100) =9.1 cal./g. 


This shows that if long range order is present 
we should expect the specific heat measurements 
to give a value of about 28 cal./g, while if it is 
absent a value of about 9 cal./g. Thus there is 
reason to expect that Kaya’s value for the aged 
specimen, 15 cal /g, can be explained by the 


BEARDEN 


magnetic transformation. In this case the value 
for the quenched material is too small and js 
difficult to understand. 

Kaya points out also that if there is ordering 
in FeNis;, the high permeability is associated not 
with its presence but with its prevention, since 
the high permeability is produced by rapid 
cooling or quenching, and is reduced on aging, 
This effect would be in the direction opposite to 
the usual result; e.g. in NisMn the permeability 
at room temperature is increased by ordering, 

The properties of FeNis; which one would 
expect to be affected by long range order and the 
results as known to date are summarized in 
Table IIT. 

Thus the negative result of the x-ray work 
indicates definitely that no long range order 
exists in FeNis, and this nonexistence is sup- 
ported by a considerable amount of less direct 
evidence. 

The author wishes to acknowledge his in- 
debtedness to Drs. R. M. Bozorth, F. C. Nix, 
and W. Shockley for many valuable discussions. 
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Measurements of the index of refraction of the copper 
Kg line by a diamond prism have been made with an 
estimated accuracy of one part in 10,000. These measure- 
ments together with the quantum theory of dispersion and 
the ruled grating wave-length of the copper Kg line 
afford a method of evaluating e/m with an accuracy com- 
parable to that of previous determinations by other 
methods. The value of e/m is given by the equation 


s 


-1 
> N.{1+A | ‘ 


m L2exW1 


e No F 


N the present unsettled state of the values 

of the fundamental constants it is of im- 
portance to determine the value of each constant 
by as many different methods as possible. In 
practically all of the experimental methods of 
evaluating constants, in reality one only meas- 
ures the value of the constant of proportionality 


where 54, \, p, R, Ns and W have their usual meaning and 

A is the factor which takes into account the electronic 

binding. For carbon and a *-* law of absorption, the 
$s 


value of the > =6.0163+0.0006. Using 6=9224.4X10-°, 
1 


W=12.0148, p=3.5154, F=96513.1, A=1.39220A, one 
obtains e/m=(1.7601+0.0003) x10? e.m.u. This bound 
electron value is higher than most previous spectrosco-ic 
determinations but is in excellent agreement with the free 
electron results of Dunnington. 


in an equation connecting a group of constants. 
Precise measurements of the refractive index for 
x-rays in material of low atomic number together 
with the dispersion theory afford such a method 
of evaluating either the wave-length of the x-rays 
used or the constant e/m. The other constants 
entering the equation are either known or can 
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be measured with a higher degree of precision 
than the value of e/m. In the present work on 
the dispersion of x-rays, the generally accepted 
ruled grating wave-length has been assumed and 
the value of e/m determined with a precision 
which appears comparable with the best previous 
evaluations. 

The general dispersion theory equation! can 
be solved for e/m in the following convenient 


form: 
9 


e€ MF s ie 
<_ E wi+a)| (1) 


m 2rw 1 





where e/m is the ratio of the electronic charge 
to its mass, 6=1—u, uw is the index of refraction, 
\} is the wave-length of the incident x-rays of 
frequency v, p is the density and w the molecular 
weight of the refracting substance, F is the 
Faraday constant, N, is the number of electrons 
per molecule of frequency »,, A is a factor which 
takes into account the electronic binding and 
the absorption of the x-rays in the refracting 
substance. The small corrective factor A contains 
the only difference between the various theories 
of dispersion. The value of A depends on the 
variation of the absorption coefficient of x-rays 
with wave-length. For all practical purposes a 
law of the form \" is sufficiently accurate.? In 
the present case »=2.75. It is very difficult to 
evaluate A unless ” is an integer or half-integer. 
Therefore in the following calculations the value 
of e/m has been calculated on the assumptions 
of a \® and A*> law and the A**> law value 
interpolated. If X,=v/v, the formulae for A are: 


A =(1/X,?) In (X¥2-—1) (2) 
on the assumption of a \* law and 


3 ft X+1 
A= (=—ctn X ,t—} In ———_ (3) 
2X,'\2 |X,'—1| 





on the assumption of a \*-* law. 


EXPERIMENTAL PROCEDURE 


An uncertainty in the evaluation of e/m from 
(1) is the factor A. This can be made small by 
using x-rays of short wave-length and a refracting 


ot Tae Wheeler and J. A. Bearden, Phys. Rev. 46, 775 
34), 
*E. J. Williams, Proc. Roy. Soc. A143, 358 (1934). 


( 


prism of as low atomic number as possible. It is 
also apparent that in order for 6 to be measured 
precisely it is necessary for the density p to be 
large and the substance homogeneous. An 
inspection of the available materials shows that 
diamond is by far the best. In a right-angle 
prism as used in the present work (Fig. 1) only 
one large optically flat surface is essential, for a 
negligibly small deviation is produced by the 
other surface. The other surface forming the 
prism edge should be flat but not necessarily as 
flat as the large surface and furthermore it need 
not be very large. 

With the aid of a grant from the Rumford 
Committee of the American Academy of Arts 
and Sciences, the writer has been particularly 
fortunate in securing a perfect diamond slab 
9X9 X3 mm from Schenck and van Haelen of 
New York. Mr. van Haelen ground the large 
surface and one edge forming a 90 degree prism. 
He then attempted to polish these surfaces 
optically flat by the usual diamond polishing 
technique. This method was abandoned after 
repeated trials failed to give a surface flat within 
one wave-length of yellow light. The diamond 
grinding machine used for grinding ruling engine 
points for optical gratings in the laboratory at the 
Johns Hopkins University was then rebuilt. The 
polishing surface of the steel grinding disk was 
carefully finished and all bearings and the diamond 
holder adjusted as accurately as possible. After 
the necessary diamond polishing technique had 
been acquired, the surfaces were finally made 
flat within 0.1 wave-length of mercury light. 
The edge appeared perfectly sharp under a 
microscope of 300 magnification. 

The methods used for determining the index 
of refraction are shown in Figs. 1 and 2. In 
Fig. 1 the x-ray beam struck the first face of the 
prism at a glancing angle slightly larger than the 
critical angle of total reflection. The continuous 
X-ray spectrum of longer wave-length was 
reflected from this face of the prism and was 
used to determine the angle between the direction 
of the incident x-ray beam and the surface of 
the prism. This reflected beam was recorded on 
the photographic plate at D, at the same time 
that the refracted beam was recorded at C. 
The prism was then moved out of the path of 
the x-ray beam and the direct beam recorded 
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Fic. 1. The refracted x-ray line strikes the diamond prism 
at an angle a greater than the angle for total reflection and 
is refracted to C. Longer wave-lengths of the continuous 
spectrum are totally reflected to D. B is recorded by re- 
moving prism from path of x-ray beam. 


at B. The angles a and £8 needed for determining 
uw can be obtained from the separations of the 
lines on the photographic plate, and the distance 
from the point of incidence on the prism face A 
to the photographic plate. The index of refraction 
u may be calculated from the equation 


COS a@ 
ant ~jo—— 
cos (a—£) 

In Fig. 2 the direction of the x-ray beam is 
reversed and one needs to measure a small 
angular rotation of the prism in order to deter- 
mine the angle a. The angle a was obtained by 
rotating the prism through a known angle ¢ 
which gave total reflection of the x-ray beam to 
A’. Then 

@—tan— (A’C/R)=a. 


In determining the angle 8 Fig. 2 the distance 
from the prism edge to the second plate (about 
200 cm) was carefully measured and then the 
distance from the edge to the refracting point 
was subtracted from this distance. This and the 
distance B to C on the plate give the angle 8. 
The advantage of this method is that, because 
the refracted beam is slightly convergent, very 
sharp lines result and all wave-lengths suffer 
maximum deviation simultaneously. 

In previous photographic refraction measure- 
ments only the very edge of the prism could be 
used because of high absorption, which necessi- 
tated measurements to the edges of the photo- 
graphic lines. The low absorption of the diamond 
made it possible to have the entire x-ray beam 
pass through the prism as much as 3.0 mm from 
the edge along the large surface. Photographs 
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were made with the beam striking or emerging 
from the large surface at various positions up to 
the edge of the prism. The close agreement of 
these results indicated the perfectness of the 
prism. 

The slits, axis of rotation of the prism, and 
plate holders were precisely aligned by the 
method used in the measurement of x-ray wave. 
lengths by ruled gratings.* The edge of the prism 
was placed on the axis of rotation and parallel 
to it with the aid of a Michelson interferometer. 

The collimating gold slits were about 0.003 mm 
wide and 40 cm apart. The position of the prism 
in the x-ray beam was easily determined by the 
use of an ionization chamber. Normalized? 
Eastman x-ray plates were used for recording 
the positions of the various x-ray lines. 

The average temperature of the underground 
room in which the experiment was performed 
was held within 0.05°C at all times. The variation 
in temperature due to the heating and cooling 
cycle (about 5 minutes) of the thermostat was 
0.15°C. Since the massive apparatus could not 
follow such a rapid fluctuation in temperature, 
its constancy of position was affected only by 
the 0.05°C change, which was due to changes in 
heat flow through the walls and floor of the room. 

In choosing an x-ray wave-length, the cor- 
rective factor A in Eq. (1) demands a short 
wave-length, but there is also the factor 6 to be 
considered. From considerations of these factors 
and the actual measurements to be made, wave- 
lengths of about 1.0 to 1.5A appear best. There- 
fore the copper Kg line was used in the present 
experiments. 


DENSITY OF DIAMOND 


The density of the diamond was determined 
by measuring the density of a solution composed 






SS 





Fic. 2. X-ray beam internally refracted to C. Direct 
beam recorded at B by removal of prism. The angle a was 
measured by rotating the prism a known angle ¢ to give 
a reflected line A’. 


3 J. A. Bearden, Phys. Rev. 37, 1210 (1931). 
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of thallous formate and thallous molonate in 
which the diamond would neither sink nor float. 
The density of the solution was first made less 
than that of the diamond and placed in a glass 
tube bottle 30 mm in diameter and about 100 mm 
long, fitted with a ground glass stopper and 
evacuating tube. The diamond was then placed 
in the solution and the space above the solution 
evacuated. This removed all air bubbles from 
the diamond and increased the density of the 
solution by evaporation. The evacuation was 
continued until the density was slightly greater 
than that of the diamond. Air was admitted to 
the bottle and the latter placed in a large clear- 
sided thermos bottle filled with water at 23.50°C. 
Water was then added and mixed thoroughly 
with the thallous solution until the density at 
23.5°C was very close to that of the diamond. 

Since the expansion coefficient of diamond is 
extremely small, the density of the solution can 
be made equal to that of the diamond by 
adjusting its temperature. It was found possible 
to make the diamond float or sink with a 
difference in temperature of 0.03°C, which 
corresponds to a difference in density of the 
solution of less than 2 parts in 10°. After accu- 
rately determining the -temperature of the 
solution that corresponded to the density of the 
diamond, a 10 cc pycnometer was filled with 
the solution. The pycnometer was placed in the 
thermos bottle bath and after the temperature 
had attained equilibrium, the excess solution 
was removed. The volume of the pycnometer 
was determined by filling it with distilled water 
at the same temperature. The International 
Critical Table value for the density of water 
was used. Calibrated weights were used for all 
weighings and buoyancy corrections applied. 
Four similar pycnometers were used. The average 
of ten entirely independent sets of measurements 
gave 


p=3.51536+0.00004 g/cm* at 23.5°C. 


The probable error was calculated from the 
average deviation in the usual manner. 

This result differs considerably from that of 
Tut who obtained p=3.5141+0.0001 g/cm* and 
o=3.5142+0.0001 g/cm* on two perfect dia- 
monds. Tu reported difficulty in making the 


‘Y. Tu, Phys. Rev. 40, 662 (1932). 


diamonds sink or rise consistently, which indi- 
cated a non-uniformity of solution density. In 
the present work the thallous formate and 
thallous molonate solutions were carefully puri- 
fied and passed repeatedly through asbestos 
pads held in a Gooch filtering crucible. No 
difficulty was experienced in making the diamond 
rise from the bottom to the top of the solution 
and back again with only a 0.03°C change in 
temperature. 

In view of the large differences in density 
between the present results and those of Tu, 
six perfect diamonds ranging in size from one to 
seven carats were tested. The method used was 
to place the diamond used previously with one 
of the new ones in the thallous solution and then 
adjust the temperature as above until the 
diamonds would just rise or sink very slowly 
(about 2 cm/hr.). In all cases both diamonds 
rose and sank at the same rate. The sensitivity 
of the method is such that differences in density 
of 1 in 10° would have been easily detected. 

While there appears to be no explanation of 
the discrepancy between the present densities 
and those of Tu, attention should be called to 
the fact that his density measurements on 
calcite crystals are also much lower than those 
of other experimenters. In a note to his Table 
XVI* comparing the results of different writers, 
he says that all values given have been reduced 
to 18°C, whereas only his value is given at 18°C. 
The others are copied from the original papers 
which were reduced to 20°C. This makes the 
difference between his results and the previous 
ones even greater. The Bureau of Standards 
has made careful determinations of the densities 
of the same crystals used in the previous work 
of the writer® and the average of their results is 


p=2.71029 g/cm’ at 20°C, 


which is in excellent agreement with the value 
2.71026 obtained by the writer. Thus it appears 
that Tu made some systematic error in both 
the diamond and calcite densities. The errors 
are not sufficiently large to influence his con- 
clusion concerning the nonexistence of a mosaic 
effect, but are of importance in_ precision 
calculations. 


5 J. A. Bearden, Phys. Rev. 38, 2089 (1931). 
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RESULTS 

Figure 3 shows typical contact prints from 
enlargements made on positive film directly 
from the original plates. The lines were very 
sharp and well defined, which made it possible 
to measure them with an exceedingly high degree 
of accuracy. The exposure times which varied 
from one hear to twelve hours depended upon 
the thickness of the prism the x-rays had to 
traverse. 

The 15 cm range precision comparator used 
for measuring the separations of the lines was 
carefully calibrated. The periodic error was 
determined by using a 300 power microscope 
and a good quality ruled grating. The absolute 
length calibration was made in a similar manner, 
by the use of a diamond ruled glass scale which 
had been calibrated by the Bureau of Standards. 
The separation of two diamond ruled lines could 
be remeasured on any part of the travel used 
within 0.0002 mm. 

The separations of the lines on the photo- 
graphic plates were measured at different points 
along the height of the lines and all measure- 
ments were repeated with the plate reversed in 
position. The average of the reversed measure- 
ments agreed with the initial ones within 0.002 
mm and the average of the initial and reversed 
measurements for the different points along the 
line did not exceed 0.002 mm. There was also 
no consistent variation in the results with 
position along the height of the lines. 

The results for the final series of 25 plates ob- 
tained with external incidence are given in 
Table I. The second column gives the thickness 
of prism traversed by the central ray, columns 
three and four are the average separations of the 
lines of the plates, and the fifth column gives the 
value of 6 for each plate. From the agreement of 
the different sets of measurements, the probable 
error in 6 for each plate is about 2X10- 
The external consistency for the 25 results is 
0.375X10-* and the internal consistency is 
0.4X10-*. The ratio of these is as near unity as 
can be expected, and indicates that the only 
errors that could have influenced the value of 6 
more than 0.4X10-* are consistent errors that 
occurred throughout all the measurements. 

A good series of 15 plates was taken with in- 
ternal incidence, and the average of these results 
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Fic. 3. Typical refraction spectra. D is the direct x-ray 


beam, ai and 8 the refracted K, and K3 lines of copper. The 
tot: illy reflected line is not shown on the enlargement, 





was 6=9223+3, but because of the extra-angular 
measurement that has to be made when this 
method is used, the results are not as accurate as 
those obtained with external incidence. These 
less precise results have not been used in evalu- 
ating e m. 

The measurement of the distance from the edge 
of the prism to the front of the photographic 
plate was taken three different times during 
the course of the experiment and all results 
agreed within 0.1 mm. This distance was meas- 
ured by placing a long bar® with parallel ends 
between the prism and plate and then measuring 
the remaining distances (about 5 cm) with inside 
micrometers. Any consistent error of run in the 
comparator was certainly negligible. Since the 
pencil of x-rays struck the prism face at a very 
small angle, the rays which passed through the 
most material were more highly absorbed than 
those nearer the edge of the prism. However, the 
effective shift in the position of the refracted line 
can be easily calculated, and such a correction 
was applied to all the measurements in column 
three of Table I. It appears safe to assume a total 
error in 6 of about 2.5 times the internal con- 
sistency, or 

=9224.44+1.010™ 


In the calculation of the value of e m by Eq. 
(1) one must evaluate A from Eqs. (2) and (3). 
X, is the ratio of the K critical absorption wave- 
length of carbon to the wave-length of the copper 
Kz line which was used in all the measurements 
recorded in Table I, or 


6 The length of this bar was carefully measured by the 
National Bureau of Standards, Washington, D. C. 
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X,=43.27/1.39228 = 31.039; 


N,=1.84.! 
These give for the >° in Eq. (1) 
1 


SN,(1+A) = 6.0194 for a \*> law of absorption 


1 


and 


8 
YN.(1+A) =6.0131 for a \* law of absorption. 
1 


From an analysis of the available x-ray absorp- 
tion measurements,'® one finds the exponent of \ 
to be 2.75 +0.05. By interpolation, the \**7> law 


gives 
> N.(1+A) = 6.0163 +0.0000. 
1 


The other constants used in evaluating e/m are: 


§=(9224.441.0)10-°; W"=12.0148+0.0005 g 
per gram mol. wt., 


F'=96513.1+8.0; 
A= 1.39220+0.00003. 
Thus the value of e/m from the present work is 

e/m = (1.7601+0.0003) X 107 e.m.u. 


The two most important sources of error in this 
value are the exponent of the x-ray absorption 
law and the experimental measurement of 6. The 
absorption measurements of S. J. M. Allen'® have 
been plotted on a large scale and the +0.05 
variation in the exponent of \ includes every 
measurement from 0.88A to 2.5A. The error in 6 
has been discussed above and appears to be 


7 Thibaud’s value relative to Carbon Kg and the absolute 

95 . wave-lengths by M. Séderman, Phil. Mag. 10, 600 
1930). 

8 J. A. Bearden, Phys. Rev. 47, 883 (1935) for the ruled 
grating scale of wave-lengths, and the crystal wave-length 
Cash A. Bearden and C. H. Shaw, Phys. Rev. 48, 18 

1935). 

* X, increases rapidly with atomic number. In the case 
of quartz and the copper Ka: line, X,=4. The results ob- 
tained with the quartz prism (J. A. Bearden and C. H. 
Shaw, Phys. Rev. 46, 759 (1934)) give a lower value of 
e/m than has been obtained with the diamond prism. The 
greatest uncertainty in the dispersion theory is in properly 
correcting for the electronic binding. In the case of quartz, 
where X, is only 4, a small error in the correcting term 
would change the resulting value of e/m considerably more 
than in the case of diamond, where X,=31. This, and the 
uncertainty in the exponent of the x-ray absorption law 
for quartz, probably accounts for the difference between 
the diamond and quartz results. 

Compton and Allison, X-Rays in Theory and Experi- 
ment, p. 802. 

4 The writer is indebted to Professors R. T. Birge, K. 
T. Bainbridge, and H. C. Urey for information on the 
atomic weight of carbon, and to Professor Birge for the 
value of the Faraday. 


p= 3.5154+0.0001 g, ‘cm’; 


conservative. The absorption term of the com- 
plete dispersion formula has been neglected, but 
this introduces a negligible error in the value 
of em. 

A calculation” was made of the value of the 
refractive index by using the approximate wave- 
mechanical theory of Hénl, in order to see how 
much the result would differ from that of the 
other laws. The result for the K shell is that 
N..(1+A) =1.876, and the K oscillator strength, 
N,,= 1.860. When the wave-length is far to the 
short wave side of an absorption edge, A becomes 
negligible. Since A is so small for the K edge, it 
will surely be safe to neglect it for the L edge. 
From the f sum rule, neglecting double transitions 
as improbable, N =6— N,=4.140, so that 


8 


Y =1.876+4.140=6.016, 


1 


which is in very good agreement with the in- 
s 


terpolated value of the >> above. 
1 


This result is not sensitive to small changes in 
the wave-length or in the wave-length of the K 
edge. A change of 1 percent in either makes a 
change in the final result of about 0.004 percent. 
The excellent agreement between this calculation 


TABLE I, 


PENETRATION | DISTANCE | DISTANCE 








PLATE | IN PRISM MM |B —CIN MMB —DiNMM 6x 10° 
48 0.87 3.9789 20.857 | 9220 
49 1.11 3.1815 24.298 | 9221 
50 1.84 4.2880 19.969 9222 
51 0.80 3.5358 22.538 | 9225 
52 1.09 4.6441 19.108 | 9220 
53 1.30 5.0470 18.362 9222 
54 3.02 3.3437 23.478 9222 
55 1.81 3.7486 21.682 9220 
56 1.84 4.2661 20.029 9223 
57 0.50 2.8210 26.627 9224 
58 1.11 4.2568 20.049 9227 
59 0.98 3.9862 20.846 9226 
60 1.16 3.9893 20.843 9228 
61 1.16 3.7382 21.726 9229 
62 0.50 3.1577 24.423 9223 
63 1.19 3.3261 23.539 9228 
64 0.51 3.5162 22.616 9224 
65 0.72 4.2599 20.029 9224 
66 1.03 3.0565 25.030 9219 
67 1.07 4.2671 20.022 9226 

- 68 1.19 4.2692 20.015 9225 
69 1.38 4.2692 20.018 9226 
70 1.71 3.7754 21.588 9225 
71 1.58 3.7734 21.597 9227 
72 1.43 3.7775 21.574 9224 

Average 9224.4+.04 




















12 The writer is indebted to Dr. Russell Lyddane for 
making this calculation based on the Hénl theory. 
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1927 1930 1932 1934 1935 1935 1937 1937 1937 1938 


Fic. 4. A chronological plot of the best determination 
of e/m from 1927 to 1938. The bound electron results are 
indicated by X, and the free electron by ©. Arrows show 
probable errors. 


and the one above strongly supports the conclu- 
sion that adequate correction for electronic bind- 
ing has been made in the present calculation of 
the value of e/m. 

The present experiments differ markedly in one 
very significant way from all previous determina- 
tions, namely that in this case the electrons under 
observation are much more tightly bound. Here, 
then, is the opportunity to test whether bound 
and unbound electrons have different values of 
e/m, for the present value would be much lower 
than the free electron value if the binding is a 
significant factor. On the contrary, it is slightly 
higher than the excellent results of Dunnington™ 
for free electrons, which seems to exclude the 
possibility of the value of e/m depending on the 
strength of electronic binding. The present status 
of the problem can be presented by plotting the 
recent values obtained by the various experi- 
menters'—*! together with their probable errors 
as in Fig. 4. 

In the writer’s opinion, the work of Dunning- 
ton should be given greater weight compared to 

13 F, G. Dunnington, Phys. Rev. 52, 475 (1937). 

144 W. V. Houston, Phys. Rev. 30, 608 (1927). 

930) T. Perry and E. L. Chaffee, Phys. Rev. 36, 904 
as F. Kirchner, Ann. d. Physik 8, 975 (1931); 12, 503 
cL E. Kinsler and W. V. Houston, Phys. Rev. 45, 104 
(1934); 46, 533 (1934). 

18G. D. Shane and F. H. Spedding, Phys. Rev. 47, 33 
OR: C. Gibbs and R. C. Williams, Phys. Rev. 48, 971 
(1935). 


20 W. V. Houston, Phys. Rev. 51, 446 (1937). 
21 A. E, Shaw, Phys. Rev. 51, 887 (1937). 
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other results. This has been done with the ap. 
proval also of other workers in this field. 

The weighted average of the bound electron 
results (crosses) is 1.7588 X10’ e m.u., and that of 
the free electron 1.759610’ e.m.u. If one com- 
pares the spectroscopic values (excluding the 
present results) with the free electron value, then 
there is a marked difference which appears 
greater than the experimental errors. The 
weighted average of all the results gives 

e/m=(1.7590+0.0002) X 10° e.m.u. 

A statistical analysis of the results gives 
for the ratio of external to internal consistency 
R./R,;=1.64 for the spectroscopic and 1.01 for 
the free electron results, and 1.63 if all results are 
averaged. The 1.64 and 1.63 do not prove the 
existence of a discrepancy in the results, but it is 
high enough to invoke questions as to possible 
consistent errors or failure of theory in some of 
the methods used. The free electron results as 
obtained by Dunnington seem to be very sound, 
both in the theory of the method and in the ex- 
perimental procedure. Likewise in the present 
work the dispersion theory for x-rays in diamond 
is sound and the experimental procedure is the 
simplest of any method. In the spectroscopic 
method one deals with unresolved components 
for which ample correction is difficult. It has been 
shown!®: 22 that the measured fine structure 
separation for Da and the spectroscopic theory 
are not in satisfactory agreement. This raises 
some question as to the precision of e/m calcu- 
lated from spectroscopic data. The need for 
further spectroscopic work is obvious. 

Since the above was written Dr. A. E. Shaw's 
complete article has been published. His final 
result and probable error are the same as is 
given in Fig. 4. This value differs from the 
writer’s by one part in 600 which is about 1.5 
times the sum of the probable errors. However, 
the sum of the probable errors is so large that no 
real discrepancy is indicated by a statistical 
analysis of the results. 

The writer is greatly indebted to the Rumford 
Committee of the American Academy of Science 
for funds with which to purchase the diamond 
prism. He is also grateful to Mr. C. M. Herget, 
who assisted in the determination of the densities 
of the diamonds, and to Dr. C. H. Shaw for 
helpful discussions and assistance. 

22, W. V. Houston, Phvs Rev. 50, 392 (1936). 
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t 


The mass defect of Li® has been calculated with the use of a symmetric Hamiltonian. Per- 
turbation theory was employed in the main part of the work, and an upper limit for the con- 
tribution of all functions to the first and second order perturbation energies was obtained. 
This upper limit is 10 percent smaller than the experimental binding energy It was then shown 
on the basis of variational calculations that perturbation theory, carried to this stage, over- 
shoots the mark, and the upper limit to the binding energy is reduced to 26 Mev, which is 6 Mev 
short of the experimental value. These figures are based on a set of nuclear constants which 
favor large mass defects. The perturbational effect of all doubly excited configurations upon the 
3—) state of Li® was investigated and compared with the effect of similar functions upon the 
3§ state. The result is that the first order 2D —*S splitting, which is about 2 Mev, is enlarged to 


6 Mev, both levels being depressed. 


HERE is now considerable evidence sug- 
gesting that a nuclear Hamiltonian function 
which is symmetrical in neutrons and protons, 
and in which the coordinate part of the inter- 
action between two particles is of simple ex- 
ponential type, will not be capable of correlating 
all experimental data. First Rarita and Present,' 
using an elaborate variational method to calculate 
the mass defect of H*, showed that with the same 
set of constants the mass defect of He* comes out 
too great. Their most accurate variational calcu- 
lation was made with potentials of the form 
e-"/*, while somewhat more qualitative con- 
siderations involving the use of “equivalent two- 
body methods”’ and leading to the same results, 
were presented in connection with other forms of 
potential. Following up these interesting indi- 
cations two further searching variational calcu- 
lations were made* * in which potentials of the 
type exp (—7?/a?) were used and in which a 
single method was applied to both the H* and the 
He‘ problems, the results being further corrobo- 
rated by employing two different sets of functions 
(functions of individual particle coordinates and 
of relative coordinates). While in these papers 
interest was concentrated chiefly on the mathe- 
matical aspects of the question of convergence, a 
discrepancy similar to that of Rarita and Present 
~1W. Rarita and R. D. Present, Phys. Rev. 51, 788 
(1937). 
*H. Margenau and D. T. Warren, Phys. Rev. 52, 790 
(1937); D. T. Warren and H. Margenau, Phys. Rev. 52, 
1027 (1937). 


*H. Margenau and W. A. Tyrrell, Jr., Phys. Rev. 54, 
422 (1938), 
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came to light (obscured, perhaps, in the first 
paper by an underestimate of the rate of con- 
vergence). The discrepancy was less strong 
because Margenau and Warren had chosen a 
smaller value of g, the ratio of Heisenberg to 
Majorana forces. Indeed it was shown afterward® 
that the discrepancy in the binding energies of 
H* and He‘ can be made very small by choosing 
g=0.175. This, however, leads to a bound !S 
state for the deuteron, which, at present at least, 
is incompatible with known facts. 

Another difficulty exists in connection with the 
excited states of the alpha-particle which, ac- 
cording to the interpretation by Crane of his and 
his co-workers’ experiments,‘ should be stable. 
According to theory® they are unstable for all 
acceptable values of nuclear constants. A similar 
situation holds with regard to the excited states 
of He*: Bonner® finds a stable state experi- 
mentally ; theory’ denies its existence. 

As soon as we depart from consideration of the 
lightest nuclei, definite theoretical predictions 
become difficult. Inglis* has calculated the 


binding energy of Li® and has concluded the 


4 Crane, Delsasso, Fowler and Lauritsen, Phys. Rev. 48, 
125 (1935). 

5H. Margenau, Phys. Rev. 53, 198 (1938); S. S. Share, 
Phys. Rev. 53, 875 (1938). 

6 T. W. Bonner, Phys. Rev. 53, 711 (1938); Baldinger, 
Huber and Shaub, Helv. Phys. Acta XI, 245 (1938). 

7L. I. Schiff, Phys. Rev. 54, 92 (1938). 

8’ D. R. Inglis, Phys. Rev. 51, 531 (1937). To compare 
the results of Inglis with ours, note should be taken of 
errata listed by Inglis, Phys. Rev. 53, 880 (1938). The 
algebraic expressions for Ep’ given by Inglis are some- 
what in error. 
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existence of another discrepancy : With a reason- 
able choice of the force constants, the calculated 
mass defect is too small. There is, however, some 
question as to the convergence of the contri- 
butions of the higher excited states. The interest 
of this example in view of the increasing doubt as 
to the validity of the symmetric Hamiltonian has 
led us to reinvestigate this problem by a different 
and more painstaking procedure. The present 
work, though its results differ in some details 
from those of Inglis, rather strengthens the 
conclusion that the theoretical mass defect is too 
small. It goes beyond the scope of the latter in 
the following respects: (1) A variational method 
is used in an attempt to correct the perturbational 
procedure; (2) An upper limit for the second 
order perturbational contribution to the binding 
energy is derived; (3) the second order effect on 
the *D state as well as the ground state is 
calculated. Besides, the whole calculation has 
been conducted with a different (but equivalent) 
set of functions so that an independent check on 
previous results is provided. 


ASSUMPTIONS AND METHOD 


Only the symmetric Hamiltonian is used in the 
present paper, the interactions being written in 
the following form: 


Vij= —A(wt+mP;; +005; +P ;Qi;) 
exp (—7;;?/a’). 


For A and a we use throughout the values 
35.60 Mev and 2.25X10-'* cm, which seem in 
best agreement with scattering data. The other 
numerical parameters in (1) are varied, attention 
being concentrated chiefly upon the following 
two sets: 


w= —2/15;m=14/15;b=7/15;h=—4/15 (a) 


=-1/12 =10/12 =5/12 =—2/12. (6) 


They will henceforth be designated as choices (a) 
and (b). Both satisfy the usual requirements; 
the first corresponds to g(=b+h)=0.20, the 
second to g=0.25, two rather extreme cases. 
Furthermore, they are so adjusted as to give as 
large as possible a mass defect for Li® and yet 
satisfy the requirements.® The functions used are 


°G. Breit and E. Feenberg, Phys. Rev. 50, 850 (1936); 
N. Kemmer, Nature 140, 192 (1937). 
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TABLE I. Jndividual particle functions. 
p=(q/m)i exp (—gr?/2). 


~ i i aa ——, , 


(1s) = 
(2s) = (23) 4(gr?— 35) p 
Gi=6 15)8(q2 ri—5qr?+15,)p 


(2p41) =9i(xbiy)p 
Siete 

(3p-21) = (24q)4(gr?—5 2 

(3po) =(459)4(gr?— 52 





)(x-+7y)p 
)zp 








(4p41) = (235¢)4(q?r4 —7gr?+354)(xtiy)p 
(4p0) =(4$5¢)4(g?r4— 7gr? +354 )zp 

(3d +2) = (15)4q(xbiy)%p oS 
(3d 4-1) = (2)%q(xtty)zp 

(3do) =(14)1g(32?—r*)p 





(4d +2) = (14) 4q(gr?— 79) (x +7y)*p 
(4d +1) =(4¢)4g(gr?— Ta) x-biy lop 
(4do) = (251)4q(gr?—3 ¢)(r?—32?)p 


(4f +3) = (16)igi(xtiy)%p 

(4f+2)= Qxtiy)zp 
(4f1) = = (149) !gi(522—r?)(xtiy)p 
(4fo) = (&5)igi(5g2?—r?)zp 








functions of individual particle coordinates: 
therefore the kinetic energy operator contains, 
besides the terms in V’, terms in V;-V; which 
correct for the motion of the center of mass.” § 
In the greater part of the paper the Schrédinger 
perturbation theory up to second order terms is 
employed; later a variational procedure is dis- 
cussed. The former involves formally the calcu- 
lation of nondiagonal energy elements //,;’, I’ 
being the perturbing operator, the latter involves 
H;;. Since the unperturbed energy does not 
possess nondiagonal elements, Hp ;’ may be 
replaced by H);. This keeps the relation between 
the two procedures more in evidence. 
Numerical calculations of the type here pre- 
sented involve many details which cannot all be 
mentioned. Our aim is to clarify the method and 
to present examples of critical points in the 
procedure. If matters essential to an under- 
standing of the work seem omitted, the reader 
will probably find them discussed in various 
references.” * § The next sections deal with an 
application of perturbation theory to the prob- 
lem. Their aim is, after selection of a suitable set 
of functions for the ground state (yo) and for the 
higher unperturbed states (yy), the evaluation of 
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BINDING 


y must be so chosen as to possess the correct 
symmetry of the ground state; the other y’s need 
not have this property. 


FUNCTIONS 


All unperturbed functions are linear combi- 
nations of products of six single-particle func- 
tions. We first discuss these single-particle 
functions. To be manageable in the integrations, 
they must be Gauss exponentials multiplied by 
polynomials. For convenience, these polynomials 
should make the functions orthogonal. This leads 
immediately to the selection of either Hermite 
polynomials or Legendre polynomials, as the 
simplest sets. Calculations including ‘doubly 
excited states’’ (see below) have been made with 


-the use of both, the results being, of course, 


identical. This not only checked the correctness 
of the calculation, but also showed Legendre 
polynomials to be superior in practice, giving 
rise to fewer functions associated with a given 
degree of excitation. Inglis used Hermite func- 
tions throughout. 

Legendre functions have the further advantage 
of being eigenfunctions of the angular momenta 
of individual particles, so that they can be 
designated easily in the customary spectroscopic 
way. The functions contain the common parame- 
ter g which will later be adjusted for minimum 
energy. Table I is a list of normalized functions 
required here. 

The unperturbed energies E; appearing in (2) 
are simply the sums of the six single-particle 
energies € belonging to the functions in Table I. 
The e’s are best expressed in terms of the 
“oscillator quantum number”’ » associated with 
each of these functions, thus: 


e= (n+ 3)hv=(n+ 3) (h?/M)q. (3) 


The correspondence between the functions and n 
isgiven in Table II. 


TABLE II. Correspondence between the normalized 
functions and n. 





FUNCTION FUNCTION FUNCTION n 


| 





ls 0 2p 3d Si 
2s (2 3p) 3 4d 4 
3s 4 4p 5 Sd 6 etc 
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To construct the y; it is most convenient to 
introduce the isotopic spin quantum number r;,"° 
and to define four generalized spin functions: 


), 


ou 


m=4(s:, —})6(ty, — 
no= 5(s:, 3)4(7z, — 4), 
n3s= 6(S:, —}3)8(rT;, 3), 
na=6(sz, 3)8(r¢, 4). 


The ground state function for the Li® nucleus 
must satisfy the following conditions :"' 


S,=)>s:,.=1, 
k 

= .=(0 

Femagernae® | (4) 


Y;= 7 he kTE, 2=0, 
k 





where the summation is extended over the six 
particles. The last of these is not exact if the 
‘Hamiltonian contains spin dependent forces. Its 
imposition amounts to an omission of constituents 
representing spin distributions different from the 
normal one (+—-+ for the neutrons, as for the 
protons) in the ground state function. The effect 
of these upon the masses of H* and He‘ is known 
to be small,''* so that the approximation made 
here in maintaining the last condition is probably 
sufficient. The three conditions limit the set of 


n's to 
7i(1)m2(2)3(3)94(4) 72(5) 74(6) 


and permutations of arguments among these y's. 
It is here understood that 5 and 6 are the two 
particles which, because of the Pauli principle, 
are in excited states. The advantage in intro- 
ducing the »-functions is that they enable us to 
write the complete y-functions as single de- 
terminants instead of a product of two determi- 
nants, one for the neutrons and one for the 
protons. If now the single-particle functions are 
designated by « with an appropriate subscript, 
every ¥; has the form 


1° B. Cassen and E. U. Condon, Phys. Rev. 50, 846 
(1936). 
1 Cf. E. Wigner, Phys. Rev. 51, 106 (1937). 
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Mi1(1)+ p11) Ui2(1)+ ,2(1) tin(1)+ mrn(1) 
1 \ #11(2)* nr1(2) U12(2)+ n,-2(2) Uin(2)* Mrn(2) 
(—) - |, (5) 
n! 





U11(")* nri(n) 


where in our case n=6, and the 7’s are those 
listed above in some permutation. Henceforth 
this determinant will be abbreviated into 
laura: **Uintrn . 

Functions like (5), while obeying conditions 
(4), do not represent the correct total angular 
momentum, nor in general the correct total 
spins. The lowest state for Li® is presumably that 
for which L=0, S=1, T=0. In order to’satisfy 
these conditions, linear combinations of functions 
like (5) must be taken. The procedure for this is 
well known from the theory of atomic spectra. 
The function which satisfies all these conditions, 
and which will be taken as our yo, is 


1 1\3 
w=(—-) { | smi Sno*Sys- Sa: Pine p_ins| 
+1 sm: -+sna* pine: pina| 


+|sni**snaponspons|}. (6) 


It corresponds to the configuration (1s)*(2p)?. 

Combination (6) is orthogonal to all other 
functions arising from this configuration. Hence 
there are no vanishing denominators in the 
summation of (2), and this relieves us of the 
necessity of selecting proper linear combinations 
for all the other y;. These may then be taken in 
the crude form (5). 


TABLE III. List of doubly and quadruply 
excited configurations. 











CONFIGU- No. OF CONFIGU- No. OF 
RATIONS FUNCTIONS RATIONS FUNCTIONS 
Doubly excited Quadruply excited 
(1s)42p3p 6 (1s)42p4p 6 
(1s)4(2s)? 1 ‘1s)4(3p)? 3 
(1s)4(3d)? 5 is)82s2p3p 42 
(1s)3(2p)22s 26 (15)83d2p3p 126 
(1s)3(2p)23d 78 (1s)33d2 p4f 210 
(1s)*(2p)4 36 (1s)33s(2p)? 26 
(1s)*4d(2p)? 76 
(1s)2(2s)?(2p)? 18 
(1s)?(3d)?(2p)? 54 
(1s)?(2p)83p 96 











U12()Nr2(2)« 





Uin(N)* Nrn(N) 


SELECTION OF EXCITED-STATE FUNCTIONS Anp 
DETERMINATION OF THEIR NUMBER 





Excited-state functions are best classified 
according to their degree of excitation, i.e., the 
value of >>”, minus this sum for the ground 
state, the latter being obviously 2. The functions 
belonging to a given degree of excitation may 
again be subdivided into groups belonging to 
different configurations, and these groups can be 
constructed almost mechanically by writing 
down the permutations of a given set of symbols. 
This procedure will be illustrated by reference to 
the first of the configurations listed in Table III, 
which is an exhaustive tabulation of the doubly 
and quadruply excited configurations.” 

Suppose we wish to construct the functions 
belonging to (1s)4(2p)3p. We note first all 
combinations of orbitals which satisfy }>m,=0 
(S-state). They are (omitting the four s-orbitals); 
2pi3p1, 2pi3pi1, and 2po03po. A function is 
obtained by assigning six orbitals to a fixed 
arrangement of y’s in such a way that no two 
equal orbitals have the same 7, since otherwise 
the determinant (5) would vanish. Thus in 
our case a pair of distributions arise from each 
set of orbitals and we get the possible distri- 
butions listed in Table IV. Thus we have ob- 
tained six functions, the first of them being 
(1/6!)!| sm.- + -sna-2p_in2-3pina|, etc. After one 
has constructed all functions belonging to a given 
configuration, it is easy to single out by inspection 


TABLE IV. Possible distributions. 











m n2 n3 m4 nm ms 
Ss Ss Ss Ss 2p-1 3pi 
s Ss s s 3p1 2p-1 
s Ss s s 2p1 3p-1 
s Ss s s 3p-1 2p1 
s 5 s Ss 2po 3po 
s s s s 3po 2po 











2 Configurations which do not combine with the ground 
state have been omitted. 
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those which will not combine with the ground 
state. The numbers appearing in Table III do 
not include these functions. It is essential in 
calculations of this sort to have a complete and 
nonredundant list of all excited functions, and 
the present method is one which will yield it 
almost automatically. Functions belonging to 
the same configuration do not have the same 
matrix elements with the ground state, but 
divide into a small number of groups having 
equal elements. 


CALCULATION OF MATRIX ELEMENTS 


Ho; consists of three parts: first the terms 
—(5/6)(#?/2M)>°.V1.2; second the cross terms 
(1/6)(h?/2M)Soe>iVn-Vi; third the potential 
energy, a sum over (1). The first may be trans- 
formed by the relation 

h? h? 
—— VV =EY¥-—@(dr2)y. (7) 
2M * 2M 


We introduce the abbreviations 


T=h?/Ma?=8.10 Mev; o=gqa’. (8) 


The nondiagonal elements of the first part of J 
therefore reduce, in view of (7), to the integrals 


5 h? 
~-fue(—r0) vader 
6 2M « 
To 


—— f Wo* (der?) vid, 
2 k 


and these latter reduce to simple elements of the 
form (u\gr?|u2), where the u’s are single- 
particle functions. Of these, only the following 
are different from zero: 


(1s | gr?| 2s) =(3/2)}, 

(2p+1 gr) 3p+1) = (2po gr’ | 3po) = (5, ‘'2) - 
Here again the simplicity in the use of Legendre 
functions is apparent. 

Next we consider the second part of H. By a 


well-known theorem connecting momentum and 
coordinate matrices we have 





M 
futvudr= (€u— ©) Tru 


h? 


* See, for instance, reference 2, Eq. (11). 
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and since e=7o(m,+3, 2) because of (3) and 
(8), we find 


frevudr = @>(my— my) (qt) ry. 


The expression (1 6)(#? 212)>°.5,V;,.-V, is there- 
fore equivalent to (1 6)7To>°,s,An,Anigr,- tT). 
Here we have written An for the difference of the 
oscillator quantum numbers of the two single- 
particle functions between which the matrix 
element is to be computed. An= +1. Thus it is 
seen that the second part of J/); breaks down 
into products of two elements, each of the form 
An(u,\q't ue). A list of the nonvanishing ele- 
ments of this kind which are needed in the present 
work follows. The three values in brackets are the 
vector components of the elements, and 7’ is 
written for gr. 


An(s|r’|2p+1)=3[1, +7, 0], 
An(2s |r’ | 2p41) =(%)'C—-1, #2, 0], 
An(s|r’| 20) =(4)'L0, 0, 1], 

An(2s|r’|2p0) =(4)'L0, 0, —1], 
An(2p+1|r’ | 3do) =3(4)*L—1, ¥2, 0], 
An(2p_,|r’ | 3d_2) = (3)'[1, 7, 0], 

An(2p, |r’ | 3d2) = (3)'[1, —7, 0], 
An(2p_;|r’ | 3d_1) =An(2p,| r’ | 3d,) = (3) 400, 0, 1), 


An(2po|r’ | 3d+=1) =3[1, +7, 0], 

An(2po|r’ | 3do) = (4) *L0, 0, 1). 

We now turn to the evaluation of the matrix 
elements of the potential energy, which is a little 
more tedious. The fundamental formulae are 


easily developed. Denote two general functions 
like (5) by Wa and yz: 
Wa — (1/n !) ; | UiuNri* * *UinNrn ’ 
ve= (1/n 14) Un1Np1" a UrxnNpn | . 


Then, if 77 is symmetrical with respect to an 
interchange of any two particles, 


Han= f (uns? . *UinNrn) 
KIT | Uyingrt**UrxnNon|dr. (9) 
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The first factor of the integrand here is no longer 
a determinant but a product of single-particle 
functions. If #7 is a sum of terms each involving 
the coordinates of but one particle, as was the 
case with the V?-part of the energy, (9) reduces 
immediately to the single integrations discussed 
before. If H is a sum of terms involving the 
coordinates of two particles, as with the V;-V;- 
part and the potential energy, further reduction 
proceeds as follows. 

Introduce the symbol @;; which is defined to be 
1 if every Wi.nrs=Ursnps for 51, 7; i.€., 0;; is zero 
whenever the functions of more than two 
particles are different; it is 1 if the two non- 
matching functions refer to particles 7 and j. 
Then, if we let T= V=)>0;5;Vi;, (9) becomes 


Van= L| funidaati *Uij(J) nri(J) Viz 
i>j 


X uni(t) npi(t) rj J) npj(J)dr 
- f urs(i) nei(i) = aj) mes) Vi 
Xi) ml Dand mdr 


Here as well as in Eq. (9) the integration is 
understood to include a summation over spins. 

Now Vi;= Vi;’+ Vi;’’Qi;, where V’ and V” act 
on the particle coordinates alone. This leads to 
the further decomposition 


Vap= Van’ +Vap”. (10) 


In Vaz’, the summation over spins may be 
performed with the use of the relation 


> na(1)0(2)9-(1) na(2) = 6(a, c)6(, 6), (11) 


so that 


Vaz’ = > | fen(tyuy(2) V’(12)ai(1) 
i>j 


Xuy;(2)dr6(ri, pi) 6(r;, p;) 


= f mit)n2 V’(12)u;(1) 


Xuyi(2)d76(riy p;)8(rj. pi) $8:;- (12) 


This is the formula used in evaluating the Wigner 
and Majorana parts of the matrix elements, 

In Vaz", the spin summation involves 
Q-operator in the manner 


LX na(1) m0(2)Qiane(1) ma(2) =Q(a, b; c,d). (13) 


This summation also reduces to 6-functions in q 
simple way because 


Qnine= 213 Qnins= 193; Qnins= 273; 
Qnons= 104; QOnens=n204; Onsna= ans; 


and Q7=(Q. 


When these relations are inserted in (13) and (11) 
is used, the Q(a, b; c, d) are found. We then obtain 


Vas’ = E{ fuv(t)ua2 V’"(12)ui(1) 
i>j 


X uyj(2)dr-Q(ri, 753 pis p;) 


= f mas t)an(2)¥"(12) 105) 


XK uyi(2)dr-Q(ri, ri; pj, pi) fF Oi; (14) 


Thus far we have traced the decomposition of 
the general matrix element into simpler integrals 


ff us(t)us(2) exp (—712?/a?)u-(1)ua(2)drid 72. (15) 


Their calculation may also be systematized. The 
integrations over the x, y, and z coordinates are 
independent, so that (15) is a product of three 
factors, each of the form 


1 
gina f fee 
us 
1 2 
‘Xexp |- (1+-) (1°+ £2") +-tt|dbde 
o o 


Only relatively few of the g’s occur; they are 
listed in Table V where we have written 
u=1/(o+2). All formulae necessary in the 
calculation of Ho; have now been developed ; the 
remainder of the work is numerical. 
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RESULTS FOR THE GROUND STATE 


The first order energy Hp is identical with that 
of Inglis (cf. his errata), since the lowest Hermite 
and Legendre functions agree. 


Hoo= (19/4) To — {5+10w—8h 
+[8—2(w+h) —18(w+5) ](o+2)— 
+5(¢+2)}(¢/o+2) 1B+1.43¢}. 


The last term is the Coulomb energy, which has 
been neglected in the higher approximations. 
The contributions of this and the doubly excited 
states in accordance with formula (2) are listed in 
Table VI for three values of o near the energy 
minimum. One of these values was checked 
independently by using Inglis’ method of oscil- 
lator functions. It is seen that the sum falls quite 
short of the experimental binding energy, 32 
Mev. The second order contributions are smaller 
by about 4 Mev than those listed by Inglis; the 
difference is explained in his errata. Choice (0) 
gives less binding energy than Choice (a), as is 
also true for the alpha-particle. 

A calculation of the contribution of all 
quadruply excited states is very laborious if all 
terms of the Hamiltonian are included. Since this 
contribution is smaller* we have computed it 
retaining only Majorana forces, and for the single 
value ¢=1. The value chosen for mA is —28.7 
Mev. (This gives the correct energy of the alpha- 
particle.) For this case Hoo(= —5.6 Mev) is far 
smaller than the values in Table VI, because the 
large value of the first order kinetic energy is not 
affected by this choice. But the second order 
contribution for Majorana forces only, —7.8 
Mev, is quite comparable to the value obtained 
including all the interactions. We may thus have 
confidence that the contribution of the functions 
of higher excitation computed with Majorana 
forces alone is a good approximation. It turns out 


TABLE V. List of g's [u=1/(0+2)]. 

















g00 = = (ou) goo: (15/8)g(1—u)3 
ga = (15/8) gu(1—u)? 
gn =(1/2)gu go = (3/8) g(1 —3u+7u? —Su’) 
820 =(1/2)g(1—u) gs3 = (3/8) gu(3 —6u +5?) 
gu =(3/4)g(1 —u)? gs0 = (105/16) ¢(1 —u)*4 


gu = (3/4) gu(1—u) gn = (105/16) gu(1—xu)? 

82 =(1/4)g(1—2u+3u2) | geo =(15/16)g(1 —4u +12u2 —16u3 +74) 
gos = (15/16) gu(3 —9u + 13u2 —7u4) 

ga = (3/16) 2(3 —12u +42u? —60u' +-35u‘4) 











Paste V1. Summary of numerical results. 
Doubly excited states. 





| CHOICE @ Cuoice 6b 
o 1 1.2 14 1 1.2 1.4 
Hoo —-100 -108 —10.7 —7.3 —7.7 —7.1 Mev 
Ep® —6.8 —7.2 —74 —6.0 —6.4 —6.7 Mev 
Sum. —16.8 —18.0 —18.1 —13.3 —14.1 —13.8 Mev 





to be —4.1 Mev (Inglis, reference 8, calculated 
—3 Mev). 

It is obvious that contributions due to suc- 
cessive stages of excitation do not decrease 
rapidly enough to permit an estimate of the 
convergence limit. There is, however, a way in 
which one may ascertain a lower limit of the 
second term in (2). We note that 


Ho|? Ss Ss 


p= Ze 4G, 
i Eo—E; Eo—E2 En—Ey 





where S2 and S, are the sums of | /7/o;|? taken over 
all doubly and quadruply excited states, re- 
spectively. They have already been calculated. 
G is the remainder of the sum, in which the 





smallest denominator is Ej) —Es= —67¢. Hence 
D> * | Hoi|?—S2—S4 
|G| < es 
6T¢ 


But by matrix algebra, > ,’|Hoi|?=(A*)oo 
— (Hoo). Thus 
(FH?) 90 — Hoo? — Se—S4 
|G| <—— ———- -—, (16) 
67 





Of all quantities needed, only (J7*) 99 remains to be 
calculated. A simplification arises from the fact 
that the matrix elements appearing in G are free 
from kinetic energy terms (selection rules!), 
which means that we may leave out all kinetic 
energy terms in (J1*)o0, Hoo, Sz and S,, for they 
would cancel. Thus we can restrict the calcu- 
lation to ( V*)o9. Again, this was done for Majorana 
forces only, with (mA)=B=28.7 Mev. 


V2=B VaiJiP?t+ Loppd iJ ixP iP ix 
+d sjUeEJiP iJ ciP rr}. 


The corresponding three terms in (V*)oo are 
given by 


(V*)o0= B?{0.98+1.36+ 1.01} =3.35B?. 
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Moreover, (Vo)? = 2.50B?, S.=0.29B?, S,=0.16B?, 
giving 
|G! <6.6 Mev. 

This bound is almost certainly several Mev too 
great. Summarizing our results so far, we may 
say, even referring to the more advantageous 
choice of constants in Table VI, that the first and 
second order perturbational contributions to the 
binding energy of Li® are im toto smaller than 
(18.1+4.1+6.6) Mev=28.8 Mev. In the next 
section we shall show that the perturbation 
method, carried up to the second order, yields too 
large a result for the binding energy in this 
problem. 


VARIATIONAL THEORY" 


The variational procedure here adopted is that 
outlined in reference 2. It was carried out before 
the present perturbational calculations were 
made, unfortunately with a slightly different set 
of constants, namely those used in reference 2. 
Since we are only interested in a general corre- 
lation between variational and perturbational 
results a repetition of the laborious variational 
work with another choice of constants did not 
seem worthwhile. 

The major difficulty lies in the large number of 
functions which, for obvious practical reasons, 
must be reduced. It is because of this necessity 
that a complete variational treatment of the six- 
body problem is very unlikely to be achieved. 
But it is possible, by surveying the tendency of 
such a calculation and correlating it with a less 
perfect procedure which can be carried through, 
to correct the result of the latter. 

The functions used are the oscillator functions 
employed by Inglis.* The ‘“‘types” will here be 
numbered in the order in which they appear in 
his Table IV. Only some, not even all, of the 


TABLE VII. Lowering of Hoo by perturbation and 
variation methods (in Mev). 











NUMBER OF SECOND ORDER PERT. VARIATIONAL 
FUNCTIONS INCLUDED CONTRIBUTION E—Hoo 
6 —5.53 —4.19 
8 —6.85 —4.85 
10 —7.05 —5.12 














4 The results of this section have already been presented 
at the Washington Meeting of the A. P. S., April 1938. 
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doubly excited states have been used, but the 
eleven types here chosen give more than 89 
percent of the total perturbational contribution. 

In reducing the number of functions the known 
H ; elements served as a guide. Types with smal] 
Ho; were rejected. The remaining functions were 
combined in such a way that all ¥; having equal 
Ho; were given the same coefficient, and hence 
could be taken as a single variation function, 
This produces as many independent functions as 
there are types. The word. “‘function”’ in Table 
VII refers to such rigid linear combinations. The 
effect of this initial fixation of some of the 
functions upon the variational result could be 
investigated ; but we feel that it is inappreciable. 

The work now involves the calculation of all 
elements H;; for the functions selected, and a 
subsequent reduction of the determinant. The re- 
sult is equivalent to an inclusion of all higher per- 
turbations in the Schrédinger-Rayleigh scheme, 
provided that they converge. The direction and 
extent of its deviation from the second order 
perturbation result indicate the correction 
necessary. 

To explain this we indulge in a digression ona 
relation between the method of linear variation 
functions and perturbation theory. If the 
functions employed are orthogonal, the former 
leads to the equation for the energy 


|Hj—8;;E| =0,i,7=0,1--- — (17) 


and £ is the true solution in case the functions 
form a complete set. Now if in (17) all non- 
diagonal elements, except the Ho; and _ their 
conjugates, are neglected, the determinant may 
at once be expanded by adding rows with 
suitable factors, and (17) yields 


n | Ho;|? 
(ti0-E+¥ ——-) 
i=1 E-H;; 


X (Au — E)- --(/7,,—F)=0. 


On replacing the denominator E-—JI/;; by 
Eo— (Ho) ix this becomes identical with (2), after 
cancellation of factors producing the higher 
roots. The second order perturbation result is 
thus seen to differ from the truth in 2 respects: 
(1). It neglects all nondiagonal elements except 
those in the first row and column. (2). It neglects 
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the difference between perturbed and unper- 
turbed energies in the diagonal terms. Now one 
can easily see that inclusion of nondiagonal 
terms lowers the root E; as to (2) we note that 
replacing E-—H;; by Eo—(Ho)ii lowers the root 
if, for the preponderant functions, |E—H;;| 
>|Eo—(Ho):i|, raises it otherwise. 

In the He* problem* the H;;-terms neglected 
in the perturbation scheme were of considerable 
size; their effect overshadowed the inequalities of 
the diagonal energy differences. This is the 
reason why the variational method gave a 
greater binding energy than the other. For Li’, 
we find the reverse to be the case: Nondiagonal 
elements are small (cancellation between a 
greater number of functions) ; the diagonal energy 
differences are predominantly larger than the zero 
order differences. The net effect is a greater 
perturbational than variational contribution. 
Table VII shows this clearly. The calculations 
were made for o=1. The functions used are 
(1, 2,3, 7, 8, 16)+(6, 18)+(4, 5) in Inglis’ table 
of types. 


CONCLUSIONS REGARDING THE GROUND STATE 


The present investigation is made with the 
symmetric form of the Hamiltonian, the nuclear 
constants being specified in two definite ways. 
Our conclusions will be based upon choice (a) 
which is probably at the favorable limit of the 
permissible range of force parameters for pro- 
ducing as large as possible a binding energy of 
Li®. With this choice, second order perturbation 
theory leads to a value certainly smaller than 
-28.8 Mev for the energy of Li®. Of this — 10.7 
Mev are due to excited configurations. 

Furthermore we have shown in the last section 
that perturbation theory magnifies the effect of 
the excited configurations. If the initial trend 
which is evident in Table VII persists, we may 
say that the true contribution of the excited 
states is not more than 75 percent of the 
perturbational one. This leads to the value 
—(18.1+2-10.7) Mev =—26 Mev as a lower 
bound for the computed energy of Li®. The 
present analysis of the problem thus corroborates 
the conclusion of Inglis that a symmetric 
Hamiltonian is inadequate to produce agreement 
with the experimental value, —32 Mev. 
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TABLE VIII. List of perturbing doubly excited configurations. 














CONFIGU- No. OF CONFIGU- No. or 
RATIONS FUNCTIONS | RATIONS FUNCTIONS 

(1s)42p3p 2 | — (1s)3(2p)22s 8 

(1s)*2p4f 4 (1s)8(2p)23d 22 


(1s)2(2p)* 12 


(1s)4(3d)? 3 


EFFECT OF EXCITED CONFIGURATIONS 
ON *D-STATE 


In the papers by Feenberg and Wigner” and by 
Feenberg and Phillips'® the first order energies of 
the low lying levels of a large number of nuclei 
have been calculated. The question arises as to 
how much the first order arrangement of levels 
will be disturbed by second order effects. Li® 
offers an easy opportunity for testing this 
matter. 

The result will be sufficiently significant if we 
work with Majorana forces only and make a 2nd 
order perturbation calculation including only the 
doubly excited states. For the *S state this 
procedure has already been carried through: it 
yields a lowering of 7.8 Mev for B= — 28.7 Mev. 

The first order function for the *D state is 


1 } 
yo= (—) | SmiSneSnaSnapinep ing! . 


It has a first order energy 
Hoy= E(@AS) — 30 (6 +2)-7B, 


and therefore lies in this approximation (with 
o=1) about 2 Mev above the ground state. It is 
perturbed by the doubly excited configurations 
given in Table VIII. 

The lowering effect of these functions is 3.8 
Mev for ¢=1, 3.9 Mev for o=1.2 and 1.4. 

In this approximation, then, the first order 
3D —*S energy difference is altered by 4 Mev. A 
correlation between computed first order levels 
and experimental data is therefore in general not 
to be expected. One should observe, however, 
that the order of the terms remains unchanged, 
which is in agreement with Feenberg and 
Wigner’s expectation. 


1 E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 
1% E. Feenberg and M. Phillips, Phys. Rev. 51, 597 
(1937). 
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The Counting Losses in Geiger-Miiller Counter Circuits and Recorders 


HAROLD LiFscHuTz AND O. S. DuUFFENDACK 
University of Michigan, Ann Arbor, Michigan 
(Received August 24, 1938) 


The counting losses due to the finite recovery time of 
Geiger-Miiller counter circuits and recorders are investi- 
gated. A description and critique of several experimental 
methods is given. The parallel method reported here gives 
the most accurate results. By this method the counting 
losses in a system consisting of a Geiger-Miiller counter 
coupled by means of a Neher-Harper circuit to a scale-of- 
one recorder were determined. The method compares the 
counts registered by the scale-of-one against those regis- 
tered by a vacuum tube scale-of-128 in parallel with it. 
The resolution times of both the scale-of-one and the G-M, 
Neher-Harper combination are thus found. The theo- 
retical equations of Ruark and Brammer and Alaoglu and 
Smith are verified. The limitations and applicability of 
the Schiff-Volz formulation are also determined. Depar- 


INTRODUCTION 


HE statistical fluctuations in the number of 
disintegrations per minute of a radioactive 
substance give rise to the problem of low effi- 
ciency in the recording with simple apparatus of 
the individual disintegrations. In the case of a 
Geiger-Miiller counter furnishing pulses to a 
scale-of-one recorder, it is well known that a large 
fraction of the counts are not registered by the 
recorder because of its finite resolution time even 
at rather low counting rates. Because of the 
statistical fluctuations in the time intervals be- 
tween disintegrations, many of the counts come 
so close together as to fail to be resolved by the 
recorder. Since the short time intervals are the 
most probable, this effect is very large and in- 
creases rapidly with the counting rate. The re- 
covery time of the Geiger-Miiller counter and its 
coupling and quenching circuit (such as the 
Neher-Harper circuit) also causes counting losses 
due to this effect. Since the counting losses de- 
pend on the counting rate, the shape of observed 
radioactive decay curves will be distorted. 

It is the purpose of the present paper to in- 
vestigate the counting losses in a scale-of-one 
recorder and in the Geiger-Miiller counter and 
Neher-Harper' coupling circuit, and to test the 


1H. V. Neher and W. W. Harper, Phys. Rev. 49, 940 
(1936). 


tures from the Ruark-Brammer formula for the Neher. 
Harper circuit are found at high counting rates. A corrected 
formula is derived. The speed of the Neher-Harper type 
of extinguishing circuit, determined in these experiments, 
is compared against the maximum counting speed possible 
with G-M counters. It is found that such circuits already 
approach the speed of the G-M tube itself. Existing 
vacuum tube scaling circuits and frequency meters are 
shown to be already faster than the G-M tube itself. The 
methods for correcting recorders and counter circuits for 
counting losses are given. These losses amount to about 
20 percent for a Cenco recorder and one percent for most 
G-M counters at input rates of 1000 counts per minute. 
The losses increase rapidly with the input counting rate, 


statistical theories of these losses which have been 
proposed. 


METHODS 


The efficiency of a recorder is defined as the 
ratio of the output counts to input counts. To 
test the efficiency of a recorder in the most direct 
way a known number of counts having a random 
distribution must be fed into it and the number 
registered observed. This procedure would have 
to be repeated for various input counting rates 
to obtain the efficiency as a function of the 
counting rate. 

However, it is not possible directly to obtain 
such a known and variable random source of 
counts so that more indirect methods must be 
employed. Several methods may be used which 
may be designated as follows: (1) the film 
method ;? (2) the multiple addition test method; 
(3) the inverse square method; (4) the variable 
area method and (5) the parallel method.‘ We 
have in the past extensively investigated methods 
1, 2, and 5 while methods 3 and 4 have sometimes 


2H. Lifschutz, O. S. Duffendack and M. M. Slawsky, 


Phys. Rev. 51, 1027 (1937). 

30. S. Duffendack, H. Lifschutz and M. M. Slawsky, 
Phys. Rev. 52, 1231 (1937). 

4H. Lifschutz and O. S. Duffendack, Phys. Rev. 53, 941 
(1938). The present report modifies the conclusions given 
in<this_note. 
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LOSSES IN COUNTER RECORDERS 


been used by others in a qualitative way, mostly 
to test the speed of certain recording circuits. 

A brief description and critique of the above 
methods may be given. In the film method, the 
electrical output of a G-M counter and Neher- 
Harper circuit actuated by a constant radioactive 
source was recorded by a commercial Western 
Electric sound system on standard 32 mm film. 
This sound system had an over-all frequency 
response flat to 10,000 cycles per second. This 
was about 150 times the speed of the single scale 
recorder to be calibrated. The recording of the 
G-M pulses was made at such a slow counting 
rate that the counting losses in the recording 
were very small and a quite accurate Poisson 
distribution of pulses was obtained on the film. 
This distribution was quantitatively tested by 
the method of Marsden and Barratt® in which 
the number of intervals of various lengths be- 
tween pulses on the film was determined. A plot 
of the probability, P(x), of an interval of length, 
x, versus the interval, x, showed good agreement 
with the theoretically predicted curve with a 
Poisson distribution. Of course small deviations 
would probably be masked by statistical fluctua- 
tions and the limited sensitivity of the method. 
The number of pulses on the film was counted 
visually. The film was then used as a known 
source of random counts by playing it back with 
the use of a standard sound head and photo-cell 
amplifier. The pulses from the film were fed to a 
single scale recording circuit operating a Cenco 
counter. The input to this recorder was de- 
termined from the measured running speed of the 
film and the total number of counts. The input 
rate was varied by varying the speed of the film. 
Thus a calibration curve for the single scale 
recorder could be determined. 

The multiple addition test method is an ap- 
proximation method. It makes use of a number 
of weak natural radioactive sources, the number 
of counts from which have been measured in- 
dividually by the circuit being calibrated. The 
sources are so weak that the counting losses from 
one source are assumed to be negligible. These 
calibrated sources are then used in combination 
and the sum of the individually determined 
values is taken as the true input. A simple source 





* Marsden and Barratt, Proc. Phys. Soc, 23, 367 (1911). 
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holder with substitution dummy sources keeps 
the radiation scattered into the G-M counter 
constant. When only two sources are used this 
method reduces to the well-known simple addi- 
tion test used for testing the linearity, with 
source strength, of counter circuits. However, 
the simple addition test cannot be used for 
calibrating a counter circuit. At most it can be 
used to determine when the departure from 
linearity becomes large, i.e., at what counting 
rates counting losses become appreciable. 

The inverse square method makes use of the 
inverse square law of the variation of input 
counts of the source as a function of the distance 
from the counter. The variable area method em- 
ploys a diaphragm which screens off the source 
from the counter. By varying the area of an 
opening in the diaphragm, it is assumed that the 
input counting rate to the G-M tube may be 
varied proportionately. 

Before describing the parallel method the limi- 
tations of the previous methods may be pointed 
out. The film method determines the losses in the 
recording circuit of the G-M system only and not 
in the G-M tube and quenching circuit itself. The 
other three methods include the effect of losses 
in the G-M circuit. Statistical fluctuations are 
very small in the film method, extremely large in 
the multiple addition method, and fairly large in 
the inverse square and variable area method. In 
the film method the number of pulses on the film 
is fixed; fluctuations arise because of the possi- 
bility of changing distributions. The fluctuations 
are of the order (AN)!, where AN is the number 
of counts lost. In the multiple addition method 
the fluctuations in the individual calibrations go 
as N!, where N is the total number of counts 
recorded. When the sources are added the total 
error in the strength of the combined source due 
to the errors in the individual sources caused by 
fluctuations may be very great. This makes it 
necessary to record an enormous number of 
counts. This consumes too much time at the low 
counting rates which must necessarily be used. 
The fluctuations in methods 3 and 4 are propor- 
tional to N! and are greater than that in the 
parallel method where again the fluctuations are 
of order (AN)'. The width of the pulses in the 
film method changes as the speed of the film is 
changed. This restricts the input counting rate to 
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Fic. 1. Schematic diagram of set-up for parallel method. 


certain limits such that the width of the pulses 
remains less than the resolution time of the re- 
cording circuit. Difficulties arise in methods 3 
and 4 because of scattering, the lack of true point 
sources, and the non-uniformity of the flux of 
radiation over the diaphragm area. Also geo- 
metrical uncertainties in applying the inverse 
square law to the G-M counter cause difficulties. 
Many other limitations in the above methods 
relating to accuracy of results, flexibility, ease of 
application, requirements of special apparatus 
and sources, speed, of the method and limits of 
counting range over which they are practicable, 
could easily be pointed out. In short, all the 
above difficulties may be best overcome by em- 
ploying the parallel method. The precision and 
range of the results of this method are such that 
it only will be discussed further. The data to be 
presented also refer only to this method. Results 
were long ago obtained by the parallel method 
with thyratron scaling circuits. It was not until 
the recent development of high speed vacuum 
tube scaling circuits, however, that complete 
results were obtainable over wide enough input 
counting rates to allow a real test of the theory. 


EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


The experimental arrangement for the parallel 
method is shown schematically in Fig. 1. The 
G-M counter is actuated by a constant radio- 
active source and is coupled by means of the 
Neher-Harper circuit to a scale-of-one and a 
scale-of-128 recorder in parallel. The circuit dia- 
gram of the Neher-Harper circuit and scale-of- 
one® is shown in Fig. 2. The scale-of-128 consisted 
of the high speed vacuum-tube type recently de- 
scribed’ and was obtained by using a scale-of-16 
~ 6J.R. Dunning, Rev. Sci, Inst. 5, 387 (1934). 


7H. Lifschutz and J. L. Lawson, Rev. Sci. Inst. 9, 83 
(1937), 
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and a scale-of-eight (both of the vacuum-tube 
type) in series. The resolution time of the vacuum 
tube scaling circuits was shown to be 6.510~ 
second for input pulses of width 3.25 x109- 
second.’ The scaling ratio of 128 employed wags 
so large that counting losses in the Cenco 
counter fed by the scaling circuit could be taken 
as negligible and actually will later be shown to 
have been zero. The G-M tube used was con. 
structed of a solid nickel cylinder (about 2 em 
long and 1.2 cm in diameter) and 3 mil tungsten 
anode wire. It was filled with hydrogen to a 
pressure of 136 mm of Hg. The method of 
preparation was as given previously* with the 
addition of thorough outgassing of the nickel 
cathode by means of an induction furnace to 
ensure a more permanent freedom from foreign 
gases. The counter had a long plateau of over 
600 volts, which was quite flat over most of this 
range. The counter voltage used was 1200 volts; 
the counter threshold was at 1000 volts. A 
stabilized power supply was used to furnish this 
voltage to the counter. Inspection of the pulses 
generated by this counter, by use of a cathode-ray 
oscillograph showed the counts to be sharp, 
single pulses of uniform amplitude without the 
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Fic. 2. The Neher-Harper circuit and scale-of-one re- 
corder. Resistance values are in megohms and capacitance 
in microfarads. The amplifier indicated in Fig. 1 is not shown 
in this diagram. 


presence of trains of spurious pulses of varying 
amplitude as often seen in poor counters. It was 
concluded that, except for losses due to its finite 
resolution time, this counter furnished a true 
Poisson distribution of pulses when actuated by 
a radioactive source and was thus suitable for 
testing the statistical counting loss theories which 
were fundamentally based on such a distribution. 

The parallel method compares the number of 
counts recorded by the scale-of-one against that 
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LOSSES IN 
recorded by the scale-of-128. If the counting 
losses in the G-M circuit are negligible the 
scale-of-128 reading may be taken as the true 
number of counts, 0, because the scaling circuit 
records all the counts coming from the N-H 
circuit. In this way the true input to the scale-of- 
one is determined and the output is simul- 
taneously observed. This allows a direct calibra- 
tion of the scale-of-one and also a direct test of 
any counting loss theory by giving the output as 
a function of the input. Since the input to both 
recorders is the same because the readings are 
simultaneous, it is clear that the statistical 
fluctuations in this method are very small. If the 
losses in the G-M circuit are not negligible for 
the counting rates used, the scale-of-128 does not 
record the true input, #0, but does record all the 
pulses coming from the Neher-Harper circuit. 
Since the reading of the scale-of-one and also that 
of the scale-of-128 is a function of mo, the simul- 
taneous readings of the two recorders are de- 
scribed by two equations from which the un- 
known, #9, may be eliminated. The way in which 
quantitative results are obtained may be found 
by examining the theory. 


THEORY 


Ruark and Brammer,’ and Alaoglu and Smith,’ 
have given statistical theories of the counting 
losses in recorder circuits and have included the 
effect of losses in the G-M circuit. They have 
derived the following formulae for the observed 
readings of the recorders as a function of the 
true random input, mo. 








No 
n= exp (—(t1—¢)m) if ti>0, (la) 
Noe 
No 1 
1,=— if traKne. (1b) 
n 1+%00 


Here m; is the observed reading of the scale-of- 
one, n, that of the scaling circuit, ” is the scaling 
ratio used, 7; is the resolution time of the scale- 
of-one and o that of the Neher-Harper circuit. 
We distinguish 7; and 7, as 7, refers to the 
41939) E. Ruark and F. E. Brammer, Phys. Rev. 52, 322 
*L. Alaoglu and N. M. Smith, Jr., Phys. Rev. 53, 832 


(1938). See also W. B. Lewis, Proc. Camb. Phil. Soc. 33, 
549 (1937). 
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Cenco counter stage fed by the scaling circuit. 

These r’s are of the same order of magnitude. 

Here, »=128 and for convenience we will write 

hereafter 7 for 7;, and mj25 for m,-" which gives 
No 


2193 = ————. (1c) 
1+ 90 


The recovery time is defined as the time inter- 
val after a count which must be allowed before 
the circuit is ready to record another count. 
Clearly the statistics of a recording circuit will 
be different according to whether or not the re- 
covery time of the circuit is affected by the oc- 
currence of another count during the period of 
recovery. This circumstance gives rise to two 
formulae describing the two opposite extremes of 
recorder behavior. For recorders such as the 
Cenco counter, which can be re-excited during 
the period of recovery, the efficiency formula for 
the case of a true random input is 


N,=No exp (—Mor). (2a) 


This type of circuit is designated as Type I. A 
Type I recorder requires that a count, to be re- 
corded, must be preceded by an interval 7 during 
which no count arrives at the recorder. If the 
recovery time is completely unaffected by addi- 
tional counts coming in during the recovery 
period we obtain a Type II recorder for which the 
efficiency formula is 
No 
n,=——. (2b) 
1+ mor 


In order to test the theory, the circuits used 
must satisfy the assumptions made in deriving 
the formulae. In referring to Eq. (1a) it is clear 
that with r>o and o—0 Eq. (1a) becomes 


N= Noe", (3) 


In other words the recorder circuit used to test 
Eq. (1a) must be a Type I recorder. The scale-of- 
one shown in Fig. 2 is such a recorder even though 
the Cenco counter is driven by a thyratron since 
the thyratron circuit is so much faster than the 
mechanical counter itself. This scale-of-one was 
also chosen because it is a widely used circuit 
which is very simple, reliable and faster than 
most other scales-of-one developed to date." 


10 See, e.g. W. H. Pickering, Rev. Sci. Inst. 9, 180 (1938). 
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Fic. 3. The response curve for R=20 megohms. 


Other conditions of the theory that must be 
met are that the recovery time of the Kth stage 
of scale-of-two in the scaling circuit does not ex- 
ceed 2%-'¢, or, in other words, if we consider the 
first stage, its recovery time must not exceed that 
of the Neher-Harper circuit. From the measured 
resolution time of the scaling circuit given previ- 
ously and preliminary measurements of ¢ showing 
it to be of the order 10-*— 10~ second, it is clear 
that we have satisfied this condition. Likewise, 
it is clear that the condition 7,2 ¢ is met and also 
the condition 7123 < 128+, since the scaling ratio 
of 128 is so great. Moreover, rough preliminary 
measures of + and o may easily be made which 
also show that these latter conditions are met 
and later these conditions may be checked again 
with the final values of 7 and co. 

We conclude that the circuit arrangement 
chosen satisfies all the conditions for providing a 
test of the theory. 

The Eqs. (1a) and (ic) are now used to elimi- 
nate the unknown input mp» and give 


N= M123 EXP [ —M128(7 —)/(1—miaso) J. (4) 


If one takes dn,/dnj23=0, a maximum of 7; is 
found when 


a [1128(7 — a) } 


1128 


(5) 





o 


Defining the percent loss P as 
P=100 X (mi23— 1) / 1238, 


taking dP/dnj2, and letting 1,2;—0, we find the 
slope, So,"of the percent loss curve at the origin 
is given by 


dP /dnj23= Syo=(t —o) X 100, 


Eqs. (5) and (6) allow both + and o to be found 
from experimental observations of S» and the 
value of ”123 when m, is a maximum. 

The experimental procedure is now clear. By 
using a constant radioactive source and varying 
its distance from the G-M counter, the experi- 
mental curves m;=f;(%123) and P=f2(m123) may 
be obtained. The values of 7 and o are found from 
these curves as described above. The values are 
put back into the equations and the curves above 
computed theoretically. This gives a check of the 
theory. Moreover, 7 and o may also be found by 
independent methods and compared against the 
values of + and o found from the experimental 
curves. These values of r and o will be denoted 
by Tairect ANd Cairect- The value of Tairect was 
found by applying periodic saw-tooth pulses from 
a sweep-circuit oscillator to the scale-of-one re- 
corder and increasing the frequency till the 
maximum counting speed of the recorder was 
reached. This was determined from the reading 
of the recorder itself over a time interval meas- 
ured with a stop watch. From the definition of 
recovery time it is clear that 


N\28 —(), (6) 


Tdirect — 1/Mmax (periodic). (7) 


Similarly, caireee Was found by observing the 
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Fic. 4. The percent loss curve for R= 20 megohms. 


maximum random counts from the Neher-Harper 
circuit by means of the scale-of-128. This was 
accomplished simply by bringing up a strong 
source. Eq. (1c) shows that 


Cdirect = 1/125 max (random). (8) 


EXPERIMENTAL RESULTS 


Figures 3 and 4 show the experimental curves 
for mn, and P as functions of 123. The predicted 
maximum in 7, is observed. It will be noted that 
this maximum is very broad which makes an 
accurate determination of m,25 at the maximum 
very difficult. On the other hand, the slope at the 
origin in Fig. 4 may be accurately determined 
and so also the value of r—o. The value of ¢ is 
very sensitive to the value taken for m3 at the 
maximum. Since in the case here considered ¢ is 
quite small relative to 7 it was decided to use for 
o the value of cairece and for s—o the value from 
the slope of the percent curve. These values were 
put into the theoretical equations to calculate the 
points marked ‘‘Ruark-Brammer Theory.” It is 
seen that the agreement with the experimental 
curves is very good. These curves were taken by 
using a grid resistor, R, in the Neher-Harper 
circuit of 20 megohms, a correct value for the 
G-M tube used. 

In order to allow a more complete test of the 
theory, ¢ was purposely increased by increasing 
the Neher-Harper grid resistor to 100 megohms 
and the experiments repeated. The results are 


shown in Figs. 5 and 6. The decrease in the slope 
of the percent curve is found as predicted. The 
value of o relative to r was now large enough to 
determine + and o from the observed slope 
and maximum in spite of the broadness of 
the maximum. By taking as observed values 
Nog = 3850+125 counts per minute, and r—¢ 
= 1.066 X10~* sec. the theory gives o =0.27 X10-? 
sec. and r= 1.34X10~-? sec. Over the limits given 
for 212s, ¢ varies from 0.24 X 10~* sec. to 0.30 & 10-* 
sec. These limits include the value of Gajrcce 
=().28610- sec. The values of 7 and o deter- 
mined from the curves as above were put into the 
theoretical equations and the curves calculated 
again as shown in Figs. 5 and 6. The agreement 
between theory and experiment is again very 
good. Although the value of ¢ is very sensitive to 
the value of 125 taken, the shape of the curve is 
not especially sensitive to o so that the agreement 
with experiment is substantially the same over 
the limits of o given as for the curves shown with 
o=0.27 X10- sec. 

The comparison of the values of r and o with 
Tdireet ANd Gdirect is Shown in Table I where, as 
previously stated, for R=20 megohms, o was 
taken equal to direct. The values of cairect were 
also checked with a vacuum tube frequency 
meter." It will be noted that the theoretical 
value of + remains practically constant in the 
two determinations while only o varies. This is, 
of course, exactly as it should be. 

WH, Lifschutz, Phys. Rev. 53, 950 (1938). 
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Fic. 6. The percent loss curve for R= 100 megohms. 


The original counting loss theories of Schiff” 
and Volz attempted to account for counting 
losses in a G-M system by introducing a single 
recovery time, 7, to include both the effects of 
the counter circuit and the recording circuit. 
They derived the equation 


N,=Nvoe~"°*. (9) 


Clearly the Ruark-Brammer and Alaoglu- 
Smith formulae reduce to this when o=0. If the 
losses in the Neher-Harper circuit could be 
neglected, the theoretical Schiff-Volz curves 


#2 L. I. Schiff, Phys. Rev. 50, 88 (1936). 
13H. Volz, Zeits. f. Physik 93, 539 (1935). 


shown in Figs. 3 to 6 should agree with the ex- 
perimental curves for then 723= mo. Clearly they 
do not, showing in a striking way the effect of 
the resolution time o and also showing at what 
counting rates the losses in the counter circuit 
become appreciable. As expected, the agreement 
of the Schiff-Volz theory is much better for the 
case in which R=20 megohms than in the case 
R=100 megohms since in the former case ¢ is 
smaller. 
It is easily shown from Eq. (9) that 


t=1/n, maxy (10) 


where #7; max is the maximum random counting 
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rate. The theoretical Schiff-Volz curves shown in 
Figs. 3 to 6 were calculated by determining + 
from the maximum of m; shown in Figs. 3 and 5. 
The r’s determined in this way were respectively 
1.39X10-* sec. and 1.31 10-* sec. If there were 
no losses in the G-M circuit, the Schiff-Volz 
theory would give the slope of the percent loss 
curve at the origin as 100 Xz, since then 2 125= mo. 
Actually values of + are found by this method to 
be 1.25 X 10-* sec. and 1.066 X 10-? sec., which are 
very low as expected. 

As shown above, 7, determined from the max- 
imum of , is less in the case R=100 megohms 
than in the case R= 20 megohms. The observed 
maximum of m,; increases as o increases, since, 
due to o, the short intervals are cut out by the 
G-M circuit. Thus the recorder is able to ap- 
proach more nearly its maximum pertodic count- 
ing rate. Accordingly, it is to be expected that r 
determined experimentally from max would 
automatically give the correct kind of average 
value including the effects of both the counter 
and the recording circuits. For this reason the 
use of a single resolution time to give the over-all 
efficiency of the entire counting system turns out, 
in practice, to give a good approximation to the 
truth. This is shown by Fig. 7, where ; is plotted 
against mo (not m123) from the data for the case 
R=100 megohms. The experimental curve is 
computed from the Ruark-Brammer theory since 
this has been shown to agree with experiment. 
The graph is plotted up to such values of mo as 
correspond to the maximum of #123 in Fig. 5. One 
must conclude that the Schiff-Volz method is 
adequate to correct a G-M Type I scale-of-one 
system for counting losses up to its maximum 
counting rate with a high degree of accuracy. 
This is fortunate since 7 is so easily determined 
experimentally from Eq. (10). 


EXPERIMENTAL PRECAUTIONS 


The statistical fluctuations in the parallel 
method are quite small as shown by the smooth- 


TABLE I. Values of r and o in seconds. 

















| R=2 X10? onms | R =10° onMs 

THEORY DIRECT THEORY DIRECT 
r\1.37 X10 1.43 107 | 134X107 143X107 
¢/0.114X10- 0.114107 | 0.271072 0.286 X 107-2 
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ness of the experimental curves. The number of 
counts per point usually was about 10,000 to 
15,000. The slope of the percent loss curve at the 
origin may, under these conditions, be deter- 
mined with an accuracy of one or two percent. 
In order to obtain reproducibility all conditions 
of the experiments must remain quite constant. 
The circuit constants must not vary too much, 
nor the voltages. Different G-M tubes have differ- 
ent o even though of similar construction and 
used with the same N-H circuit. This is easily 
shown by the very different values of the max- 
imum random counts obtainable. The capacity of 
the G-M tube and its leads also influences o quite 
sharply. The leads should be kept short and 
separated. If the counter is not electrostatically 
shielded, the body capacity of an observer influ- 
ences the counting rate quite markedly, espe- 
cially at high counting rates. In short it is essen- 
tial to keep the capacity of the counter with 
respect to its surroundings constant. If an electro- 
static shield is used to keep the charges on the 
glass walls of the G-M tube from changing," a 
very large increase in ¢ is observed as measured 
by the maximum counting rate. The counter used 
in these experiments was used without a shield. 
Any effects due to charges on the walls (which 
were quite small for this counter) were avoided 
by allowing the charge to come to equilibrium 
after changing the source strength. Effects due 
to photosensitivity were also avoided by light 
shielding. 


THE NEHER-HARPER CIRCUIT 


The experimental method considered above, as 
already stated, is not especially sensitive to the 
effect of o for values of o relative to r as given 
above. Since the losses in the Neher-Harper 
circuit are independent of the use of fast scaling 
circuits or frequency meters, the only way to 
take account of these losses is by correcting 
theoretically for them. Of course, faster counters 
and quenching circuits would also get around 
this difficulty up to certain counting rates. How- 
ever, it seems that such faster circuits have not 
yet been developed.'® The highest counting rates 


4 J. L. Lawson and A. W. Tyler, Phys. Rev. 53, 605 (1938). 


1 See e.g. 1. A. Getting, Phys. Rev. 53, 103 (1938); A. E. 
Ruark, Phys. Rev. 53, 316 (1938); H. V. Neher and W. H. 
Pickering, Phys. Rev. 53, 316 (1938); E. Y. Yetter, Phys. 
Rev. 53, 612 (1938). 
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Fic. 7. Showing the approximate validity of the use of a single resolution time. 


so far reported have been obtained by using the 
Neher-Harper circuit. Getting!® reports values 
for the multivibrator type of quenching circuit 
of 1.2X10° counts per minute and probably 
higher values if part of the counting range of the 
G-M tube is sacrificed. 

The counting losses due to o are shown in Fig. 
8 according to the Ruark-Brammer formula. The 
value of o used corresponds to the average of 
most counters we have tested. In view of the 
magnitude of these losses it is important to know 
whether or not the Neher-Harper circuit does 
follow closely the Ruark-Brammer equation 





no 
n= (11) 
1+ 90 
or, perhaps, the equation 
n=MNo exp (— M90). (12) 


The parallel method gives rather good support 
to Eq. (11), as we have seen within the limits of 
its sensitivity to . However, all counters we have 
tested depart from Eq. (11) at high counting 
rates in that they reach a maximum counting 
rate which is followed by a very marked decrease 
as the source strength is still further increased. 
This is in disagreement with Eq. (11), which, as 
noted by Ruark and Brammer, indicates a max- 
imum constant value for nm. Counters which 


showed this decrease had maximum counting 
rates varying from 50,000 to 175,000 random 
counts per minute. The effect was found both 
with the scale-of-128 and the frequency meter. 
This decrease is what would be expected if 
Eq. (12) were followed or might be due to a 
slight departure from Eq. (11). To test this point 
further, the following method was devised. 
The grid resistor of the N-H circuit was con- 
nected by switches so that it could quickly be 
changed from 10? to 108 ohms. The counting rate 
due to a constant source was determined with the 
scale-of-128 for each of these grid resistor values. 
The grid bias was also changed with the resistor 
to the proper value. This procedure was repeated 
for all counting rates up to the maximum. Let 
the observed counts with the two resistors be n; 


and ns. Then 
No 











%; =——_—, (13) 
1+ 90; 
No 
ng = "° (14) 
1+905 
Thus m» may be eliminated giving 
nN7 z 
Ng = i. (15) 
1+n;(03—07) 
Nz — Ns N7(o3—97) 
P= X< 100 = 100 x _—_—-.._ (16) 


nz 1+77(03—<@;) 
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The slope of the percent curve at the origin 
dP,dn;=100(03—0;),  n;—-0 (17) 


1 1 
and oe =, ¢,32-—""""——.. (18) 


nN; max Ns max 


The experimentally observed percent loss 
curve could be compared with that calculated 
from Eqs. (16) and (18). This could also be done 
by the use of a formula for the N-H circuit 
similar to Eq. (12). Rough preliminary results 
show a decided disagreement with Eq. (12) and 
fair agreement with Eq. (11) up to m7 max. A 
variant of this method may possibly be that of 
keeping the grid resistor constant and varying 
the N-H grid bias alone, as the observed count- 
ing rate is a function of this bias. 

In view of the tendency to follow the equation 


n=MNo, (1+90) 


up to counting rates near the observed maximum 
and also the observed departure from this equa- 
tion as shown by the failure to maintain a con- 
stant maximum counting rate, it is of interest to 
try to look more deeply into the mechanism of 
the G-M counter and N-H combination. The 
G-M counter has a deionization time, tz, which 
is given by the time it takes for the electric field 
in the counter to sweep out the positively charged 
ions after the discharge is extinguished. Thus, ra 
may be taken as constant. It also has a discharge 
time, ¢, which has a lower limit equal to ra and 
which has a value which depends not only on the 
G-M tube but also on the extinguishing circuit. 
Since the counter tube cannot be re-excited by an 
incoming particle during the discharge period, ¢, 
the counter itself may be classed as a Type II 
recorder. The extinguishing circuit introduces 
still another resolution time, p. The resolution 
time, p, of the N-H circuit would be approxi- 
mately equal to o if the succeeding circuits had 
no thresholds. To see this, consider a discharge in 
the G-M counter. In the extinguishing process, 
as is well known, the potential on the counter is 
reduced to the threshold value or very slightly 
below. The voltage then starts to recover at a 
rate depending mainly on the RC value of the 
N-H circuit. If another discharge occurs in the 
G-M counter when the potential has recovered 
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to a value only slightly above the threshold 
value, the electrical impulse developed will be 
very weak since these impulses are equal to the 
overvoltage. The pulse thus fails to be recorded 
because the succeeding circuits require a certain 
minimum signal for response. Such circuits are 
the discriminator circuit, the first stage of scale- 
of-two in the scaling circuit or the mechanical 
counter stage if no scaling circuit is used. In this 
way the time constant of the N-H circuit does 
introduce an effective recovery time, p>c. It is 
clear that a count coming within a time greater 
than o and less than p of a preceding count will 
not only fail to be recorded but will re-excite the 
Neher-Harper circuit. In other words we may 
reasonably take the efficiency formula as that of 
a Type I recorder. If one assumes o to be reason- 
ably constant, the usual derivation gives for the 
over-all efficiency 


n=(mo/(1+9c)) exp (—mo(p—a)) if p>a (19) 


where is the number of counts from the N-H 
circuit. This, then, is the corrected Neher-Harper 
equation. If p and o are approximately equal, 
this equation reduces essentially to 


n=no/(1+00) 


at counting rates considerably below the max- 
imum. This explains why the parallel method 
showed agreement with this equation, since the 
counting rates were well below the maximum. 
The exponential “‘guillotine factor’ in Eq. (19) 
is then responsible for the observed decrease after 
the maximum counting rate has been reached. 
This requires p>o. Since the Neher-Harper cir- 
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Fic. 8. The counting losses in the G-M circuit. 
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cuit cannot recover the voltage till the counter 
has stopped discharging, it is clear that p>o 
always. However, p and oa are not independent. 
The variation of o by changing the N-H grid 
resistor shows a dependence of o on p. Ruark and 
Brammer describe the situation by saying that 
the counter and circuit “work together” as a 
single unit so that the dependence is described by 
the relation p=e. This approximate relation, 
pe, plus the relation p>o and Eq. (19) thus 
seem capable of explaining all the experimental 
facts. Qualitative tests of Eq. (19) with the in- 
verse square method show a more or less ex- 
ponential decay after reaching the maximum 
counting rate. However, it is clear that a more 
detailed justification of Eq. (19) would be de- 
sirable, especially in order to throw more light on 
the exact relationship between p and o. This 
might lead to circuit designs which would allow 
o to be decreased. It seems in the present case 
that enough amplification was already used to 
reduce p to a value not much greater than co. No 
important increase in counting speed thus seems 
possible by increasing the amplification between 
the N-H circuit and the recorder. 

The decrease in amplitude of the pulse gener- 
ated by the G-M tube as described above may 
easily be shown in the following simple experi- 
ment. The output of the Neher-Harper circuit is 
applied directly to the plates of a cathode-ray 
oscillograph. A strong source (say one mg of 
radium) is moved continuously toward the G-M 
counter. As the input counting rate increases the 
amplitude of pulse in the oscillograph will be 
seen to drop until it almost vanishes. This effect 
cannot be ascribed to the regulation of the high 
voltage supply since the drop in applied voltage 
due to regulation is observed to be very small 
compared to the overvoltage applied to the 
counter. 

Lyshede and Madsen!* have measured the de- 
jonization time of G-M counters by forced 
quenching of the counter. The quenching was ac- 
complished by applying periodic pulses from a 
thyratron oscillator to the counter in a special 
circuit. When the frequency was increased to 
such an extent that the counter discharge was 
not extinguished by successive pulses a direct 


16 J. M. Lyshede and J. C. Madsen, Zeits. f. Physik 108, 
777 (1938). 
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measure of the deionization time was obtained. 
Values of 10~ second were found for air filled 
counters. Hydrogen counters were three or four 
times faster. These values agreed with calcula- 
tions of the time taken to sweep out the positive 
ions using the mobility of the ions, size of the 
counter, and electric field distribution. This 
agrees with similar calculations we had made (un- 
published) about two years ago. 

The deionization time fixes the maximum 
counting rate possible with G-M counters roughly 
as 10° counts per minute. Taking account of the 
counting losses, one could thus measure input 
rates up to about 10’ per minute. The fastest 
counter we have measured in combination with 
the N-H circuit gave a maximum counting rate 
of the order 2 X 10° counts per minute. This is the 
same value as reported by Neher and Harper' for 
one of their counters. Thus about a fivefold in- 
crease in speed may be possible with faster 
quenching circuits. However, one must conclude 
that existing quenching circuits are already cap- 
able of allowing a close approach to the maximum 
counting speed possible. It is also clear that exist- 
ing vacuum tube scaling circuits and frequency 
meters are already much faster than necessary 
for G-M work as the resolution time of these 
circuits is less than the deionization time of the 
counters themselves. For practical purposes, one 
is interested in attaining a close approach to the 
maximum speed in order that the necessity for 
correcting for counting losses may be avoided at 
ordinary counting rates, as these losses set in at 
relatively low counting rates. It should be 
stressed that whether or not counting losses are 
great depends not only on the counting rate at 
which one is working, but also on the oa of the 
particular counter being used, which may be 
quite large. 


CONCLUSION 


Alaoglu and Smith® have derived the statistical 
formulae giving the counting losses for a scaling 
circuit and including the effect of o. They find 





no 
n, = —————_[1—I[m(r—no), n }], 
n(1+ 90) 
if r>no (19) 
No 1 
and ,=— if r< no. (20) 
n 1+n9¢ 
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Here » is the scaling ratio and the function 
I(no(t—no), m) is the ratio of the incomplete 
[-function I(mo(r—no),n) to the complete 
[-function, I'(7). The upper limit of the incom- 
plete '-function is mo(7—n0). The details may be 
found in the paper of Alaoglu and Smith. The 
interesting feature of these equations is that the 
counting losses in the mechanical recorder stage 
fed by the scaling circuit drop out when 7< no 
as shown by Eq. (20). This fixes the maximum 
scaling ratio it is necessary to use. Of course, it is 
assumed in the derivation that the resolving time 
of the scaling circuit itself is less than oc. In the 
parallel method reported here, the relation was 
satisfied so that the losses in the Cenco counter 
stage were zero. It is also desired to point out 
here, that Eqs. (19) and (20) may also be tested 
by using the parallel method, as was first pointed 
out to the authors by Smith. The simplest case 
would be that of comparing a scale-of-two follow- 
ing Eq. (19) against a circuit following Eq. (20) 
such as the scale-of-128 used in the present ex- 
periments. A series method similar to the parallel 
method, which could also be used, would involve 
observing the number of counts in scales-of-one 
connected to the output of successive stages of 
scales-of-two in series. 

The question of the best way to correct for the 
counting losses due to o in actual experimental 
work may be briefly discussed. The parallel 
method in which the scaling circuit used is 
compared against a scale-of-one is not sensitive 
enough to accurately measure small values of c. 
The determination of o from measurements of 
the maximum random counting rate depends on 
fulfilling the relation t< no. This might require 
a larger ratio scaling circuit than is available. To 
overcome this o may purposely be increased. A 
frequency meter affords a convenient way of 
measuring o from the maximum. In this connec- 
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tion the vacuum tube frequency meter already 
reported" is of interest. This frequency meter 
employs the same circuit as the vacuum tube 
scaling circuit’ discussed above. A scaling circuit 
of this type may thus be built in which one of the 
stages of scale-of-two also serves as a frequency 
meter. This frequency meter could thus be used 
for measuring o even though n<r/o. The addi- 
tion of a tank circuit would not be necessary. 

For common values of 7 and ¢ which actually 
occur, namely r=1.5X10~* sec. and o=5X10™ 
sec. we obtain m= 30. Thus a scale-of-32 would in 
most cases suffice for the determination of o from 
the maximum as well as to prevent losses in the 
mechanical counter stage. We have found that a 
vacuum tube scale-of-eight follows a vacuum 
tube scale-of-16 in parallel with it up to about 
30,000 counts a minute showing that the losses 
in the Cenco counter stage were negligible up to 
such counting rates. For this case ¢ was about 
10-* sec. As Alaoglu and Smith show, ¢ cuts out 
the short intervals and allows the lower ratio 
scaling circuit to follow the higher ratio one up 
to higher counting rates than would be the case 
if a true random input came from the Neher- 
Harper circuit. We may conclude then that a 
vacuum tube scale-of-eight is sufficient for most 
counting rates if means are provided for measur- 
ing and correcting for the losses due to ¢, which 
losses would be the same no matter what the 
scale of the circuit. 
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Slawsky with the earlier work, and the discussion 
with and encouragement of Professor S. A. Goud- 
smit is also deeply appreciated. Finally, support 
from the Horace H. Rackham Fund is gratefully 
acknowledged. 
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The problem of determining accurately a molecular 
potential curve from spectroscopic data on the system is 
analyzed, and the difficulties are discussed in detail. In 
general the principal difficulty arises from the importance 
in the energy expression of terms in high powers in the 
quantum numbers; to deal with this, recourse may be 
taken to a method employing graphical integration. 
Formulas based on the first order of the W.B.K. approxi- 
mation are usually but not always adequate. One can ob- 
tain markedly better results in determining potential 
curves by dealing directly with the energy levels which it 
is desired to reproduce, rather than by the usual method 
of making the curve reproduce a limited number of 


$1. INTRODUCTION 


N the course of a careful theoretical study of 
the 1so2se*X, state of He by a variational 
method, two of us' have found values for the 
energy of this state which differ in a surprising 
manner from the values given by a Morse curve 
constructed in the usual way to represent the 
experimental results. The computed and ob- 
served values of the energy agreed well at the 
potential minimum, for a nuclear separation 
r=1.87ay. For r=1.3ay, however, the computed 
energy was lower than the Morse curve energy 
by more than 0.1 electron volt, and for r>2.7ay 
a disagreement in the same direction, but of 
smaller magnitude, was found. Since our varia- 
tional process could lead only to energy values 
above the exact theoretical value, this apparent 
contradiction of theory and experiment caused us 
to make a careful check on our theoretical work, 
but no errors were detected. This led us to make 
a critical examination of the Morse function as 
an approximation to the potential curve accu- 
rately derived from all available spectroscopic 
data, which showed that it is surprisingly in 
error even in the neighborhood of the minimum. 
Our efforts to find a better representation, 
accurate over the relatively small range of 7 in 
which we were interested, showed that this is a 
problem of unexpected difficulty, and that it is 
easy to overestimate the accuracy with which 


1H. M. James and A. S. Coolidge, J. Chem. Phys. 6, 
730 (1938). 


spectroscopic constants. A method of successive approxi. 
mations has proved to be particularly effective in giving 
accurate results. Formulas are given for the convenient 
manipulation of potential curves of the types suggested 
by Morse, Péschl and Teller, Hylleraas, Dunham, and 
also a generalization of the Morse curve. This last curve 
has proved to be most satisfactory, combining great 
flexibility with relative ease of manipulation; explicit 
solutions for vibrational wave functions are not obtainable 
for it, however. The discussion is illustrated by extensive 
computations on the lowest 82, state of Ho», for which a 
potential curve very accurate in the range of nuclear 
separations 1.3 <r <2.9 ag is obtained. 


potential curves can be constructed by the 
methods used in the past. 

In the present paper we wish to discuss the 
problem of determining analytical approxima- 
tions to molecular potential curves from spectro- 
scopic data, to describe more accurate methods 
than have been used heretofore, and to exhibit 
the accuracy of various methods, old and new, 
as applied to the 1sa2s0 *Z, state of He. 

Two general methods have. been employed in 
constructing potential curves. First we may 
mention that of Rydberg.? This is a graphical 
method designed to produce a curve which will 
give the observed vibrational and _ rotational 
energies, when these are computed by the Bohr 
theory with half-integral quantum numbers (or, 
what is the same thing, the usual approximation 
of the Wentzel-Brillouin-Kramers method in 
wave mechanics). To this approximation the 
energy levels depend only on the form of that 
part of the potential curve which lies between 
the limits of classical motion of the system for 
the energy in question. It is thus possible to 
construct the potential curve step by step, the 
energy E, of the vth vibrational level and spacing 
of the rotational levels of that vibrational level 
providing two conditions on the construction of 
the potential curve for energies between E,-: 
and E,. Though an excellent method for deter- 
mining the general form of the curve, it is of 


P ?R. Rydberg, Zeits. f. Physik 73, 376 (1932); 80, 514 
(1933). 
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rather limited accuracy as concerns details, 
principally because of its graphical character. 

The second method consists in the representa- 
tion of the potential curve by an analytical 
expression having a generally appropriate char- 
acter and containing a number of parameters; 
these parameters are adjusted to values appropri- 
ate to each molecular state considered. The 
curve most widely employed is that of Morse,’ 
while other useful curves are those of Rosen and 
Morse,* Manning and Rosen,*® Péschl and Teller® 
and Hylleraas.’ In each case the spectroscopic 
constants associated with a given curve can be 
determined, usually by approximate methods, as 
functions of the parameters in the curve; these 
parameters are then determined by so adjusting 
them as to reproduce the observed spectroscopic 
constants as well as possible. (The method of 
Hylleraas departs slightly from this procedure, 
as will be discussed later.) 

In applying this method one encounters three 
difficulties, each of which may be of practical 
significance : the rotational levels associated with 
the analytical curve are always, the vibrational 
levels usually, known only as more or less satis- 
factory approximations; the “‘spectroscopic con- 
stants’’ of the state are not definite constants, 
but depend on the amount of observational 
material available and the care with which the 
energy levels are approximated by power series; 
the curves to be fitted to the data are of limited 
flexibility, and there may be a wide choice as to 
which of the observed spectroscopic properties of 
the system the approximate potential curve is to 
reproduce. 

In the next three sections of this paper we shall 
discuss these difficulties in more detail, and shall 
describe a technique for dealing with them to 
best advantage, when the accuracy desired will 
justify some care in the determination of the 
curve. We shall then give formulas useful in 
fitting to observational data in various ways the 
curves of Morse, Péschl and Teller, and Hylleraas, 
and certain series discussed by Dunham.$ Finally 
we shall present and compare the results of 


*P. M. Morse, Phys. Rev. 37, 57 (1929). 

‘N. Rosen and P. M. Morse, Phys. Rev. 42, 210 (1932). 
5 N.F. Manning and N. Rosen, Phys. Rev. 42, 953 (1933). 
°G, Péschl and E. Teller, Zeits. f. Physik 83, 143 (1933). 
7E. A. Hylleraas, Zeits. f. Physik 96, 643, 661 (1935). 
*J. L. Dunham, Phys. Rev. 41, 721 (1932). 
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fitting curves in a large number of ways, illus- 
trating thereby certain principles involved in the 
adjustment of curves of limited flexibility, and in 
the deduction of the nature of the errors in a 
potential curve from the errors in the spectro- 
scopic constants or energy levels associated 
with it. 


§2. SIGNIFICANCE OF SPECTROSCOPIC CONSTANTS 


We may regard as the primary spectral data 
for any given state the term values of the vibra- 
tion-rotation levels, or the energy differences of 
these levels. From this it is customary to derive 
‘spectroscopic constants,’’ the definition of which 
is subject to some arbitrariness. Thus one may 
write 


E,, x=E,+B,K(K+1)—D,K*(K+1)?+>>:. 


The energies E,, x are expressed in wave num- 
bers. For any given v there will be a limited 
number of rotational levels known, and the 
coefficients E,, B,, «++ of this expansion will not 
be uniquely determined; the values depend on 
the number of terms used in setting up the 
expansion. Regarding E,, B,, --- as functions of 
v approximately fixed for integral v, but not for 
other values of v, we see that in the expansions 


E,= C.+w.(v+}) — w.x.(v+})?+ ow 
B,=B,.—a.(v+3)+y-(ut})—*°:, 


the spectroscopic constants w,, w.%,, B,, +++ are 
not definite quantities, but may depend, among 
other things, on the amount of spectral data 
available and the number of terms used in the 
expansions. In particular it must be realized that 
these expansions cannot be relied upon to give 
term values for vibrational levels outside of the 
set used in constructing them. 

This point is nicely illustrated by the work of 
Hylleraas® on the 'S, state of Ne. With this state, 
for v up to 15, E, can be expressed quite accu- 
rately by a series ending with the term in w,x,; 
extrapolation of this series leads to a dissociation 
energy in error by 60 percent. As a second 
example we take the results of Sandeman” on the 
1sa2so0*Z, state of He, which form the experi- 
mental basis of the computations to be presented 
in this paper. He finds that the observed term 


*E. A. Hylleraas, Zeits. f. Physik 96, 661 (1935). 
1° J, Sandeman, Proc. Roy. Soc., Edinburgh 55, 49 (1935). 
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differences, for v up to 7, are practically all 
reproduced to within a few hundredths of a wave 


number by the series" 


E, =4.90+2665.9252(v+4) —72.79390(v+3)? 
+1.429492(v+4)*—0.1473890(v+ 3)* 
+0.01246012(v+3)5 —0.000585323(v+ 3)°, 


B, = 34.22051 — 1.694884(v+3) 
+0.03454932(v+ 3)? —0.002034446(v+ 3)° 
+0.00000733776(v+3)*. 


The occasional deviations of greater magnitude 
he attributes to perturbations by other electronic 
levels, which have no place in a discussion of 
potential curves and will be ignored in this 
paper. He also gives a series containing a smaller, 
but still relatively large, number of terms: 


E, =5.00+2665.4861(v+3) —72.18137(v+34)? 
+1.068784(v+4)* —0.04863957 (v+3)* 


also fitted by least squares, and of course repro- 
ducing the observed term differences less accu- 
rately. Omission of terms in (v+3)5 and (v+3)® 
has here changed the coefficient of (v+4)* by a 
factor of three, and even the coefficient of 
(v+3)*, almost always used in curve fitting, is 
changed by one percent. But even in the more 
elaborate expression the cutting off of the series 
changes the coefficients by amounts which are 
appreciable in calculating EZ, for v>7. One must 
expect an expansion adequate to represent all the 
vibrational levels!’ to continue well beyond the 
terms here given, with fairly regularly decreasing 
coefficients. Extrapolating Sandeman’s series, we 
would expect as the next term +0.00002(v+3)’, 
which for v=7 would contribute some 27 cm=! 
to E,. Neglect of this and higher terms in the 
series has been compensated, for v<7, by proper 
modifications of the other constants, but this 
compensation will not extend outside the range 
in question. Thus for »=10, when the contribu- 
tion of the term in (v+3)? would be some ten 
times greater, the error in the representation 


We have added the constant term in E,, which was 
obtained in the computations to be described later. 

1 There is, of course, no uniquely defined correct ex- 
pansion of the functions E,, B,, which are specified only for 
a finite number of points. 
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must be expected to be of this order, and to 
increase rapidly with v. 


§3. ENERGY LEVELS OF A POTENTIAL CuRvVe 


We now turn to the problem of determining 
the energy levels of an analytic potential curve 
U(r), having a minimum, which it is convenient 
to take as the zero for energy, at r=r, and an 
asymptotic value U(«)=D which it approaches 
so rapidly that there is only a finite number of 
discrete vibrational levels E,. (We shall through- 
out express U in cm™, and r in Bohr radii.) 
For this there is one generally useful method, 
that of Wentzel-Brillouin-Kramers, which pro- 
vides an asymptotic expansion which converges 
at first very rapidly, so that only two terms, at 
most, need be taken. To this approximation we 
write, for the case of no rotation, E,=E,'+E,"; 
E,’ is the first W. B. K. approximation, E,” the 
correction which arises from the second approxi- 
mation. Employing the results of Dunham" 


we find 


g¢ P,!dp=2xB.(0+4), (1) 


g P."dp—(B./32) rs (U’)(P,")*dp 


=27Bi(v+3), (2) 
B.=Rm/ur2, U'=dU/dr, 
(P."F — #,’ +E,” —_ U, 


where p=r/r, 


(P,')?=E,'—U, 


and R is the Rydberg constant, » the reduced 
mass of the nuclei, m the mass of the elec- 
tron. The case of rotation may be treated 
similarly by introducing the effective potential 
U(p)+B.K(K+1)/p?, assuming an energy ex- 
pansion of the form E=E,'’+£,"+K(K+1) 
x (B,'+B,")+higher terms in K(K+1), and 
equating to zero separately the coefficient of 
each power of K(K+1) in Dunham’s relations. 
We thus find 


BG (P.dp=B. § p-*(Pe) do (3) 


18 J, L. Dunham, Phys. Rev. 41, 713 (1932). 
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Fic. 1. E, and B, as determined by various methods. 
0, graphical integration of Eqs. (1) and (3), curve 14. 
----calculated with Y’s used in determining curve 14. 
——calculated with additional Y’s as described. cal- 
culated with Sandeman’s complete constants. 





(B,'+B,”) | f (P.!)-"dp 


+(5B,/32) g (U(P."*ae| 


=B, g p*(P."’) "dp 


+(5B,2/32) g (U)?p-*(P.")"dp 


~(B2/4) § U'e-(P.")“dp, (4) 


When analytical evaluation of these expressions 
is impracticable they can be evaluated numeri- 
cally, by assuming values of E and using Eq. (1) 
or (2) to determine the corresponding value of v, 
afterward interpolating to integral values of v. 

Dunham has given the results of this method in 
very useful form, expanding E,, etc., in series 
like those employed by spectroscopists : 


Ey = Yoo+ Yio(v+3) + Yoo(v+}3)?+---, (5) 
By = Yort Yis(v+3)+ Yoi(v+})?+---. (6) 


Expanding U(r) about r, in powers of 


f= (r— re) /Tey 
he defines coefficients a, by 


U(r) =aoé*(1+aiE+a2k+ - --). (7) 


He gives formulas for Y;;’ and Y;,;"’, the parts of 
Y,; arising from the first and second approxima- 
tions of the W. B. K. method, as functions of the 
a, so far as this is possible without going beyond 
ds, namely, up to Yoo’, Yao’, Yi’, Yar’, Yoo”, 
Yoo’, Vis’, Yous’. 

In applying the results of Dunham, the prin- 
cipal limitation does not arise from the lack of 
higher terms in the W. B. K. approximation, 
which are of the order of the uncertainties arising 
from the imperfect separability of nuclear and 
electronic coordinates, i.e., arising from the 
essential vagueness in the definition of a mo- 
lecular potential function. Rather, it is due to 
the lack of such coefficients Y;; as depend on 
a;, «++, and may play an essential role in deter- 
mining the location of the levels for moderately 
large values of v. The extension of Dunham's 
formulas is of course possible; we believe, how- 
ever, that it is more practical to estimate the 
necessary additional Y’s by a process which is 
the inverse of Rydberg’s, determining by nu- 
merical integration the values of E, and B, for 
large v, and so adjusting the values of the higher 
Y’s as to reproduce these values. Thus, by 
graphical integration of Eq. (1) with various 
values of E,’, we obtain the corresponding (in 
general nonintegral) values of v. The resulting 
curve of E, against v is tangent to the line E=D 
for some finite value v=vo such that the next 
largest integer is the number of discrete vibra- 
tional levels. Similarly, the curve for B,’ (the 
main term in B,), is obtained from Eq. (3); 
it vanishes for v=vo, but it can be shown that at 
this point all its derivatives are infinite, so that 
the end-point should be disregarded when fitting 
the curve by a power series. These curves are, of 
course, subject to the errors of numerical 
integration as well as those due to neglect of the 
higher terms in the W. B. K. approximation, but 
they suffice to determine the higher Y’s with 
ample precision when they are to be used only 
for lower v's, where they have the character of 
small correction terms. 

An example of this procedure is illustrated in 
Fig. 1, which is based upon the curve numbered 
14 in Table II. As will be described later, this 
curve was set up to reproduce the values of 
Yio-+* Yao, Your-+ ¥s1 given by Sandeman for 
1sa2so *Z, He; no control of the higher Y’s was 
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Fic. 2. Relations between E,, r,, and potential curves. 
Horizontal tie lines show values of E,. Nearly vertical lines 
intersect tie lines at r=r,=[Rm/yB, }}. 


possible, and they were estimated by graphical 
integration. The procedure in the case of Eq. (1) 
is obvious; in the case of Eq. (3) the occurrence 
of infinities in the integrand was avoided by a 
change of variables: 


g ore- U)—'dp 


=4 f ~(p—a)p-*(E— U)-!d(p—a)! 


r=9 
+4 (b—p)'p*(E—U)—'d(b—p)'. (8) 
r=b 
Here a and 3 are the values of p at the classical 
turning-points, and a<g<b. We obtain the 
following results: 


E 10000 15000 20000 23000 24459 
v 3.705 6.33 9.64 12.7 16.5 
B 27.53 23.25 17.47 11.38 0. 


These results lead to the following values for the 
higher Y’s: 


Y5o>= 0.01061, Y¢o= —0.000705, 
Yro= 0.0000202, Yso= —0.00000022, 
Y4,= —0.0001, Y;1= — 0.000004, 
Ysi= 0.0000005. 


Fig. 1 shows E, and B, as computed with these 
Y’s, and for comparison the values computed 
with, first, only the Y’s with reference to which 
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the curve was constructed, and, second, the 
complete results of Sandeman, introduced for 
later reference. The higher Y’s derived here make 
appreciable contributions to EZ, and B,, even for 
quite low values of v. Thus they contribute 
14 cm~ to E, and —0.044 cm~ to B, for v=4 
while for »=9 they contribute 396 cm™ to E, 
and —0.76 cm™ to B,. 


§4. DETERMINATION OF EXPERIMENTAL 
POTENTIAL CURVES 


We shall consider as an ‘“‘experimental poten- 
tial curve’’ any potential curve having as its 
energy levels the observed discrete energy levels 
of the molecule. Such a curve is of course not 
uniquely defined by the finite number of ob- 
served energy levels, but a reasonable, smooth 
curve which reproduces these energies should be 
well defined and of good accuracy everywhere. 
If strong perturbations affect the electronic 
state in question there may exist no curve 
whatsoever with the desired properties; a poten- 
tial curve for this state is then of significance only 
in an intermediate stage in the theoretical treat- 
ment of these levels. 

The usual process in determining an experi- 
mental potential is to refer, not to the energy 
levels, but to certain of the spectroscopic con- 
stants, determining a potential curve U(r) such 
that a limited number of the Y’s have the same 
values as the corresponding spectroscopic con- 
stants w,, w.*., *** in some analysis of the elec- 
tronic state. The energy levels of the curve 
then differ from the observed energies insofar as 
the spectroscopic constants not used in deter- 
mining the curve differ from the corresponding 
uncontrolled Y’s of the curve. Now the spectro- 
scopic constants appearing in the analysis are 
chosen to give the best possible fit on the assump- 
tion that those constants not explicitly intro- 
duced are zero. Then even if one determines the 
potential curve using:all the available constants 
there remain errors in the energy levels due to 
the higher Y’s of the curve, which will not in 
general be zero, and which may affect the energy 
levels appreciably even for low values of the 
quantum numbers. In any case, it is clear that 
the greatest difficulties will arise in properly 
determining the higher energy levels, and it will 
be correspondingly difficult properly to deter- 
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mine the potential curve near the classical 
turning points for these higher levels. The magni- 
tude of the errors which will appear in the energy 
levels even under the most favorable circum- 
stances is illustrated in Fig. 1, while Fig. 2 will 
illustrate the errors in the potential curve when 
less careful methods of curve fitting are em- 
ployed. 

This difficulty can be overcome, so far as the 
limited flexibility of the potential curve will 
permit, by a process of successive approxima- 
tions based on the observed energy levels rather 
than the derived spectroscopic constants. Let it 
be desired to determine a potential curve of a 
particular form which will approximate as well as 
possible to the experimental curve up to a height 
E, above the minimum. This is clearly to be 
accomplished by making the differences in the 
energy levels of this curve, for E, <E,, approxi- 
mate as well as possible, say in a least-squares 
sense, to the observed energy level differences. 
The behavior of the energy levels and the 
potential curve outside of the specified region 
will be disregarded. As a first approximation to 
the desired curve we take a curve constructed in 
the usual way to reproduce a certain set of 
spectroscopic constants, which we call the con- 
trolled constants. Let the values of the uncon- 
trolled Y’s for this curve be determined; these 
will have roughly the same values as for the final 
curve. Deducting from the observed energy 
values the contributions to E,, x of these uncon- 
trolled Y’s, we obtain a set of values which we 
would like to reproduce by a series containing 
only the controlled Y’s. Fitting such a series 
to these values by a least-squares process we 
obtain new values for these Y’s, which serve to 
determine the second approximation to the de- 
sired curve. Next, the values of the uncontrolled 
Y’s for this curve can be determined and in turn 
employed in a repetition of this procedure, and 
so on, until repetition produces no essential 
improvement. 

We have applied this process in representing 
the 1so2so*Z, state of He by a Péschl-Teller 
curve, and find that it converges rapidly, requires 
no excessive labor, and produces a curve which 
bears comparison with another curve involving 
twice as many disposable constants fixed in the 
usual way. This curve is the curve 6 of §6; where 


ENTIAL CURVES 731 
its construction and characteristics are indicated 
in more detail; some of its properties are tabu- 
lated in Tables II to VI. 

It should be possible to form estimates of the 
errors in any approximate potential curve on the 
basis of the errors, as compared with experi- 
mental values, of the corresponding spectroscopic 
constants or, much better, of the energy level 
separations. From the point of view of the Ryd- 
berg process, one sees that an excessive computed 
difference of E, and E,,, indicates that the 
potential curve is on the average too narrow in 
the range between these energies, while an 
excessive value of B, indicates that the mean 
value of the classical turning points for the vth 
vibration is too small. From the point of view of 
perturbation theory, it is clear that a depression 
of the potential curve in any region will depress 
most strongly those energy levels with turning 
points in the given region, and will increase or 
decrease the corresponding values of B, according 
as the depression affects the inner or the outer 
branch of the potential curve. The latter effect 
is more clearly indicated by the behavior of the 
quantity 7,=(Rm/B,yu)', the effective nuclear 
separation for the vth level, the error in which 
should be a rough measure of the average lateral 
errors of the two branches in the neighborhood 
of E,. It is also clear that an error in the curve of 
alternating sign will lead to errors of generally 
smaller magnitude in the energy levels affected. 

These considerations lead also to some general 
principles which are useful when methods of 
determining a potential curve less careful than 
that described above are to be employed. For 
instance, a curve which reproduces perfectly the 
observed vibrational levels of a molecule may 
still contain very large errors if the rotational 
levels do not also come out right. Thus, in 
choosing a set of controlled constants for the 
construction of a curve one ought to include 
rotational as well as vibrational constants; a 
rough equality in the number of constants of 
each type used will probably lead to most satis- 
factory results. Correspondingly, to insure a 
reasonably wide range of application of a par- 
ticular form of analytic curve it should contain 
at least four variable parameters, of which two 
can be used to give proper character to the 
rotational levels of the curve. Thus four-param- 
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TABLE I. Constants of a Morse curve i 
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n terms of various spectroscopic constants. 
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eter curves such as those of Péschl and Teller or 
Rosen and Morse have a marked superiority to 
the three-parameter curve of Morse. Another 
obvious consideration is that, when one is 
interested only in the form of the potential curve 
near the minimum, as, for instance, in deter- 
mining vibrational wave functions for low v, one 
should choose the parameters without regard to 
errors in the dissociation energy indicated by the 
curve. 

These ideas will be illustrated in §6 of this 


paper. 


§5. FORMULAS FOR THE DETERMINATION OF 
POTENTIAL CURVES 


We here present in a uniform notation for- 
mulas useful in determining from experimental 
data potential curves of Morse, Péschl and 
Teller, Hylleraas, and the generalized Morse 
function suggested by Dunham. We write any 
potential curve having an asymptotic value D as 


U(é) =DF(é), 


In addition to D and r., a third parameter 8 
occurs in all these curves, while the energy 
formulas are conveniently expressed in terms of a 
constant C, where 


C?=4R..mB?/r.?. 


&=(r—r.)/r. 


(We purposely avoid defining curves in terms of 
symbols such as B, and w,., which we reserve for 
use as empirical spectroscopic constants.) 

The calculation of the energy levels of any of 
these curves, referred to the minimum as the 
zero of energy, can well be based on Dunham’s 
formulas. For the purpose of curve fitting it is 
convenient to have expressions for the constants 
defining these curves in terms of certain of the 
Y’s. Upon identifying Yio’ with w., — Yoo’ with 
WeXe, Yori’ with B., and —Yj;' with a, one 
obtains formulas for computing these constants, 
as shown below. The error arising from the 
neglect of higher order terms is trivial in com- 
parison with those due to the essential short- 


comings of this method of curve fitting, as 
already discussed. 
Morse curve 


The Morse curve is defined by the three basic 
parameters. 


Fy= [1 —e EP, 
One finds 
Yoo’ =0, Yoo” =0, 
Yio’ =2CD', 
V2" —_—— G*, 
Yo.’ = C?/46?, 


Yi,’ = —(3C*/1684D')(2B—1). 
Yo’ vanishes for all 1>2, while Yio’’ vanishes for 
all 1; the Morse curve, for K=0, shares with the 
parabola the property of yielding the exact 
solution of the energy level problem in the first 
approximation of the W. B. K. method. 

To find the constants of a curve in terms of 
given spectroscopic constants, one may use 
Table I, which gives the value of each of the 
quantities at the top in terms of the quantities 
in bold-faced type. 


Poéschl-Teller curve 
To define the Poschl-Teller curve we introduce 

a fourth parameter r: 
Fp=1+sinh‘ 7/sinh? (r+ 8€) 

—cosh‘ r/cosh? (7+ 88). 
This goes into the Morse curve as r->2, 
L=coth 27-1. For the Péschl-Teller curve also 
exact values can be found for the Yjo, though 
they are not given by the first W. B. K. approxi- 
mation. Defining 
D’=D{[(cosh* r+C?/16D)} 

—(sinh* 7+C?/16D)! Ff, 


we find . 
Yoo=D—D’, 
Yy9=2CD", 
Yoo = —C?, 
Yn =0, 52. 


Closed expressions for the rotational terms do not 
exist, but they can be computed from Dunham's 
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formulas with sufficient accuracy. For Dun- 
ham’s a, we find 

ao = 4D8", 

a,= —2L8, 

a2=(5L?—8/3)B?, 

a3= —(12L3—10L)8°, 


98 272 
dy= (2814—- L?+— } 6, 
3 45 


164 
a= ( 6415—961+- —L) 6 


Then Yoo =0, Yoo’ = 1C2(L? —1), 
Yi = 2cD', 
Yoo = o- C?, 
Yor’ - C?/4°, 


Y,,' = — (3C*/1684D*)(2L8—1). 

For the determination of the constants of the 
curve one may use either the first or the second 
line of “he corresponding table for the Morse 
curves, except for the last column. To find 7 one 
must assume in addition a value for a,, solving 
either 

2 sinh? r= (1—9w2B?/D[6B2+.a, |*)-)—1 
in the first case, or, in the second 

2 sinh? r= (1—360.x.B?/[6B2+w.a, ?)-?—1. 
Lotmar'* has given comparable formulas, but 
they are erroneous, because of a confusion of r, 
with 79, a quantity defined in Péschl and Teller’s 
original paper, and in our notation given by 
ro=re(l —_ 7/B). 
Hylleraas curve 

The Hylleraas curve involves three more 
parameters k, ki, ke, in terms of which are 
defined the intermediate quantities 
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k—ke k—(ki+ke) 
x = ERI +k) BE a=——_-, b=— -—--, 
1+k, 1+kitke 
=i, 
c=—. 
1+k, 
- (1+4)(1+c)(x+5)7 
Phen Fy=|1- ——/]. 
(x+a)(x+c)(1+5) 


This passes into Fy upon making k=k,=0, so 
that a=b, c=0; Fp is also the special case k=0, 
k,=}(tanh r—1), ke=}(coth r—1). 

Exact values are not available for the energy 
levels. We have determined Dunham's a, for 
particular curves of this type both by a straight- 
forward expansion of the potential in powers of 
é and by a set of formulas too cumbersome to 
reproduce. As far as a4, these formulas may be 
expressed in terms of the quantities a1, d2, ds, a4, 
defined in Hylleraas’ paper'® and lead to the 


expressions : 
Yoo’ =0, Yoo’ = }C*(ay?—az), 
Vio’ = 2CD', 
Yoo’  < Cas, 


Yo: = C?/46*, 
11’ = —(3C*/1684D!)(2a,8—1). 

To set up a Hylleraas curve which will repro- 
duce certain selected spectroscopic constants, 
one begins by finding a set of Dunham's a,, 
(using a method of successive approximations if 
high accuracy is desired) such that when they 
are substituted in Dunham's formulas the desired 
Y, will emerge. The task of determining a 
Hylleraas curve which will reproduce these a, 
is most conveniently accomplished by means 
of the following formulas, in which we put 


R=28(1+k): 


(D¥/ao!) {8R*— 12a,R*— (18032 — 24a) R?— (144a3— 144020, + 36a;3)R+ 144090, — 14402°+9a;*} 
=24R*+ (144a2—108a,;2)R—(288a3+180a;* —432a,a2). 

8640a,4{4(a0/D) +4(ao/D)*[ —R+a,]+[R?—2a:R+a;"]} 

=12(ao/D) { —512R*+360a,R?+[2340a,2 —3120a2]R?+[7 200a3—8640a2a; + 28800; JR 


+2160a2?+ 1080a2a,°—1125a;*} 


+24(a9/D)}{226R'—406a,R!+[1200a2—720a,;2)R?+[ — 3600a3+3120a2a; — 540a;* JR? 
+[3600a 3a; — 216002? ~ 3240a20:2+ 1395a;¢ ]R+[2160a22a;— 1080a20;°+45a,°}} 
+ { —1136R®+3432a,R5+[ —4320a2—96a;2 JR!+[21600a;— 15840a2a1+2160a,*)R° 
+[ —43200a3a1+23760a2? + 241 20a.a;? —7155a;4 |R?+[21600a3a:? — 38880a27a, 
+6480a2a;7+810a,° |R+[8640a2* — 1620a2a;4+270a;° ]}, 
B=}(ao/D)}, 
(1+k)=R(D/ao)', 
kiko=1+3(D/ao)'(ai1—R), 

— (ki +2) {24+12(D/ao)*(ai1—R)} =48+36(D/ao)*(a,—R) +(D/ao) | (12a2—3a,*) —12a,R+8R’}. 


4“ W. Lotmar, Zeits. f. Physik 93, 528 (1935). 


It is to be noted that the a;---a, of Hylleraas’ paper are simply related to,¥but not identical with, these quan- 


tities in our notation. 
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TABLE II. Constants of potential curves. 
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TABLE III. Dunham coefficients of potential curves, 

































































ceaemmecenecateiinaiinaniienianials —_ ee a 

Copel Tyre Ye D B | tT | h ki | ke CODE | ao a a | as | a | as | Gs 
—(— 

1 M_ |1.8678/24460'0.72836 1 | $1906) —1.45672) 1.23785 —0.77280) 0.38776 _ si 

2 M_ |1.8678/24637/|0.72573 | 2 51906| — 1.45146) 1.22893 | —0.76446) 0.38219 _— —_ 

3 M |1.8678/19440/0.81700 | 3 | $1906) —1.63400) 1.55747 | — 1.09068) 0.61386 _— — 

4 M 1.8678) 20204 0.82725) | 4 | 55308) —1.65450) 1.59680 | — 1.13224) 0.64525 — ow 

5 P-T 1.8678/ 24637 |0.72573'0.70697 | | 5 | 51906) —1.63400) 1.93292 | —2.2407 | 2.6672 | —3.1560| — 

6 | P-T |1.8698/26619/0.69633 0.66959) | 6 | 51628) —1.59806) 1.89923 | —2.24733| 2.72171! —3.2602} — 

7 H_ |1.8678|24460)0.72806 —0.05382| —0.02775)| 1.22820 7 $1861) — 1.63373) 1.99851 | —2.94412) 5.96758 — = 

8 H |1.8678)24460/0.72806 | 0.12221, —0.36200 0.33728 8 | 51861) —1.63373) 1.99851 | —2.36007| 2.67414 — = 
9 H_ |1.8678)23248 0.74708) } 0.17427) —0.40643/0.32949 9 | 51903) —1.63396) 1.96115 | —2.22259) 2.36103 | —2.3378 | 2.239 
10 H 1.8678|24460.0.7 2836, —0.08041) —0.01249/ 1.65297 10 51906; — 1.63400) 1.93292 | —2.73312) 5.96937 — omy 
11 H | 1.8672|23762)0.739 30} 0.27643, —0.54098 0.36442 11 51950) — 1.65287) 1.99520 —2.11494) 1.96573 | —1.6746) 1.394 

"7 | | | 12 | 51922| ~1.64380| 1.95880 | —2.09450) 2.27750| 0 0 
ey ; i 13 51913} — 1.64090} 1.95250 | —2.08400| 2.26000 | —2.9650 4.150 
In addition, we have considered the three curves (with re = 1.8677) 14 | $1913) —1.64090) 1.95250 | —2.08400) 2.26000 | —2.9650| 4.159 
12 V(€) =5192282 [1 —1.6438£ + 1.9588¢2 —2.0945+2.2775#4], | 


13 V (E) =519138 [1 —1.6409€ + 1.95252 —2.0840¢3 
+2.26 08 —2.9655+4.1585], 

14 V (£) =24459X?2 [0.72550 +0.02948X +0.10522X?+0.05281X3 
+0.05525.X4+0.02573X5 +0.00601X*]; X =1—e-28€; 6 =0.8552. 








If it is desired to reproduce given values of r., D, 
do, @1, G2, a3, the first of these equations will 
serve to determine R; the remaining equations 
then give the constants of the curve, as well as a3. 
If, rather, the value of D given by the curve is 
of no interest, and it is desired to reproduce 
values of do, @1, @2, @3, a4, 7. then use of the first 
two equations will allow one to find the values 
of R and D needed to reproduce the given a4, 
and the values for the parameters of the curves 
follow as before. 

Hylleraas gives another method of adjusting 
his curve, based on a method which, if con- 
sistently carried through, would give just the 
principal parts of Dunham’s terms, the Yj’ and 
Y,,’. However, he breaks off the vibrational 
series with Y39’, and arbitrarily substitutes a 
fractional expression (his Eq. (28)) which gives, 
upon expansion, the proper values for these 
quantities, and in addition a further set of VY,’ 
which have no relation to the problem. Thus his 
expression for the vibrational energies does not 
accurately reproduce the energy levels of the 
curve, as he himself states. In the case of 
lso2so *S, He this approximate expression is a 
very poor approximation, and breaks down 
completely when one attempts to make it 
reproduce the observed values of w,, w.X., WeVe- 


Extended Morse curve 
The extended Morse curve is defined by 


F(t) =¥ ca[1—e 2}, 


n=2 


the c’s being adjustable parameters. Its manipu- 








| 





——— 


lation differs little from that of Dunham's power 
series function. In either case one first finds the 
a, needed to reproduce the desired Y,,. The c, 
of the extended Morse curve can then be 
determined from the relations 


ao=46°De2 
aoa, = 48° D(—2c2+2cs3), 
Ap. = 48'D(74c2—6¢3+4¢4), 
doa3= 48°D(— 2c2+10c3— 16¢,+8c;), 
Ao y= 4B°D( 6 24 52 — 1263 +34 2504 —40¢5+16c¢), 
ao; = 48" D( — 4$c24+11214 5¢3—53 4c, 
+ 106 23¢; —96c5+32c;), 

pg = 48°D( 1278 1 562-9 1503 +6445 c4 

— 200c;+304c,—224c;+64c;). 


8 may be chosen so as to satisfy the auxiliary 
condition, >> ,.c,=1, if it is desired to reproduce 
the observed dissociation energy D, or it may 
be used simply as an adjustable parameter to 
satisfy some other condition. 


§6. ILLUSTRATIVE COMPUTATIONS ON 
lso2so *Z, He 


In Tables II to VI we summarize the results 
of a variety of treatments of the 1sa2so *X, state 
of He. This work was based on Sandeman’s 
analysis of this state, as given in §2, except that 
some of the cruder curves were fitted to data 
derived from the results of Richardson and 
Davidson.'® The difference for these curves is 
inappreciable. 


16Q. W. Richardson and P. M. Davidson, Proc. Roy. 
Soc. A125, 23 (1929). 








Tah 
the se 
derive 
far as 
gives | 
and, i 
rapidi 
Table 
curves 
these 
the ot 
with r 
of arb 
observ 
the fo 
locatic 
produ 
betwee 
We ha 
that tl 
with |] 
design 
in the 
Finall; 
in f= 
tion fo 
of the 
adjust 
error | 
curves 
deviat: 
minim 
essenti 

A c 
test of 
and et 


Js} 


hom a 
Bz BiSilliiili 


ower 
s the 
ne ¢, 


2c), 


4c). 


jiary 
duce 
may 
r to 


ults 
tate 
an's 
that 
lata 
and 
s is 


Roy. 






































MOLECULAR POTENTIAL CURVES 735 
TABLE IV. Values of V1;. 

——— a = —— a — — " 
Curve | Yoo” Yio Yo” | You’ | F290" ¥ 30’ | Yao’ Yo! | Fo” | Yu’ Vu’ Yor’ Va’ 
1. | 0 [2665.34] 0 |—72.6091 0 | 0 0 34.216] — |-1.2037] — |-0.03288) — 
> | 0 |2665.341 0 |—72.087} 0 | 0 0. [34.216] — |-1.1899) — |-0.03276) — 
3 | © |2665.34, 0 |-91.356, 0 | O 0° (34.216) — |-1.6709 — | —0.03647 a 
ri 0 |27513! 0 |—93.663} 0 | 0 0 [34.216] — |-1.6700) — |+0.02419) — 
5 | 4.82 |2665.34| -0.26 |—72.087, 0 | 0 0 |34.216) — |—1.6709) —0.00071) = — 
6 | 5.24 |2655.41|—-0.26|—66.223} 0 | 0 0 [34.144 |—0.012|—1.5754+0.0005| 0.00292| —0.000218 
; |5.66|2664.2| — |—68.66| — |0.1068} — 34.216] — |—1.6709) —a| — 
3 | 5.66|2664.2| — |—68.66} — |o.2080; — | — |-1.6709} — 0.0212 | — 
9 | 5.18 [2665.3 |—0.67 |— 70.630] 0.033/0.2842 |—0.063 |34.216 —0.008 —1.6708|+0.0006, 0.0212 | —0.00375 
10 | 4.82 |2665.34|+-4.60|—72.087) — 1.0715) — |34.216| — |-1.6700| — | —0.0826 om 
11 | 5.16 |2667.40|—0.61 | —72.920 —0.016]1.2406 | —0.1146|34.240 |—0.002)— 1.7217 0.0476 | —0.00466 
12 | — |2665.92] — |-72.794) — 14295} — (34.221! — |-1.6049) — | 0.03455) — 
13,14 | 4.90 2665.81] +0.11 |-72.549] ~0.235|1.4286 —0.1468 34. .223|—0. 003|—1. 6895) — 0.0053 0.03456 —0.00203 





























Table II specifies the constants which define 
the several curves, while Table III presents the 
derived values of the Dunham coefficients, as 
far as they have been worked out. Table IV 
gives for the curves the computed values of Y,,’ 
and, in certain cases, of Y;;’’, to illustrate the 
rapidity of convergence of the W. B. K. process. 
Table V exhibits the divergences between the 
curves, gives values for curve 14, the best of 
these curves, and the differences from this of 
the other curves. The location of these curves 
with respect to each other involves some degree 
of arbitrariness. In practice one would use the 
observed energy level separations to determine 
the form of the potential curve; the absolute 
location of the curve would be adjusted to 
produce as satisfactory an agreement as possible 
between computed and observed term values. 
We have considered the curves to be so located 
that the lowest computed energy level coincides 
with lowest observed energy level, a process 
designed to give maximum accuracy of the curve 
in the general neighborhood of the minimum. 
Finally, Table VI exhibits the errors in E, and 
in rp>=(Rm/yB,)', the effective nuclear separa- 
tion for the determination of the rotational terms 
of the vth vibrational state. Our method of 
adjusting the curves gives automatically zero 
error in Ey; to exhibit the differences in the 
curves near the minimum we give also the 
deviation of the minima of the curves from the 
minimum of curve 14, which we believe to be 
essentially correct. 

A comparison of Tables V and VI affords a 
test of the correlations between errors in curves 
and errors in energies, as discussed in §4, by 


taking curve 14 as the standard of comparison. 
(Because of the smallness of the errors of the 
energies of this curve, Table VI gives essentially 
the deviations of the energies of the other curves 
from those of curve 14.) The turning points are 
roughly 1.6 and 2.2 for v=0, 1.45 and 2.5 for 
v=1, 1.35 and 2.8 for v=2, and 1.3 and 3.0 for 
v=3; the errors for a given v in Table VI should 
be correlated with those in Table V for the 
corresponding ranges in r. Fig. 2 shows the 
correlation graphically for two of the cruder 
curves. 

We now discuss the individual curves, explain- 
ing their construction and estimating their 
defects. For the latter purpose we shall take 
curve 14 as a provisional standard, later at- 
tempting an estimate of the errors in this curve, 
as compared to the ideal curve for the state. 








TABLE V. Deviations of potential curves from curve 14, 
(given in first line).* 
Curve r=13 15 1.7 1.9 2.1 2.3 2.5 2.7 2.9 
14 8487 2855 487 15 660 1958 3619 5461 7363 
1-14 —891 —15l —4 +5 +15 +50 +91 +119 +119 
2-14 —906 —I154 -4 +5 +15 +852 +98 +131 +138 
3-14 —433 —42 +9 +10 0 -26 -106 -—258 _- 
4-14 +112 +109 -1 -31 —1 +56 +65 +2 -—1l41 
5-14 +32 +1 —1 +1 +1 —1 —10 —39 —87 
6-14 —27 +2 +11 +1 -9 -—10 —2 +8 +19 
7-14 +1010 +652 +5 +5 +5 —s —22 —65 —135 
8-14 +78 +21 +5 +5 +5 0 +2 0 —§ 
9a-14 +3 +6 +6 +5 «+5 +6 +5 —5 —30 
9b-14 —2 +1 +1 0 0 +1 0 —10 —35 
10-14 +5735 +39 —2 —2 —2 —4 —32 —83 —167 
11-14 —13 0 —3 +1 +2 +3 +1 —2 —6 
12-14 —50 0 0 0 0 +3 +50 +333 - 
13-14 —7 0 0 0 0 0 +11 +122 +783 








* Curves are adjusted to have the same lowest vibrational level. For 
curves 1 to 6, this can be calculated exactly. For curves 7, 8, and 9a the 
Hylleraas approximation has been used. 9b is the same curve as 9a 
relocated with the aid of the Dunham formulas, which have also been 
used for curves 10 to 14. Curve 14 is estimated to be correct within 
1 cm~! from r =1.5 to 2.5 inclusive, too low by about 2 cm~! at 2.7, 
and by about 8 cm™~ at 2.9. At 1.3 its value is unreliable because of the 
steepness of the curve. 
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TABLE VI. Errors in reproduction of energy levels by the potential curves.* 

















VIBRATION ROTATION 
ERROR ERRORS IN E, } ERRORS IN ry X 108 
CuRVE| METHOD ATMINIMUM v=1 v=2 v=3 v=4 | METHOD v=0 v=1 v=2 v=3 v=4 
1 1 $3 —4,2 — 17.6 — 44.0 2 —63 —177 —269 —339 
2 1 5.2 — 3,2 — 14.4 — 37.1 2 —65 — 183 — 281 — 356 
3 1 10.0 — 41.7 — 130.1 — 269.0 2 3 37 119 256 
4 1 32.4 39.6 28.1 —388 -1636 2 —-1 —4 -7 -14 +309 
5 1 0.5 —3.4 — 14.9 — 38.5 -77.0 | 2 0 12 41 91 155 
6 1 3.6 —1.6 0.4 2.1 0.5 | 3 10 -8§ -—-14 —7 10 
7 5 4.9 2.9 5.9 6.3 Bai 6 6 66 206 447 
8 5 4.9 $.2 8.2 14.4 24.2 2 —1 —2 —1 —1 —6 
(5 4.8 0.8 0.1 —1.0 1.8 
9 2 4.8 0.6 —1.3 —8.2 —21.2}/ 2 <-1 —2 -1 -1 ~~ 
3 0.0 —0.3 —5.0 —19.4 —49.1 3 1 4 20 59127 
10 2 5.0 0.3 2.2 8.0 21.5 2 6 69 216 470 
3 —2.0 5.0 11.5 22.0 40.0 
11 3 —0.6 0.0 —1.8 —7.7 —21.2 3 —2 1 4 12 32 
13 3 0.0 —0.1 —1.0 —5.4 —17.9 3 0 0 0 0 1 
14 + 0.0 0.0 —0.1 —1.0 —-34) 4 0 0 2 6 18 
| 














'* The approximation used in computing each set of entries is indicated in columns 2 and 8. 1 indicates use of an exact expression; 2, use of a 
trinomial expression in » +4; 3, use of all the terms given by Dunham; 4, use of Dunham's terms supplemented by results of numerical integrations; 


5, use of the formula of Hylleraas. 


Morse curves 


Curve 1 is the Morse curve as generally 
constructed, reproducing experimental values of 
B., w., and D, while curve 2 is designed to 
reproduce the experimental B,, w., w.x,. In the 
case of this particular state it happens that 
these two methods of construction give almost 
the same results, for the relation required by 
the Morse curve, D=w,?/4w.x., is nearly satisfied 
by the experimental values. Usually a con- 
siderably greater difference will be found. The 
second method is preferable in determining the 
curve near the minimum. The errors in the 
computed E, show that these curves tend to 
give excessive separations of classical turning- 
points, while the too-slow increase of r, with v 
shows that they are too symmetrical about the 
minimum. Fig. 2 shows the net effect of these 
errors, the curves being much too low on the 
left and slightly too high on the right. 

The Morse curve 3 was constructed in an 
attempt to improve the results by a better 
fitting of the rotational constants. It reproduces 
the observed a, as well as B, and w,; w.x, then 
comes out much too large, so that the vibrational 
levels are very low. Fig. 2 shows that the result 
is an error which below V = 4000 is approximately 
symmetrical ; both sides of the curve are moved 
outward, with addition effects on E, but com- 
pensating effects on 7». 


In constructing curve 4, which also gives the 
observed values of B, and a, we concerned 
ourselves not with reproducing any vibrational 
constants, but with obtaining a good fit for the 
vibrational energy levels with v<4. Both w, 
and w,x, are then badly in error, but over the 
interesting range as a whole the energy levels 
and the potential curve itself are more satis- 
factory than for any other of the Morse curves. 
This is a good example of the advantages of 
direct fitting of energy levels over the repro- 
duction of a limited number of spectroscopic 
constants; the flexibility of the Morse curve is, 
however, too limited to permit a really satis- 
factory fit. 


Péschl-Teller curves 

Curve 5 is a Péschl-Teller curve giving the 
observed w., w.%,, B, and a,. As with the 
Morse function, practically the same curve is 
obtained if D is fixed instead of w.x,. (It is not 
possible to fix both D and w,.x, by sacrificing a 
rotational constant.) The errors in the energy 
levels indicate that the curve is quite good near 
the minimum, but that the classical turning 
points tend, with increasing v, to lie too far 
apart and too far to large r. Thus the curve 
must clearly lie too low on the right, as is 
verified by Table III, but the nature of the 
error on the left-hand side is not indicated by so 
simple an argument. 
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Curve 6 has been obtained by our method of 
energy level fitting, the energy levels used in its 
construction being those for v<4. Since the 
vibrational levels of the P.-T. curve are exactly 
known, Yio and Yeo could be chosen once for all 
to minimize the mean square errors in the 
computed E,. Similar minimization of the errors 
in the B,, by adjustment of Yo.’ and Yi,’ 
required the use of successive approximations, 
which converged rapidly. The computed E£, and 
B, indicate that this curve has turning points 
too far apart at the bottom, (it must then be 
too shallow), too close together for v=2, 3, and 
too far apart above this; too far to the right for 
vy=0, 4, and too far to the left in the intermediate 
region. In short, the errors of this curve are 
clearly small and of fluctuating sign, as also 
appears from Table IV. Since the sign of this 
error does fluctuate, it would of course be 
unjustified to assume that the magnitude of 
the errors in U is the same as that of the errors 
in E,. In fact, the mean square error in the 
computed £, is 1.2 cm, while for U(r) over the 
corresponding region it is about ten times as 
great. Comparison of this curve with curve 4 
will indicate the great advantage of having one 
extra parameter to adjust by this method, 
though it is possible that the difference is 
unusually large for this state because of an 
especially appropriate character of the P.-T. 
curve. 


Hylleraas curves 


Curve 7 is a Hylleraas curve constructed as 
recommended by that author. According to his 
approximate formula for the vibrational levels 
these are excellently reproduced, the error re- 
maining less than 10 cm~' even up to v=7. The 
rotational terms are very bad, and indicate 
that beyond the range of v=2 the curve is as 
defective as the Morse curves 1 or 2, but in the 
opposite sense. This is caused by failure to 
control Yo; (the spectroscopic y-) which comes 
out large and with the wrong sign. (The same 
lack of control exists in a similar fitting of the 
Péschl-Teller function, but it happens that the 
resulting error is there less serious.) Curve 8 
represents an attempt to improve this curve by 
altering the value of the Hylleraas « so as to get 
a satisfactory value of y., while curve 9 was 


~ 
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obtained by a general readjustment of constants 
to improve further the vibrational levels, as 
given by the Hylleraas approximation. The 
excellence of this result is, however, completely 
illusory; when E, and rf, are computed for 
curve 9 from the more accurate formulas of 
Dunham it is found that the vibrational levels 
rapidly fall below the observed values as v 
rises, while r, rises abruptly. Computation of 
the potential curve itself shows that it is little 
better than the Péschl-Teller curve 5, except 
that it remains accurate over a somewhat larger 
range of r. We have not computed the exact 
levels of curves 7 and 8, but the magnitude of 
the errors in the Hylleraas approximation is 
evidently the same, since the errors in the 
computed potential curves, as compared to 
curve 14, are not of the character to be expected 
from the errors in E, and r, as given by that 
approximation. 

Abandoning the Hylleraas approximate energy 
formula, we have determined curve 10 to give 
the experimental w., w.x., w-¥-, D, B,. and a,.. 
The large size of the second order W. B. K. term 
Y,,’’, and the inappropriate nature of the higher 
spectroscopic constants makes the result rela- 
tively poor. 

Finally, abandoning preoccupation with the 
spectroscopic constants, we have determined 
curve 11 to give more satisfactory values for the 
energy levels, by a single application of the 
method of §4, with curve 9 as the starting point. 
The resulting curve is much the most satisfactory 
of the Hylleraas curves, and should be subject 
to further improvement by further application 
of this method. 

We cannot recommend the Hylleraas curve 
as generally useful, since the curves to be 
described next give equal or greater flexibility 
and are more easily manipulated. 


SERIES EXPANSION OF U 


Curve 12 is a Dunham curve constructed 
with the coefficients ao to a, given by Sandeman, 
and designed to make the Y;;’ come out equal 
to the observed expansion coefficients as far as 
wx, and y,.'7 We have also determined a set of 
~ 17 Sandeman states that, for this set of a,, Yio’ has the 
very large value 16.5. This seems to be in error; we find 


the value —1.78, which is still much larger than the usual 
values. 
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a, up to ds» such that application of the full 
Dunham formulas gives Y,; which, up to Yo, 
and Y3, are essentially equal to the correspond- 
ing constants in Sandeman’s expansion. We have 
used these constants in determining curve 13, 
again setting equal to zero the a, not explicitly 
determined. The difference of curves 12 and 13 
thus illustrates the effect of failure to consider 
Yio’, Y31', and the Y;;’’. 

Finally, the extended Morse function, curve 
14, has been determined, with the same set of a, 
as for curve 13. These two curves agree in their 
first eight derivatives at their minima, but their 
different behavior as r becomes larger produces 
the differences exhibited in Table IV. Their 
energy levels are identical, so far as the formulas 
of Dunham will permit their computation ; these 
values appear in Table VI as the levels for 
curve 13. A careful investigation of the higher 
vibrational levels, with results already stated in 
§3, served to determine more exactly the levels 
of curve 14 as shown in Table VI; the corrections 
for the higher levels are by no means negligible. 

We may now undertake to estimate the errors 
in this curve in comparison with the “true” 
curve which gives the observed levels. Evidently 
this error is of the order 1 cm™ for the range of 
v=2, for within this range the most important 
error is one of 0.0002 in re, corresponding to a 
depression of the order of 2 cm~ at the outer 





r= 1.3 1.5 1.7 1.9 
—U(em™) 153218 158850 161218 161690 
E(ev) 1.9885 2.6833 2.9754 3.0337 


An appreciable uncertainty in these results, 
for points not too close to the minimum, arises 
from uncertainties in the values of the funda- 
mental constants. U is accurately given as a 
function of &=(r—r,)/r.. The value of 7,, in 
cm, as deduced from B,, depends on the values 
of h and yu. In atomic units its value depends 
on the quantity Rm/y, which we have taken to 


r= 1.3 1.5 1.7 1.9 
E(ev) = 1.9853 2.6815 2.9747 3.0336 


18 T, Sandeman, Proc. Roy. Soc., Edinburgh 55, 72 (1935). 


JAMES AND E. L. 


VERNON 


turning point. Beyond this curve 14 becomes 
lower than the correct curve by a steadily 
increasing amount. Since this curve was taken 
as the standard in the preliminary estimation 
of the errors in the other curves, it follows that 
the entries in Table IV might now be corrected 
by subtracting the errors of curve 14. The only 
curve good enough to warrant this small cor- 
rection is curve 6, which is evidently a better 
approximation for large values of r than js 
indicated by this table. 

In order to check theoretical calculations the 
experimental potential curve must be located on 
the absolute energy scale, with zero energy that 
of the completely dispersed system. On this 
scale the energy of a normal H atom is — 109678 
cm. Sandeman'* computes a dissociation energy 
for H2* of 2136345 cm, a value checked 
experimentally, though with slightly less pre- 
cision, by Beutler and Jiinger.'® Beutler and 
Jiinger®® also find for the ionization energy of 
lso2so*S, He the value 29344+2 cm™. From 
these values one finds for the lowest energy level 
of this latter state the value —160385+6 cm~. 
Using this result, and applying to curve 14 a 
correction of 2 cm at r=2.7 and 8 cm™ at 
r=2.9, we obtain the following most probable 
experimental values for the total and binding 
energies of this state: 


2.1 2.3 2.5 2.7 2.9 
161045 159747 158086 156242 154334 
2.9540 2.7940 2.5891 2.3616 2.1262. 





be 119.371, corresponding to a ratio of 1838.6 
for proton to electron mass. Recent discussions 
of the fundamental constants indicate that a 
slightly larger value of Rm/y might be pref- 
erable. For comparison, we give a _ table of 
binding energies computed with Rm/yu=119.50 
(mass ratio 1836.6) : 


2.1 2.3 2.5 2.7 2.9 
2.9546 2.7950 2.5904 2.3631 2.1278. 


19 H, Beutler and H.-O. Jiinger, Zeits. f. Physik 101, 304 (1936). 
20H. Beutler and H.-O. Jiinger, Zeits. f. Physik 101, 285 (1936). 
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Extension of the Theory of Complex Spectra 


GEorGE H. SHORTLEY 


AND BERNARD FRIED 


Mendenhall Laboratory of Physics, Ohio State University, Columbus, Ohio 
(Received September 2, 1938) 


This paper extends the tabular and formular material of 
the theory of complex spectra to configurations involving f 
and g electrons. In making these computations it was 
found that in practically every case significant simplifi- 
cation could be made over the methods previously used. In 
particular, for the computation of the electrostatic energies 
for two-electron-like almost-closed-shell configurations a 
simple closed formula was found which entirely replaces the 
previous lengthy diagonal-sum calculation. The explicit 
content of the paper is best exhibited by listing the section 


PECTROSCOPIC analysis is beginning more 

and more to involve configurations with f 
and g electrons.! For this reason we believe it 
useful to extend the tabular and formular 
material of the theory of complex spectra to the 
point where it will handle the simpler of the 
observed f- and g-electron configurations. This 
is the purpose of the present paper. The abstract 
above contains a statement of the contents by 
sections. In extending this material to the more 
complicated configurations for which the amount 
of computational labor is great, it became de- 





headings: I. Extension of Tables of c*, b*, and a* to gp, gd, 
gf, gg. 11. Explanation of the Regularities in the Electro- 
static Energies of Two-Electron Configurations and 
Formulas for gp, gd, gf, gg, g. III. Formula Determining 
the Electrostatic Energies of Two-Electron-Like Con- 
figurations with Almost-Closed Shells. Values for p*g and 
d*g. 1V. Matrices for Transformation of pf, df, pg, dg from 
LS to jj Coupling. V. Matrices of Electrostatic Interaction 
in jj Coupling for pf, (dp), d%d, df, d%. 


sirable to re-examine the methods of calculation 
with a view to simplifying them if possible. It 
has been found that in practically every case 
significant simplification could be made over the 
methods previously used. In one case (the 
determination of the electrostatic energies for 
almost-closed-shell configurations) it was possible 
to find a simple closed formula to replace the 
previous lengthy diagonal-sum calculation. These 
simplified methods of computation are discussed 
at the beginning of each section before the 
tabular results are given. 


I. EXTENSION OF TABLEs OF c*, b*, AND a* To gp, gf, ged, gg (TABLES I AND II) 


The a’s, b’s, and c’s are the Slater coefficients needed to compute the matrix of electrostatic 
interaction.? The values of the a’s and 6’s follow at once by 8°14 (TAS) from the values of the c’s. 


The c’s represent the following definite integrals: 


B H 7 
c*(lm, I'm’) = (——) | O(k, 
2k+1/7 <0 


-l’| ¢k<i+l 


k+/1+/'=2g¢ 


m—%m')©(lm)0(l'm’) sin 6 dé, (1) 


(g integral). (2) 


The direct individual evaluation of these integrals by means of Gaunt’s formula 8°11 is very 





laborious because of the sum occurring in this formula. We find, however, that it is possible to 
express c*(1, m; I’, /'—«) as the square root of a polynomial in m and then compute from this poly- 
nomial the 2/+1 entries with m=/, ---, —/ with but little more trouble than the direct evaluation 
of a single entry. We start by noting that an examination of Gaunt’s derivation shows that 8°11 
is valid for the whole range —1< m1; —l'/<m'<I'; —l’Sm+m'<l". 


‘Compare, for example, Shenstone’s analysis of Cu II, which is discussed theoretically in the paper following this. 
_?See Condon and Shortley, Theory of Atomic Spectra [which we shall denote, following Kemble, by TAS], pp. 
175-180 for definitions and previous tabulations. 
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TABLE I. c*(/m, I’m’) and b*(/m, I'm’). We write c* = ++/(x/Dx), where Dy depends only on k, l,l’. In the table are listeg 
only the sign preceding the radical and the value of x, Dy being given at the head of each column. Since b* =(c*)?, bk=+x/D,. 
Note that c*(l’m’, lm) =(—1)™~-™’c*(im, I’m’). 








c*(im, I’m’) For 1+l’ EVEN 








i’ m m’ k= 0 2 4 6 














Ss 
gs +4 0 +y 1/9 
+3 0 1 
+2 0 1 
+1 0 1 
0 0 1 
gd +4 +2 ++/ 70/245 — vy 168/10672.2 + 1/4089.8 
+3 +2 + 35 — 378 + 5 
+2 +2 a 15 — 540 a 15 
+1 +2 + 5 — 600 + 35 
O +2 + 1 — 540 + 70 
Fl +2 0 — 378 + 126 
+2 +2 0 — 168 + 210 
+3 +2 0 0 + 330 
¥F-4 +2 0 0 + 495 
+4 +1 0 + 588 _ 9 
+3 +1 + 35 + 525 — 32 
+2 +1 + 40 + 243 —- 70 
+1 +1 + 30 + 30 — 120 
0 +1 + 16 —- 30 — 175 
Fl +1 oe 5 — 243 — 224 
F-2 +1 0 — 525 — 252 
F-3 +1 0 — 588 — 240 
F4 +1 0 0 — 165 
+4 0 0 — 784 + 465. 
+3 0 0 — 49 + 108 
+2 0 + 15 + 64 + 168 
+1 0 + 30 + 289 + 210 
0 0 + 36 + 400 + 225 
gg +4 +4 1 — 4/784/5929 + 4/196/123703',, —/ 16/20449 +4/ 1/12060718,, 
+3 +4 0 — 588 + 490 — 84 + 9 
+2 +4 0 — 168 + 630 — 240 “bt 45 
+1 +4 0 0 + 490 — 480 + 165 
O +4 0 0 + 196 — 720 + 495 
Fl +4 0 0 0 — 792 + 1287 
F2 +4 0 0 0 — 528 + 3003 
F-3 +4 0 0 0 0 + 6435 
¥F4 +4 0 0 0 0 + 12870 
+3 +3 1 —- 49 — 441 + 289 = 64 
+2 +3 0 — 525 — 70 + 507 = 252 
+1 +3 0 — 378 + 70 + 540 _ 720 
0 +3 0 0 + 441 + 300 - 1650 
Fl +3 0 0 +. 490 + 18 — 3168 
F-2 +3 0 0 0 — 198 — 5148 
F3 +3 0 0 0 — 924 — 6864 
+2 +2 1 + 64 — 121 — 484 + 784 
+1 +2 | 0 — 243 — 360 — 189 + 1764 
0 +2 0 — 540 — 121 0 + 3150 
Fl +2 0 0 + 70 + 210 + 4620 
+2 +2 0 0 + 630 + 504 + 5544 
+1 +1 1 289 + 8i _ 1 — 3136 
0 +1 0 —- 30 — 81 — 210 — 4410 
Fil +1 0 — 600 — 360 — 420 — 5040 
0 0 1 + 400 + 324 + 400 + 4900 








HHHH HHHAH HEHEHE 


HEHEHE _ 


HHH HHHH HEHEHE HHHH HHEHH HH4H 


If i 
formu 


c*(L, n 


In th 
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TABLE |I.—Continued 





























isted 
/D,. —— = on ———-- - = 
c®(im, I'm’) vor 1+ opp 
—— ee Se on aches nels 
NG m m’ | k= 1 3 5 
yp +4 +1 | +4/28/147 -V¥ 1/363 
— +3 +1 | + 21 - 3 
+2 +1 | + 15 wn 6 
+1 +1 + 10 — 10 
Oo +1 | + 6 _ 15 
Fl +1 + 3 - 21 
-2 +1 + 1 - 28 
+3 +1 0 _ 36 
4 +1 | 0 - 45 
“od 0 0 o 9 
+3 0 + 7 + 16 
+2 0 + 12 + 21 
+1 0 | + 15 4 24 
0 O| + 16 + 25 
of +4 +3 | + 4/28/63 — 4/42/847 +4/ 420/143143 —V/  1/2629144 
+3 +3 | » 7 — 63 + 1575 - 7 
+2 +3 | > % — 54 + 3375 ~~ 28 
ai +3 | 0 - & + 5250 - 84 
0 +3 | 0 - § + 6300 — 210 
+1 +3 | 0 0 + 5670 — 462 
F2 +3 | 0 0 + 3150 — 924 
#3 +3 | 0 0 0 — 1716 
F4 +3 0 0 0 — 3003 
+4 +2 | 0 + 70 — 1960 + 9 
+3 +2 + 21 + 14 — 4235 + 48 
+2 +2 | + 12 —- § — 4800 + 147 
+1 +2 | + 2 ~ 2 — 3125 + 336 
0 +2 0 — 49 — 700 + 630 
Fl +2 0 - + 210 + 1008 
F2 +2 0 0 + 3360 + 1386 
#3 +2 0 0 + 7350 + 1584 
y #4 +2 0 0 0 + 1287 
+4 +1 0 - & + 4704 _ 45 
+3 +1 0 + 14 + 4802 — 180 
+2 +1 + 15 + 40 + 1849 — 420 
+1 +1 + 15 + 15 + 15 — 935 
0 +1 + 6 =» I — 1210 — 1050 
Fl +1 | 0 - 32 — 3584 — 1260 
+2 +1 | 0 — 54 — 3402 — 1260 
+3 +1 | 0 0 —~ 204 —~ 990 
#4 +1 | 0 0 + 5880 — 495 
+4 O 0 0 — 7056 + 165 
+3 0 0 — 63 — 1764 + 480 
+2 0 0 - rx 84 + 840 
+1 0 | + 10 + 15 + 2166 + 1120 
0 oO | + 16 + 36 + 3600 + 1225 











If in 8°11 we substitute /’, l’—« for lm; k, m—I'+e for I'm’; lm for l’’, m+m’'; we can obtain the 
formula 





(—1)etteg! f(20+1)(2/' +1) (k+l’—e—m)! (+m)! ! 
(g—I) (g—I’)Mg—k)(2g+1)L  €l(2’—6)! (l—m)! —e 
(2g—2k)! (k—-l’-+m+e)! 
(29g—2k—s)! (k-I’+m+s)! 


c*(l, m; 1’, l’—«) = 


(3A) 





xd(- »( ‘) (2l’ —s)!(2g—21’+s)! 
. S$ 


€ ° ° ° > e 
In the sum,(‘) is the binomial coefficient, and s runs from 0 to the lesser of « and 2g—2k. 
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TABLE II. a*(/m, l’m’). The value of this coefficient is independent of the signs of m and m'. As in the preceding table we 
print the common denominator of several related values but once at the beginning of each group. For 1=0, a*(00, U'm') = 5(k 0) 
for alll’, m’; for k=0, a%(lm, l'm’) =1 for all values of the arguments; in the table we give values only for 1, l', k>O. Note that 
a*(l'm’, lm) =a*(lm, l’m’). 


es — 

















i’ |m| |m’| | k= 2 4 6 8 
o 41 | 4+ 28/385 
3 +7 
2 1 ae 
. - - 17 
0 1 ~ 20 
4 0 - 
3 0 «i 
2 0 + 16 
1 0 + 34 
0 0 | + 40 
d@ 4 (2 4+ 56/539 4+ 14/233536 
3 2° + 14 — 21 
2 2 ~ 16 <— 
1 2 - 5 + 9 
a 3 ~ 40 + 18 
4 1 — 28 _ 
3 1 ss + 84 
2 1 + 8 4+ 44 
1 1 +17 aan 
0 1 + 20 - 72 
4 0 ~ 56 + 84 
3 @ ann ~ 126 
2 0 + 16 ay 
1 0 + 34 + 54 
0 0 + 40 +108 
fe 4 3 +140/1155 + 42/3670% + 4/12269.4 
Ss Ber -@ — 17 
2 3 wi on 4+ 22 
1 3 «<a + 27 Re 
0 3 ~ 100 + 54 — 20 
4 2 0 — 98 — 2% 
3 2 0 4147 +102 
2 2 0 +77 —132 
1 2 0 ae “se 
0 2 0 ~126 +120 
4 1 — 84 4 14 + 60 
3 1 — 21 — 21 255 
2 1 + 24 — il +330 
1 1 + 51 + 9 + 15 
0 1 + 60 + 18 —300 
4 0 ~112 + 84 — 30 
3 0 — 28 — 126 +340 
2 0 + 32 ~ 66 —440 
1 0 + 68 + 54 — 20 
0 0 + 80 +108 +400 
we o4 «(4 4784/5929 4196/1237033¢, + 16/20449 + — 1/12060718%4 
3 4 +196 — 294 — 68 a 
2 4 224 ~154 + 88 + 28 
1 4 ~476 +126 + 4 - 
0 4 — 560 +252 — 30 + 70 
 -. + 49 +441 4289 + 64 
> 2 ~- +231 —374 — 224 
1 3 ~119 —189 — 17 4+ 448 
0 3 | —140 —378 +340 — 560 
2 2 + 64 +121 4484 + 784 
1 2 +136 ~ 99 + 22 ~ 1568 
0 2 | +160 ~198 —440 +1960 
.- 7% +289 + 81 7 +3136 
0 1 +340 +162 — 20 —3920 
0 0 


+400 +324 +400 +4900 














can ¢ 


ck(I, 


wher 

TI 
nega 
eX, 
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facto 
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and f 
and | 
are I 


all th 


Thest 


Ins 
energ 
§57) | 
whicl 
so fa: 
In or 
of th 
first i 

(a) 
trons. 
equal 


coeffic 





3’ Th 
be tre: 
fact tl 
values 
vanish 





THEORY OF COMPLEX SPECTRA 743 


Alternatively if in 8°11 we substitute k, m—/'+e for Im; 1’, l'—e for I'm’; lm for 1’, m+m’, we 


can obtain 





. (—1)et!g! (21+-1)(21’+1) (k+l'—e—m)!  (l+m)! 
: (g—l)'(g—l') "(g—k)(2g+1)'L €!(2l’—e)! (l—m)! (k—l'+e+m)! 
(2g—2/)! (l—m)! 


€ 
xE(—1) Jean —s)12¢-21'+9)1— - —, (3B) 
‘ s (2g—2/—s)! (l—m—e+s)! 


where s runs from 0 to the lesser of ¢ and 2g—2. 

These formulas are good for the full range —/< m</; hence we need consider only ¢</ since the 
negative values of /’—« may be covered by the formula c*(/, m; 1’, m’)=c*(l, —m; I', —m’). For 
e</, it may be seen that formula (3A) gives directly for (c*)? a polynomial of order 2/' in m if ¢>2g 
—2k; formula (3B) gives directly a polynomial of order 2/’ in m if ¢>2g—2/; while if «<2g—2k 
and «<2g—2/ both formulas give polynomials of order 2/’ directly. By directly we mean that the 
numerator and denominator of the rational function which these formulas give for (c*)? come ready 
factorized so that the denominator may be canceled at once.* 

The procedure for calculating the entries of Table I is then the following. In (3A) or (3B) take 
121' to minimize the number of polynomials required. Then for each value of k occurring in (2), 
and for e=0, 1, ----, 2’, compute the c’s as functions of m, using, in order to simplify the computation 
and make the sums as short as possible, (3A) if «>2g—2k, (3B) if «>2g—2/ (these inequalities 
are mutually exclusive), and either formula if e<2g—2/ and e<2g—2k. For example, one gets 
all the entries for gd from nine formulas, of which the following three are typical : 


c?(gm ; d2) = +[(4+-m)(3+m)(2+m)(1+m)/24-49-5]}}=c(g, —m;d, —2), 


c*(gm ; d1) = +(2m—1)[5(5—m)(4+m)/6-121-49]! =c4(g, —m;d, —1), 
c°(gm ; dO) = +[5(36 —m?) (25 —m?) /4- 169-121]! =c*(g, —m;d, 0). 





These are valid for —4< m<4. 


II. EXPLANATION OF THE REGULARITIES IN THE 
ELECTROSTATIC ENERGIES OF TWwo- 
ELECTRON CONFIGURATIONS 
AMD FORMULAS FOR 
gh, gd, gf, gg, g° 

Inspection of the formulas for the electrostatic 
energies of two-electron configurations (TAS 
§5”) reveals a number of striking regularities to 
which attention has been called but for which, 
so far as we know, no proofs have been given. 
In order that we may justifiably take advantage 
of these regularities in our computations, we 
first indicate their general proofs. 

(a) In the case of ll’ (two nonequivalent elec- 
trons, cf. gp, gd, gf, gg below), 'L and *L have 
equal coefficients of the F’s and equal but opposite 
coefficients of the G's. 

*The ratio of two factorials involving m should here 
be treated like the ratio of two I functions, ignoring the 
fact that the factorials may be meaningless for certain 


values of m, for the resulting polynomials will always 
vanish properly for such m. 


Consider a table, such as 172 of TAS, in which 
the orbital functions are classified according to 
Ms and M,. The sum of the diagonal elements 
of electrostatic energy for the states in the box 
(1, M,), with Ms=1, M,=M1z, gives the sum 
of the energies of the N triplets of largest L 
value, if there are N states in this box. This 
sum is a certain linear combination of F’s and 
G’s. Consider now the diagonal sum for the 
corresponding box (0, Mz) with Ms=0. This 
box contains 2N states and the diagonal sum 
gives the total energy of the WN triplets and 
N singlets of highest L value. We see from the 
arrangement of the spins that the coefficients of 
the F’s for this box are just twice those for 
(1, Mz), while the coefficients of the G’s vanish. 
The difference between the diagonal sum for 
(0, Mz) and (1, M_z) is the energy sum for the 
N singlets, and this sum therefore has the same 
F coefficients but the negative of the G coeffi- 
cients of the triplet sum. By starting now with 
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the highest 1/7; value, which involves only one 
singlet and one triplet, and working down, we 
prove the statement (a) by induction. 

(b) In the case of nin'l (nonequivalent electrons 
of the same / value, cf. gg below) im addition to 
(a) one finds that for those terms which are per- 
mitted in nl* by the exclusion principle the coeffi- 
cients of the F’s equal those of the corresponding 
G’s, while for the terms excluded in nl*, corre- 
sponding coefficients of F’s and G's are equal and 
opposite. 

(c) One can obtain the electrostatic energies for 
nl* from those for nin'l by setting F*=G* and 
dividing by 2. 

The proof of (c) follows at once from the fact 
(TAS p. 232) that the Russell-Saunders eigen- 
functions of n/*, both the vanishing and the 
nonvanishing ones, may be obtained from the 
corresponding eigenfunctions of n/n’] by setting 
n=n' and dividing by v2. Then, since G*(n/*) 
= F*(n/*), a diagonal electrostatic matrix element 
of ni? in LS coupling is obtained from that of 
nln'l by setting G*=F* and dividing by 2; as 
stated in (c). If this is done for one of the terms 
of ll which is excluded from [, the resulting 





gp: 1F, 3F =Fot55 Fot( Gs+55 Gs) 
1G, G = Fy—77 F2¥ ( 7 Gs—11 Gs) 
1H, 3H = Fo +28 Fot(28Gs+ Gs) 
G2+330 Gs+715 Ge) 


IF, §3F = Fot+ 11 F2—286 FyF( 5 G2+957 Gs—286 Ge) 
1G, §G = Fo— 65 Fo+234 Fyt(15 G2+883 Gat 78 Ge) 


gd: 1p, 3D = Fo +110 F.+143 Fyt( 


7, 87 =Fo+ 56 Fit 14 Fyt(70 G2+168 Got Ge) 


of: =P, §P = Fo+275 F2. +429 Fyt+ 715 Fe +( 


1), 83D = Fo+ 165 F2—143 Fy—1287 FoF ( 3 Git+77 G3+12155 G;—3003 Gz) 


SHORTLEY AND B. 





FRIED 


energy must vanish; this requires that for such 
terms of // the coefficients of F* and G* be equal 
and opposite. This proves one of the statements 
of (6), the other statement now follows at once 
from (a), which says that the unexcluded 
member of the pair of terms, 'L, *Z, has opposite 
G coefficients from the excluded member, and 
hence will have G coefficients equal to its F 
coefficients. 

We give now the electrostatic energies of 
two-electron configurations involving g electrons. 
We also give the ¢(SZL) which determine the 
absolute first-order Landé splitting (cf. TAS 
§47). [We do not go on and calculate the com- 
plete matrices of spin-orbit interaction in LS 
coupling for these configurations because so far 
no one has wanted to use these matrices—even 
the known ones (TAS, pp. 268-269) for pd, d?, dd 
—for intermediate-coupling computations be- 
cause of the extreme complexity of the equations 
involved. Most of the complex configurations 
for which intermediate-coupling computations 
have been made involve almost-closed shells, 
and for these the jj-coupling matrices, which 
we do obtain, are of most interest. | 


SGF) = 5g fo-1g fp 
CG) =1940 So+)40 Sp 
SCH) = 25 SotMo le 
f(D) = 56 fo—-}s Fa 
SCF) =1394 f9—J24 Fa 
$CG) =1%40 fo+340 Fa 


177, 8H = Fy— 70 Fo— 91 FyF (35 G2—798 Ga— 13 Ge) GH) = 1140 fo+215 £4 
cAZ) = 4 Sotlé Sa 

G,+33 G3+10725 G;+5005 G;) c@GP)= 54 f.— 34 fs 

SCD) = Yoto- Meks 

SCP) = Keofot Mods 


IF, §F = Fot+ 30 F:—299 F,+1170 Fet( 6G,4+97 G3;— 2990 Gs+1365 G;) 
1G, 3G = Fy— 94 F,4+ 39 Fy— 650 FoF (10 G, +63 G3— 9594 G;— 455 G;) 


SCG) = Yo Sot 320 fs 


1H, 83H = Fo—159 F2+289 Fy+ 225 Fet(15 G,—23 G3+ 8779 G;5+ 105 G;) $GH) =1%o0 fot Moo & 


J, 37 = Fy—105 F,—203 Fy— 45 Fe (21 G,:—91 Gs— 3115 G;— 15 G2) 
4 Fet(28G1+42G;+ 420G6;+ G7) 


1K, §K = Fo+140 F.+ 42 Fy+ 


cAl) =*364 Sot hea 
fGK)= 34 Sot Mats 


99: 1S, 38 = Fo +1540 F.+2002 Fy+2860 Fg+24310 Fs+(Go+1540 G2+2002 Gs+2860 Ge+24310 Gs) 
1P, §P = Fyo+1309 F,+1001 Fy— 143 Fe—19448 Fs (Go+1309 G2+1001 Gg— 143 Ge—19448 Gs) 
1D, §D = Fo+ 883 F2— 299 Fy—1469 Fg+12376 Fst(Got+ 883 G2— 299 Gy—1469 Ge+ 12376 Gs) 
LF, 3F = Fo+ 334 F,— 949 Fyt+ 442 Fe— 6188 Fs (Go+ 334 G2— 949 Gut 442 Ge— 6188 Gs) 
1G, §5G = Fo— 230 F,— 467 F,+1030 Fe+ 2380 Fs+(Go— 230 G2— 467 G44+1030 Ge+ 2380 Gs) 
1H, ‘H=Fo— 665 F.+ 581 Fy—1205 Fe— 680 Fs (Go— 665 G2+ 581 Gs—1205Ge— 680 Gs) 
7, 3] =Fo— 791 Fo+ 721 Fat 601 Fe+ 136 Fg(Go— 791 Got 721 Gat 601 Ge+ 136 Gs) 


1K, 3K =Fyo— 392 F2— 784 Fy— 152 Fe— 
1L, *L =Fot+ 784 F2+ 196 Fy+ 16 Fet+ 


17 Fs¥(Go— 392 G2— 784Gy— 152Ge— 117 Gs) 
Fs+(Got 784 G2+ 196G4+ 16G¢+ Gs) 


FCP) =SCD) = FCF) =$CG) =$CH) =FCD) =SCK) =F CL) = 44 Sng tM Sarg. 


g°: The formulas for the allowed terms, 'S, °P, 'D, °F, 1G, °H, J, °K, ‘L, are obtained from gg by omitting the expressions 
in the G's. The intervals are given by ¢(@P) =¢(?F) =¢(@H) =£(@K) = beng. 
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TABLE III. The integral Curw (ef. (6) ].* 


—— —— 











a ; , om hc "me $< 
"ooo = Cue= 415 Coe= 73: C34 = 7 
Cooo = 2 J. bc. a *- Cage = 2905 
Con = 33 Cis= 235 ond 35 336 3003 
ou = 2: im os Cue Bes Cus= *%o 
Core = 75 i= aes 233 4 hg 34 702 01 
Coss = 27 Cis = 1969 Crap = 10231 Cur= ‘71287 
Cou = 26 Cra = 4693 Cus= ?%1001 
Cas="%143  Cos= 4% 287 
Cus=°*%91879 
*The table gives all nonvanishing integrals for « and r= 4. The 


values are independent of the order of the three subscripts. 


II]. FoRMULA DETERMINING THE ELECTROSTATIC 
ENERGIES OF TWo-ELECTRON-LIKE Con- 
FIGURATIONS WITH ALMOsT-CLOSED 
SHELLS. VALUES FOR 
pg AND d°g 

In §1'* (TAS) it is shown that the coefficients 
of the F’s in the electrostatic energies for the 
configuration in—]', which has one electron 
missing from the / shell, are the negatives of those 
for the related two-electron configuration Il’. It is 
also shown that the coefficients of the G’s vanish 
for the triplets, so that if the formulas for Jl’ are 
known the computation is reduced to a determi- 
nation of the coefficients of the G’s for the 
singlets. These G singlet coefficients, in the cases 
where they have been previously obtained, by 
the lengthy diagonal-sum calculation, turn out 
to have the strikingly simple form shown by 
the formulas of p. 299, TAS. We show below 
the reason for this form and give for the non- 
vanishing G coefficients an explicit formula whose 
use eliminates completely the necessity for a 
diagonal-sum calculation for configurations of 
this type. 

The start of the table (similar to 1'°5, TAS) 
which classifies the orbital functions for ]”—"/’ 
according to the values of Ms and 4, is, for 
Ms=0: 


M,=/+I' (—#*, I’*+)(-F-, I~), 

M,=/+l'-1 (—/+1*, l'*)(—/+4+1-, l’-) 
(—#, v—1*)(—F, f—1-), 

M =1+/'-2 (—1+2+, l’*)(—1+2-, l’-) 


(—I+41+, ?—1*)(—1+41-, ?-1-) 

(—/*, l’—2+*)(-—T-, ’-—2>-). 
(The first entry in each parenthesis gives the 
quantum number m,, m, of the electron missing 
from the / shell, the second entry the quantum 
numbers of the /’ electron.) The table continues 
in this fashion down to M,=|I—/'|, and the 
G terms in the energies of all the singlets may 
be obtained by using just this part of the table. 
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In the diagonal sum for the box characterized 
by Ws=0, W,=.M,, the coefficient of G*(Il'), 
according to 1'°4 (TAS), is seen to be 


+ 3° 2b*(1, m; 1’, Mr+m). (4) 


Now we shall presently prove that 
> b*(l, msl’, M+m) 
(27+ 1)(2/’+1) 
cae ———C ny" 
2(2k+1) 
= 0 if k ££ M ’ 


ifk>|M 


(5) 


so that the sum (4), when it is nonvanishing, is 
independent of M,. The factor Ci; is the 
integral of the product of three Legendre 
polynomials : 


Crrk -{ P (cos 6)P (cos 6) P;(cos 6) sin 6d6. (6) 
0 


Its values, which may be readily obtained from 
9°9 (TAS) are given in Table III. From (4) and 
(5), and the usual diagonal-sum procedure which 
starts with the box with Ws=0, W,=/+l' and 
works down the table we see at once that 


In the electrostatic energy for 'L the coefficients 
of all G*’s vanish except that for k=L, which has 
the value 


(27+ 1)(2/'+1) 
C14. 
2L+1 


Since Ci; vanishes unless the triangular conditions 
(2) are satisfied, only alternate singlets, those with 
L=I1+l', 1+l'—2, 1+l'/—4, ---, |l—I’| have any 
nonvanishing G coefficients. The intermediate sing- 
lets, with L=1+l'—1, 1+l'--3, --- have the same 
electrostatic energies as the triplets of the same L 
value. 


From this rule and those enunciated at the 
beginning of this section we may at once write 
down the electrostatic energy formulas, in 
particular the formulas for d*g which we shall 
need in our applications to CulIlI in the suc- 
ceeding paper. In p*g and d°g the only non- 
vanishing terms in the G’s are given by 


{ijzy- a 
po ow op (i ae 
ia m (7) 
['Z: 990G. 
d*g or gd <'G: 3080G, 
\W: = 252G2. 


Note that these are written in terms of G, 
rather than G* (G,=G*/D,, cf. Table I). 
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Proof of (5).—Bvy the definition of b= (c*)?, 
DLL, m; 1’, M+m) = Dd‘ (l', M+m;1, m) 


2 
‘ 


m 2k+1 


J ftoue, M)O,(l', M+m)0 (1, m)}[O2(k, M)0.(/’, M+m)0.(1, m)] sin 6; sin 6, dé, dé, 


if k 2|_M|. b* and hence the sum vanish by definition for k< | M|. We now introduce integrals over ¢; and ¢2, involving a 
quantum number m’, which vanish unless m’= M+ m, in which case they equal (27)~4. We may then write m’ for M+», 
in the © factors if we introduce a sum over m’. In this way the above expression becomes 


4 2 pr R _o - 
=S eT —— fff [0k Ok M)1(M)F2(M) LO i(l'm’)O2(U'm')H(m')-ba(m') J 


mm 2k+1 
X [O,(/m)O2(/m)@,(m)2(m) ] sin 6, sin 62 dO; d02 dy; dys, 


The sums over m and m’ may now be evaluated by means of the spherical-harmonic addition theorem to give 


(2/’+1)(2/+1) perre — , ‘ 
Een SIS [eves elke, (INF.M)P-(cos w)Pi(cos w) sin 6; sin 02 dO; d0. dy; dy, 


where w is the angle between the directions 6;, ¢; and 62, gz. Now express the product P;-(cos w)Pi(cos w) as a series in 


TABLE IV. Matrices for transformation from LS to jj coupling. 
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TABLE V. Matrices of electrostatic energy in jj coupling. 
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P (cos w), and then expand P (cos w) by the addition theorem: 





Py (cos w)Pi(cos w) =z 
nN 


2A+1 . hie eae on 
Cw ,P (cos w) =<2x( 1 pe Os (A) O2(Au) 1 ()Po(u) 
“ 


2 
to give 
, . (2/’+1)(2/+1) “7 : 
Zul, m; l', M+m) 14 Curf J 0O,(kM)®,(M)O0,;(Au)*;(u) sin 6; dO; dy, 


-f foremes M)O@2(Au)P2(u) sin Os d4. dy». 


These integrals vanish unless Au =, in which case they give the value 1, so the sum over A, u gives finally the result (5). 


IV. MATRICES FOR TRANSFORMATION OF ?f, df, 
pg, dg FROM LS To jj COUPLING 
(TABLE IV) 


In order to find the electrostatic energy 
matrices needed to handle configurations like 
p*f of the rare gases, d*f and d°g of spectra like 
Cu II, in jj coupling, we need the transformations 
from LS to jj coupling. The transformation 
matrix for the almost-closed-shell configuration 
ln—]' is the same as that for the two-electron 
configuration //’ when the states are correlated 
as in Chapter XII, TAS. We obtain these 
matrices by simultaneous diagonalization of the 
jj-coupling matrices of Z,-Z2 (or L*) and S,-S» 
(or S*) as sketched in §6", TAS. We may note 
one simplification in connection with this 
diagonalization which was not noticed when 
previous computations were made. In no two- 
electron configuration will more than four levels 
of the same J value occur, so the transformation 
factorizes into matrices of at most fourth order. 
For a typical J value, the four Russell-Saunders 
levels are 'J,, *J+1,, *J7, §3J—1,. The state 'J, 
may be obtained directly from the matrix S,-S_ 
since it has a value of S,-S. different from the 
other three. The states *J+1, and *J—1, may 
be obtained directly from the matrix of Z,-L2 
since they possess unique values of this quantity. 
The state *J, however has the same value of 
S,-S2 as the other triplets and the same L,-L» 
as the singlet. To obtain it directly involves the 


simultaneous diagonalization of the two matrices 
with its attendant inconvenient intermediate 
matrix multiplications. But this may be avoided 
by noting that after ‘Jy, *J+1,, *J—1, have 
been found, the eigenfuaction for *J, is the 
unique function orthogonal to the other three. 
The phases of the LS-coupling states in the 
transformation matrices of Table IV are arbi- 
trary but the jj-coupling phases are chosen in 
accordance with the conventions of §6'*, TAS. 


V. MATRICES OF ELECTROSTATIC INTERACTION 
IN jj COUPLING FOR p’f, (d%p), dd, 
d°f, d*g (TABLE V) 


We finally give the results of transforming the 
electrostatic energies of section III to jj coupling 
by means of the matrices of section IV for cases 
of interest in the paper following this. The 
electrostatic matrices for p°p and p°d are given 
on pp. 307, 313 of TAS. We note that since the 
electrostatic energies and the LS-jj transforma- 
tions are the same, the jj electrostatic-energy 
matrix for d*p is the same as that for p*d, when 
the d® and the p j values are correlated with the 
d and the p* j values respectively. Hence we do 
not need to give the d*p matrix. Note however, 
that to conform to the jj-coupling phase con- 
ventions of TAS, a phase factor (—1)!*?-/ 
must be applied in switching from pd to dp or 
from p*d to d*p. 
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Structure of the Configurations of High Azimuthal Quantum Number in 
Cu II and the Rare Gases 


GEORGE H. SHORTLEY AND BERNARD FRIED 
Mendenhall Laboratory of Physics, Ohio State University, Columbus, Ohio 
(Received September 2, 1938) 


The energy levels of configurations such as d°f, d°g of 
Cu IL and p*d, p'f of the rare gases are split into two widely 
separated groups by the spin-orbit interaction of the 
almost closed shell. These groups have the two levels of the 
parent doublet as limits. The splitting within these groups 
is due to the small electrostatic interaction between the 
core and the outer electron and the spin-orbit interaction 
of the outer electron. It is found that if one neglects all of 
these except the leading term in the electrostatic interac- 
tion, the theory predicts that all levels should be double, 
two levels of different J value having the same energy. It 
further predicts definitely, without unknown constants, 
all details of the relative arrangement of these energy 


levels in the two groups. In the rare-gas configurations and 
Cu II d*f, the levels tend to occur in these pairs and follow 
this arrangement approximately but the interactions which 
are neglected in this picture are not entirely negligible. 
Knowledge of the simple limiting structure should never- 
theless be of value in such cases. Cu II 3d°5g however fits 
the simple picture in all details; the levels are observed to 
occur in pairs with precisely the energies predicted. Thus 
the 20 levels of this complex configuration are represented 
by simpler formulas and with better agreement (0.20 cm™ 
average discrepancy) than in any other case which has been 
treated theoretically. 





E were led to undertake these theoretical 

considerations because of the peculiar 
structure of Cu II 3d%5g in which Shenstone! 
found that the 20 levels occur in 10 pairs which 
he was unable to resolve. We are able to explain 
this pairing in detail by assuming that all 
interactions involving the 5g electron are negli- 
gible except the largest term in the electrostatic 
interaction with the 3d° core. In this approxi- 
mation the theoretical formulas assume a very 
simple form. The intervals between double levels 
having the same parent j value are all predicted 
in terms of one parameter so that the values of 
8-interval ratios are all definitely determined. 
The structure of this configuration is then more 
definitely predicted by theory than that of any 
other complex configuration, and the agreement 





Upper group 
6c =—Fot+3ofa-— 1985 F.4 396Ge+ 2¢, 
5c’ 


\. — Fot+ 4ofut! 4 oFs 


5d’ 

4c’| Fot-36 690-2 
oe a ot 3ofat 49h go Fat 
3c’ 

sh Fot Nba 284 oF 


2d =—Fot+36fa— 77 Fant 504¢G.— 56, 


with Shenstone’s data is excellent. We find that 
a similar approximation will help to explain the 
observed structure of configurations like d*f of 
Cu II and p'd and pf of the rare gases. The 
simple formulas which are obtained should be of 
aid in the analysis of other such configurations. 


I. d%g 


The observed levels of this configuration 
occur in two widely separated groups, the upper 
of which has d*?Ds32. as parent, the lower, 
d®*D5/2. If interaction between these groups is 
neglected, the jj-coupling electrostatic-energy 
matrices of the previous paper will split up as 
shown by the broken lines. When we add the 
diagonal spin-orbit interaction, we obtain the 
following formulas for the energy levels. 


— Ugg yo [(1519%/ 5 Ft %5t,)?+8(1 98/5 Fo)? Hh 
616G4— M4915 [(51Y4 5 Pot 24846G, — 9460)? +308( 147 5 Fo —6186G,)? } 


— MSo13[ (14634 5 Fe— 995 0)?+20(154/ 5 Fa)? 


‘Shenstone, Trans. Roy. Soc. A235, 195 (1936). All the Cu II data are taken from this comprehensive analysis. 
* This treatment is similar to that previously given for the rare gases: Shortley, Phys. Rev. 44, 666 (1933); Condon 


and Shortley, Theory of Atomic Spectra, pp. 306-315. 


749 











750 G. H. 


7a =—Fo— fa- = 56F:— = 14F, + 2, 


oyhe— Fem ta 


5a’ . 
pa Fem tat 29% Fr— 696 Fy 


536 Fo+195¢ Fs 


=a=—Mi— f2- T1Fs 


whee lion 


1b =—Fo— f4— 110F:— 143F, —56f,. 

Here Fy is a constant which fixes the position 
of the configuration as a whole. ¢4 represents 
the spin-orbit integral for the d electrons: the 
configuration is split into two groups of levels 
with *D3s. and *Ds;2 as limits according to 
whether this integral occurs with coefficient + 3, 
or —1; 5sfais the doublet splitting of the d® ion. 
Structure is given to the two groups by the 
smaller electrostatic integrals F2, Fy, Ge, Gs, Gs, 
and the g-electron spin-orbit integral ¢,. In the 
level designations, the number gives the J value, 
the letters a’ and b’ denote the higher and lower 
of two lower-group levels of the same J value, 
the letters c’ and d’ the higher and lower of two 
upper-group levels of the same J value. 

In the case of Cu II 3d%5g, the only d°g which 
has been analyzed, if we follow the procedure 
previously used in the rare gases? and determine 
the eight integrals from the twelve linear 
equations expressing the energy of 7a, the means 
of 6a’ and 60’, of 5a’ and 5d’, etc., and then 
calculate the splitting of the levels of the same J 
by evaluating the radicals with these parameters, 
we get remarkably good agreement with observa- 
tion. The parameter values obtained in this 
way are: ¢4¢=828.59, F2,:=0.3154, F,=0.0027, 
G2=0.0015, G,=0.00004, Gs=0.0001, ¢,=0.028 
cm-!. The contributions of Fy, Ge, Gs, Gs, 9 here 
are of the order of magnitude of the disagreement 
with experiment and of the expected error due 
to neglect of interaction between parents. The 
change in calculated values caused by setting 
these five integrals equal to zero is not significant. 
Furthermore, the levels are observed to occur in 
unresolved pairs, and neglect of these small 
parameters is just what gives this doubling. 
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YFat ©3¢ Fit 297Ge— Mv o+33[(1499{ 5 Fat 7496 Fe—286G6+ 29% ,)" 


+140(°94 5 F2+?36 Fi—44G,)2} 


—VYySot 34 [(188f5 F2— 16606 Fy + 9955)? + 728( 44 5 F2— 495 Fy)? 


=—Fo- Sat 22496 F:— 9G Fat 924G.— M4op14[ (59445 F2— 13656 Fy—616G,— %F,)? 


+8(1444 5F:— 2996 Fy +616G,") 


— MS 0 ¥6 (— 75245 Fo +8146 Fat 9950)? +440(3 37 5 Fa— 286 Fy)? 


+3785G2—M4b 916 [(77% 5 Fr +29 026 Fy—64456— 990)? 


+8(2297 5 Fo+57 36 Fa+28G,)?} 


If in the above formulas we retain only the 
parameters Fo, to represent the absolute position 
of the configuration in the energy scheme, ¢,, 
to give the parent-doublet splitting, and the 
one integral F2 to give structure to the groups, 
we find the levels to occur in pairs with energies 
given by the following simple formulas: 


Cu II 3d%g 
Upper group Obs. Cale. Error 
6c, 5d’ = — Fot+3ofa—1985F: 2094.43 2094.34 —0,09 
Sc’, 4c’ = — Fot+ 3ofat+3435F_ 2127.96 2128.31 0.35 
4d’, 3c’ = — Fot+- 36fa+1545F2 2116.43 2116.40 —0.03 
3d’, 2d = —Fo+3¢fa— 77F2 2082.65 2082.42 —0.23 
Lower group 
7a, 6b°'=—Fo— fa-— 56F2 17.67 17.57 —0.10 
6a’, 5a’=—Fo—  fSat?*S5F, 52.08 51.98 —0.10 
5b’, 4a’=—Fo— fat3326F, 55.99 56.14 0.15 
4b’, 3a’=—Fo— fFat186F2 42.77 42.53 —0.24 
3b’, 2a’=—Fo— fSa-— 44F: 21.61 21.35 —0.26 
2b’,1b =—Fo— fa— 110F2 0. 0.55 0.55 


(Fo = — 863.806; F2=0.31515, £¢=828.590 cm™) 


When the observed Cu II levels are fitted to 
these formulas by least squares, the above 
parameters and computed levels are obtained. 
The levels are plotted in Fig. 1. These extremely 
simple formulas are seen to represent remarkably 
well the positions of the twenty levels of this 
configuration. The configuration is one of the 
most complex which has been completely 
analyzed, yet the formulas which represent its 
structure are simpler and the agreement better 
than in any other case which has been treated 
theoretically. 

The two levels of a pair are, of course, not 
rigorously coincident, but Shenstone estimates 
his resolution as such that the separation of the 
two apparently coincident levels of different J 
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Fic. 1. Configurations 3d°5g, 3d°4f, and 3d°5f of Cu II. The 
broken lines in the 5f configuration show the arrangement 
of the levels when all parameters except F2 are neglected; 
in this case the levels coincide in pairs and the relative 
positions are completely predicted, as in the 5g case above. 


value must be considerably less than } cm™ in 


all cases. 

To the approximation in which the above 
simple formulas hold, the eigenfunctions of the 
states are independent of the parameter values. 
The eigenfunctions of the actual (primed) levels 
are given in terms of the jj-coupling eigen- 
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TABLE I. Eigenfunctions of dg levels. 





6a’ 6" 5a’ 5b’ 5c’ 5d” 4a’ 46 
6a |417-15| , 5Sa\4 M82) , Sc\4v2-i| , 4a| 1 22 


6b | v3 a7? 5p \-1183 4 | 5a] 1 4123 46 Love | 
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functions by the transformation matrices of 
Table I. These matrices enable us to determine 
by means of second-order perturbation theory 
the amount of the electrostatic interaction be- 
tween the levels of the upper and lower group, 
which has been neglected so far. The results 
here are remarkable in that this second-order 
interaction does not tend to split the pairs, so 
long as F2 is the only significant term. 7a, 6b’ 
and 2b’, 16 are not shifted at all. 6c interacts 
only with 6a’, 5d’ only with 5a’, and the amount 
of interaction is exactly the same in these two 
cases. Similarly the pair 5c’, 4c’ interacts as a 
unit with 5b’, 4a’; the pair 4d’, 3c’ with 40’, 3a’; 
and the pair 3d’, 2d with 3b’, 2a’. In our par- 
ticular case the maximum shift caused by this 
second-order interaction is 0.10 cm, which is 
not significant. 


Il. df 


The formulas for the energy levels of df, 
interaction between parents being neglected, are 


Upper levels 
5c = — Fo+35fa- 7Fet+ 168G;+ 36fy 
4c’ as aaa a i 
a — Fot+3ofat+ 19 Fy — Ygep [8% Fat 24h)? +20F 2} 
ao — Fot+ 36fat+ 94 o Fat 24G3— 14h, [(4{ 0 Pot #87Gs— 74h 4)? + 180(15 F2— 12765)? } 
sy = Feb 3b °3i oF — M4gtst (8 0 F2— M4hs)? + 88405 F 2 
Id =—Fo+36fa— 845 F.+ 28Gi— 2, 
Lower levels 
6a =—Fy— fa- 10F.— 3F, + ots 


Sa’ ' 
ypaa Po Sat 


Fst SF ot 126G,— 14h (804 Fat 8 7 Fa — 54G 54+ 3467)? + 1440( "9 P+ 19 Py — 365)? } 


5)’ 
r) 
wpa Fem fat 12F.—752F, — Nts tL (42 2 Fa— 14h 7)? +440F 2 
wht Fe Sat 326 F.—1G Fit = 36Ga— 4S se [ (127955 Fao— 3464 Fa — 1 989G3— 1455)" 
+3606 9(8¢ Fp—11F,4+12G,)*]! 
yh Fe fa— 316F.+ 33F, —MNySptL[l 95 F2— Ss)? + 89595 Fs? Ht 
psa Fe Sa— 93S Fe— 335 Fy 21Gi— gp HL (9%$ 5 Fo 4 3934 4 Fa — 19G) — 3457)? +80(1 85 5 Fo 4-339 Fg +G,)? } 


0b =—Fo— fa-— 24F:— 66F; — 2). 
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TABLE II. 3d°nf parameter values. 


4f Sf 











Foy — 984.7 cm —921.9¢m" 
Fy, 10.1 3.81 

F, —1.09 —0.013 

Gi 1.27 0.949 
G3 — 2.65 —0.214 

Gs 0.011 0.0046 
va 837.4 828.4 


vy — 10.4 1.508 


If the eight parameters are determined from 
the twelve linear equations which give the means 
of levels of the same J value and same parent, 
and then used to calculate the values of the 
radicals, one obtains for Cu II 3d°4f and 3d°5f 
the parameter values of Table II and the 
calculated energies which are plotted in Fig. 1. 
It will be noted that the predicted 5f levels are 
quite good but that the 4f levels are badly off. 
The poor agreement in the case of 4f is due to a 
large interaction of 3d°4f and the completely 
overlapping configuration 3d*4s4p which is neg- 
lected in the present theory, but which manifests 
itself experimentally! by strong forbidden combi- 
nations of the type d*sp—d°g, d°*f —d*s*, d°*f—d°s. 
The value of (4 for 3d°5f agrees with the value 
828.6 previously found in d°g and with the value 
828 obtained from the Cu III doublet splitting. 
The maximum interaction which occurs between 
the upper and the lower group of 5f is found to be 
of the order of 0.54 cm™', which is not significant. 

In this configuration also, if one neglects all 
integrals except Fo, fa, and Fe, one obtains simple 
formulas which give the levels in pairs: 


Upper levels 
5c, 4d’=—Fot366a-—  7F2 
4c’, 3c’ = — Fot+36fa+ 14F2 
3d’, 2c’=—- Fo+35Fat+?! 5 Fe 
2d’, ld = — Fot+ 320 a—845F: 
Lower levels 
6a, 5b'=—Fo— Fa-— 10F2 
Sa, 4a’, 4b’, 3a°=—Fo— (Fat 12F: 
3b’, 2a’=—Fo— Sat 45 Fs 
2b’, la’ =—Fo— Fa—*85F, 
1b',0b =—Fo-— GFa-— 24F». 


This tendency toward occurring in pairs is 
noted in the observed 5f of Fig. 1. The largest 
splitting of the pairs occurs in the case of levels 
with J=1, which is to be expected since G;, the 
largest of the neglected parameters, is not 
particularly small compared to F2; but G; occurs 
only in the formulas for J/=1. However these 
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simple formulas give a useful qualitative picture 
of the location of the levels, as may be seen from 
the broken lines of Fig. 1, which show the 
arrangement of energy levels which they give 
with F,=3.79 cm~'. Levels of J=1 were not 
considered in determining this F2 value. 


III. p'd 


In the configurations p*p, p*d, p’f of the rare 
gases one obtains a similar doubling of all energy 
levels if one neglects all the small interaction 
terms except Fe. The occurrence of this doubling 
is especially striking in the Ne 2p*nd configura. 
tions of high m value. The reduced p*d formulas 
are 
Upper levels 

3c, 2c, 2d, 1d =—Fo+ Cp 
Lower levels 
4a, 3b’ = — Fo—'yf p—2F2 
3a’, 2a’ = — Fo— 156 p+5F2 
20’, 1a’ = — Fo—16¢» 
18’, 06 = — Fye— Kt ,—7F. 


In the neon case the largest G coefficient, G,, 
is of size comparable to F2; this coefficient occurs 
only in states ef J=1, hence the observed 
levels‘ are arranged very closely as in the above 
formulas except for those of J=1. The near 
coincidence of 3c, 2c, 2d; of 4a, 3b’; and of 3a’, 2a’ 
is conspicuous from 4d to 10d, and the arrange- 
ment of all levels of J#1 follows closely the 
above formulas. By determining F2 from these 
levels by the above formulas and then including 
G,, we may place the three J=1 levels satis- 
factorily. This method should prove of use in 
locating the missing levels of the argon pd 
configurations, only one of which is complete. 


IV. pf 
The formulas which are obtained for p*f when 
Cs, Ge, Gs are neglected are: 
Upper levels 
4c, 3c, 3d, 2d=—Fot+ Cy» 
Lower levels 
5a, 4b’=— Fo—156,— SPs 
4a’, 3a’ = — Fyo— 4p +10F 
30’, 2a’ = —Fo— K+ 3Fa 
2b’, 1b = — Fo— 14 p—12F. 
The only observations of p*f are on argon, 
where there are sketchy data for a number of 


8 The complete formulas are in reference 2. 
* See the plots given in reference 2. 
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these configurations. At most five of the twelve 
levels are observed, and not even the J values 
of these are certain.® It may be that the above 
formulas can be of use in interpreting these 
observations. Perhaps the five observed levels, 
four lower and one upper, are at the positions 
of the five collapsed levels given by these 
formulas. On the other hand, the J=2 levels 
may be displaced from these positions because 
of a non-negligible G2 value. One would not 
expect G,; and ¢; to be large enough to give 
significant departures for the levels of other J 
values. If we attempt to fit the four lower 
observed levels by means of the above formulas 
we obtain the results of Fig. 2. The level W 
which is observed to have the J value 4 or 3 
may well be a double 4 and 3 level. The level Y 
is observed to be 1 or 2. No J=1 is expected in 
this vicinity so this is probably J=2, with a 
J=3 nearby. The level U is observed as 4 or 3. 
It is probably 4 with a J=5 nearby. The level 
X is definitely observed as J=1. A level of J=2 
should be near. The single observed upper level 
is listed as J=1 or 2. It cannot be J=1 since 
there is no level in the upper group with J=1. 
This upper level is observed only for 4f, 5f, and 


5 See Bacher and Goudsmit, Atomic Energy States, p. 28. 
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6f. Fig. 2 indicates fairly large perturbations of 
these two configurations which are expected 
since the lower group of 5f is overlapped by 6p 
and the upper group of 5f is close to the lower 
of 6f. Nevertheless, the ¢, values obtained from 
the position of the upper J=2 level according 
to the above formulas—955.0 cm~' for both 5f 
and 6f—agree well with the value 954 from the 
A II ?P splitting. For 2p°4f only X, Y, and the 
upper J =2 are observed. The ¢, value calculated 
from the above formulas for these is 955.24 cm™', 
which checks in this case also the interpretation 
which we have given. 
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The Contact Difference of Potential Between Barium and Magnesium 


Pau. A. ANDERSON 
State College of Washington, Pullman, Washington 


(Received August 15, 1938) 


With the purpose of subjecting the electronic method of 
contact potential measurement to a thorough test for 
consistency with independent photoelectric work function 
determinations, the Volta potential Ba-Mg has been 
measured for some 30 pairs of surfaces and the results 
compared with recent careful photoelectric studies of these 
metals. Each surface was prepared by fractionally dis- 
tilling the metal in a gettered vacuum and revaporizing a 
middle fraction to form a thick film on glass at room 
temperature. Each film was measured a few seconds after 
deposition and tubes of two different designs used to 
minimize the possibility of errors originating in tube 
geometry. The majority of the observed Volta potentials 
fell within the range of values predicted by the photo- 


N recent photoelectric determinations of the 
work functions of barium by Jamison and 


electric-data, 1.08—1.16 v, and no values below this range 
were found. The magnesium films were largely responsible 
for variations in the Volta potential and a few gave 
potential settings sufficiently low (work functions suffi- 
ciently high) to raise the observed Volta potentials to a 
maximum of 1.26 v. Since all probable contaminations 
should lower the work function the maximum value is 
regarded as the most reliable. Assuming a work function of 
2.52 ev for Ba this gives 3.78 ev for the work function of 
Mg. Observations on the optical reflection of the mag- 
nesium surfaces suggest, however, that a work function of 
3.65 +0.05 ev may be characteristic of mirror-like surfaces 
of the metal; 3.78 ev of macrocrystalline (matte) surfaces. 


Cashman! and of magnesium by Cashman and 
4 Jamison and Cashman, Phys. Rev. 50, 624 (1936). 
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Fic. 1. Type 1 tube. First A and second B vaporizers of 
0.025 mm Mo foil 8 mm wide attached to 3-lead stem with 
Mo rivets; one of 60 mil leads common. Films formed on 
Pyrex drum R were moved into reproducible positions 
before electron gun E by armature M and glass sights 7, 
set on an external paper scale. Contact with films estab- 
lished by Pt wire embedded in R and welded to 20 mil 
tungsten wire brush K. Gun of 4 mil Ta foil; emitter 1 mil 
tungsten foil 1.5 mm wide. The second vaporizing chamber, 
not shown, was identical in design with the first. 


Huxford,? and Mann and DuBridge* the method 
of preparing the metal surfaces has been similar 


2 Cashman and Huxford, Phys. Rev. 48, 734 (1935). 
3 Mann and DuBridge, Phys. Rev. 51, 120 (1937). 
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to the fractional distillation method employed by 
the author in Volta potential measurements on 
tungsten-barium* and barium-silver® but supple. 
mented by multiple vaporization of the middle 
fractions. These photoelectric studies must be 
regarded as among the most reliable yet made 
for any of the metals and the standardization of 
a satisfactory technique for preparing surfaces 
offers the possibility of testing under unusually 
favorable conditions the consistency of work 
function determinations by the photoelectric and 
Volta potential methods. In several instances 
checks of thisrelation, Vas=¢s—¢e (Sommerfeld. 
Eckart equation), have been reported but gener- 
ally either the photoelectric or contact potential 
measurements, or both, have been obtained under 
questionable experimental conditions. 

It was the purpose of the present work to make 
a careful study of the contact difference of po- 
tential between surfaces of barium and mag- 
nesium each prepared by fractional distillation 
and revaporization of the middle fraction and to 
compare these measurements with the photo- 
electric data. Since there is now abundant evi- 
dence to show that work functions are structure 
dependent, the barium and magnesium films 
were formed on glass at room temperature as in 
the photoelectric investigations rather than at 
liquid-air temperature as in our previous Volta 
potential studies. To minimize the possibility of 
undetected errors originating in tube geometry 
the measurements were made with tubes of two 
different designs. 


METHOD. THE TUBES 


The method of measurement, based on the 
determination of the shift of an electron current- 
retarding potential characteristic with change of 
work function, was that employed in previous 
studies. > The scheme of preparing the metal 
surfaces and bringing them into the measuring 
position involved, in both types of tubes and for 
each of the metals: (1) vaporization and rejec- 
tion, for other than gettering purposes, of the 
first half of the original sample, (2) collection on 
a second vaporizer of the middle fraction of 
metal distilled from the first vaporizing oven, 
(3) revaporization of this selected fraction to 


4P. A. Anderson, Phys. Rev. 47, 958 (1935). 


5 P. A. Anderson, Phys. Rev. 49, 320 (1936). 
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CONTACT DIFFERENCE OF POTENTIAL 


form a thick film of the metal on a clean glass 
surface, and (4) provision for displacement of the 
freshly deposited film to a reproducible position 
in which it was centered before an electron gun. 
The tubes used in the first measurements were 
designed originally for work under liquid air and 
the movable glass receiver was a drum carried 
on a vertical glass spindle, Fig. 1. In the second 
type of tube, Fig. 2, alternate layers of barium 
and magnesium were deposited on a glass disk 
moved by magnetic control along a double glass 
rod track, which extended across both vaporizing 
chambers and the electron gun. The essential 
constructional details are indicated in the legends 
of the figures. 


MATERIALS 


The magnesium was a sample of extremely 
high purity kindly furnished to me by Dr. 
Cashman and taken from the stock used by him 
in his photoelectric measurements. The barium, 
from the stock used in our previous contact po- 
tential work, was obtained from Osram and con- 
tained traces of iron as the only important im- 
purity. As compared to samples which have been 
secured from other sources this barium is rela- 
tively ductile and free from absorbed gas. 


PROCEDURE 


The outgassing procedure was similar to that 
described in previous reports except that a new 
high frequency bombarder has made it possible 
to push the heating of the metal parts to tem- 
peratures limited only by the vaporization of the 
tantalum. In order to eliminate the cost of liquid 
air, one of the tubes.was pumped on an oil 
diffusion system and protected by two long- 
column charcoal traps in series. These traps were 
of a new design® which permits heating the 
charcoal to incandescence in an all-Pyrex system. 
The behavior of this tube was indistinguishable 
from that of the others which were pumped with 
mercury vapor and protected by double liquid- 
air traps. 

After outgassing of the glass and metal parts 
and before seal-off the barium was melted down 
several times on the first vaporizing oven and a 
considerable fraction of it vaporized. The mag- 


*P. A. Anderson, Rev. Sci. Inst. 8, 493 (1937). 


~I 
wm" 
wm 


nesium was treated similarly but usually could 
be only partially fused before a third or more of 
it vaporized. After seal-off the melting of the 
barium and vaporization of further fractions of 
barium and magnesium were repeated several 
times and the second vaporizers flashed to re- 
move all of the first condensates. During these 
preliminary treatments the glass drum of the 
type 1 tubes was always turned into the ““dump- 
ing position; the deposits formed by direct 
distillation from the first vaporizers and by dis- 
carded fractions from the second vaporizers were 
confined to one spot on the drum while the re- 
mainder of its surface remained uncoated until 
the measured films were laid down. In the case of 
the type 2 tubes the glass disk was moved into 
the appropriate vaporizing chamber only when 
the final distillations from a second vaporizer 
were to be made. The first vaporization of the 
middle fraction of each metal was carried out at 
an oven temperature just sufficient to form in one 
to two hours on the second vaporizer a deposit 
adequate for the preparation of several successive 
fresh surfaces on the glass receiver. The initial 
measurement on a film was made within a few 
seconds of completing the final deposition and 
the potential settings for fixed reference current 
followed closely during the early history of the 
film. The possibility of thus detecting and follow- 
ing work function changes which may occur im- 
mediately after the formation of a film is one of 
the most useful characteristics of the method. 
With a negative potential on the film, i.e., under 
the conditions of measurement, sunlight incident 














Fic. 2. Type 2 tube. First and second vaporizers, A and 
B, and electron gun E as in type 1 tube. Contact to films 
by Pt wire embedded in edge of 2 cm Pyrex disk R, 20 mil 
tungsten wire brush K and 10 mil tungsten wire spring C 
(rotated 90° in sketch). Tube flattened at F to prevent 
vapor exchange. R moved under gun during first vaporiza- 
tions to protect it from contamination. Setting of slide 
determined by paper scale on armature tube. 
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on the tube was found to generate a large photo- 
electric emission from film to gun and all the 
measurements were carried out in a shuttered 
room. No detectable emission was produced by 


ordinary artificial light or by the light from the 


emitter filament. The potential applied to ac- 
celerate the electrons in the gun was 10.01 v 
throughout the measurements and galvanometer 
deflections for zero potential on the film were of 
the order of 950 mm. The reference deflection 
was 500 mm and the retarding potentials required 
to establish this deflection were, in a typical 
measurement, 10.82 v for magnesium and 12.00 v 
for barium. The sensitivity of measurement in 
terms of change in deflection per volt change in 
applied potential, or work function, was of the 
order of 1500 mm/volt. The energy of the 
significant fraction of the electrons collected by 
the film at the reference setting was a small frac- 
tion of one volt and secondary emission must 
have been negligible. 


THE VOLTA POTENTIAL Ba-Mg 


Of the several hundred measurements made on 
more than 30 pairs of films the majority gave 
Volta potentials within the range predicted by 
Jamison and Cashman’s photoelectric value for 
the work function of barium,! 2.52 ev, and the 
Mann and DuBridge* value for magnesium, 3.68 
ev. The first series of measurements made with 
a type 1 tube gave reproducible Volta potentials 
of 1.08 v in exact agreement with the above 
mentioned value for barium and Cashman and 
Huxford’s? value for magnesium, 3.60 ev, but in 
the later series most of the observations were 
grouped in the range 1.15—-1.19 v. In several 
instances higher values were recorded and one 
pair of films gave a Volta potential of 1.26 v, the 
maximum value observed. Throughout the meas- 
urements the potential settings for fixed reference 
current were highly reproducible for the barium 
films and the Volta potential Ba-Ba taken on 
successively deposited barium surfaces was al- 
ways found to be zero to +0.01 v whenever it 
was checked. Since no systematic trend in the 
measurements with change of tube design or 
between different series of observations with 
tubes of the same design could be detected, the 
variations in Volta potential apparently origi- 
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nated in variations between the individual mag. 
nesium surfaces. A possible clue to these varia. 
tions is given by the observation that a fresh 
mirror-like surface of magnesium deposited on 
the virgin glass disk of a type 2 tube gave a 
Volta potential of 1.16 v against a barium film 
laid down upon it but as successive alternating 
films of the metals were deposited the magnesium 
surfaces took on the diffuse reflection character. 
istic of a finely polycrystalline metal while the 
Volta potential increased to 1.24 v. If residual 
gas was responsible for these variations it must 
be concluded that magnesium is sensitive to con. 
centrations of gas which leave barium films jn 
the same tube entirely unaffected. In tests for 
change of work function with aging none of the 
barium films studied showed a drift measurable 
within 72 hours.:The magnesium films were some- 
what less stable and in several instances ex- 
hibited drifts of 0.02—0.05 v toward lower work 
function within a few hours of deposition. These 
drifts were not, however, progressive and no 
changes greater than 0.05 v could be detected 
within 72 hours. 


THE WoRK FUNCTION OF BARIUM 


Since the value assigned to the work function 
of magnesium by this method depends directly 
upon the work function of barium, the selection 
of the most probable value for ¢g. becomes of 
first importance. The unique advantages of 
barium as a reference metal lend a more general 
significance to such a selection. In the first of this 
series of contact potential studies‘ the Volta 
potential W-Ba was found to be 2.13+0.05 v at 
liquid-air temperature and a value of 2.39+0.05 
ev was computed for ¢,, at this temperature on 
the assumption that the work function of tung- 
sten at 90°K is equal to 4.52 ev, the thermioni- 
cally determined ‘‘heat function.’’ This assump- 
tion, justified only because of our lack of informa- 
tion regarding the temperature coefficient of the 
work function of tungsten, is an approximation 
at best and subsequent investigations, in par- 
ticular the photoelectric work of Jamison and 
Cashman on barium, make re-examination of our 
earlier value desirable. Reimann,’ assuming zero 
reflection coefficient and a roughness factor of 1.3, 


7 Reimann, Phil. Mag. 20, 594 (1935). 
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has computed @w to be 4.64 ev at 1500°K. More 
recently the same author* has obtained measure- 
ments yielding an average value of d¢,/dT of 
7X10- ev deg.~' in the range 300-1100°K while 
Nottingham® and D. B. Langmuir'® estimate this 
temperature coefficient at —4X10~°. Assuming 
do,/dT to be independent of temperature, 
Reimann’s data give 4.54 ev for dw at 90°K 
while the Nottingham-Langmuir data yield the 
value 4.70 ev at this temperature. If, now, our 
value for the contact difference of potential 
\V-Ba is combined with these two divergent 
values for ¢w one obtains 2.41 and 2.57 ev, re- 
spectively, for dps at 90°K. Taking into account 
a temperature coefficient for barium" of 5X 10-° 
the calculated values of ¢g, at room temperature 
become 2.42 and 2.58 ev. But if, pending settle - 
ment of its sign and magnitude, the temperature 
coeficient of tungsten is put equal to zero the 
above computation, with Reimann’s work func- 
tion for tungsten and our Volta potential for 
W-Ba, gives 2.52 ev for the work function of 
barium at room temperature. The extent of the 
discrepancy between our value for ¢p, and that 
of Jamison and Cashman is evidently contingent 
upon uncertain data for tungsten and we have, 
therefore, adopted 2.52 ev as the most probable 
value of the barium work function at room tem- 
perature. A possible structural dependence of 
this work function has not been considered. Such 
variations are almost certainly small for barium 
films deposited on glass at room temperature but 
may be significant when such films are compared 
with surfaces formed at liquid-air temperature. 

Mention should, finally, be made of the high 
value, 2.70 ev, found for ¢x, in the photoelectric 
work of Suhrmann and Deponte” who measured 
a single thick film prepared by direct vaporiza- 
tion of a raw barium sample. It has been our 


§ Reimann, Proc. Roy. Soc. A163, 499 (1937). 


* Nottingham, Phys. Rev. 49, 78 (1936). 

” D. B. Langmuir, Phys. Rev. 49, 428 (1936). 

1 Cashman, Phys. Rev. 52, 512 (1937). 

® Suhrmann and Deponte, Zeits. f. Physik 86, 628 (1933). 
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experience that the first fusion of such a sample 
is invariably accompanied by a copious evolution 
of gas which, reabsorbed by the condensing 
surface, lowers rather than raises the work 
function. 


THE WoRK FUNCTION OF MAGNESIUM 


In the preceding discussion of results for the 
Volta potential Ba-Mg emphasis has been placed 
upon the question of their consistency with the 
photoelectric data. The measurements obviously 
supply, also, an independent determination of the 
external work function of magnesium, with the 
barium, work function, 2.52 ev, taken as the 
reference metal. The unweighted mean of the 
Volta potential values assigns 3.67 ev to oy, 
in close agreement with the photoelectric value of 
Mann and DuBridge. Since, however, all of the 
contaminations likely to be present under the 
conditions of the experiment would be expected 
to lower the work function, it is probable that the 
value 3.78 ev corresponding to the maximum 
observed Volta potential deserves the greatest 
weight. Such a conclusion does not take into ac- 
count a possible variation of work function with 
the crystal structure of the surfaces, and the 
observation that the maximum Volta potential 
was associated in at least one instance with a 
macroscopically crystalline rather than mirror- 
like surface. As compared to barium, magnesium 
has a relatively rigid lattice and would be ex- 
pected to be less capable of spontaneously estab- 
lishing its equilibrium structure. A thick film of 
magnesium deposited on a soft barium surface 
and with equilibrium crystal faces sufficiently 
developed to show diffuse optical reflection repre- 
sents a structure very different from that of a 
mirror film on glass and a different work function 
is to be expected. This structural effect, if real, 
bears out the tentative conclusion® that the work 
function of a metal surface composed of equi- 
librium crystal faces is higher than that of a 
microcrystalline (‘‘amorphous’’) film of the 
metal. 
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The Influence of Magnetic Fields on Persistent Currents in a Closed 
Superconducting Circuit 


K. C. Mann,* H. Grayson SmitH, AND J. O. WILHELM 
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A study has been made of the effects of external magnetic 
fields in preventing persistent currents from flowing in a 
closed superconducting circuit, in order to determine as 
closely as possible the field strength at which the first trace 
of electrical resistance appears. In agreement with earlier 
work by a less accurate method and with the resistance 
measurements of de Haas, but in contradiction to the 
idealized theory of the transition state, it is clearly shown 
that no resistance appears until the mean magnetic 
induction within the specimen*becomes considerable. It has 


INTRODUCTION 


P to the present time, there has been a con- 
siderable divergence in the results published 
on critical magnetic fields of superconducting tin. 
There are three main methods of measuring such 
fields; (1) resistance measurements of a super- 
conducting cylindrical tin wire; (2) measurement 
of the field strength at which the magnetic induc- 
tion in a tin specimen is complete; (3) measure- 
ments of the field strength at which persistent 
currents will no longer flow in a tin cylinder. Not 
all the work has been done with tin of the highest 
purity now obtainable, and it has long been 
suspected that small amounts of impurity such 
as are found in ‘‘chemically pure’”’ materials may 
affect the critical field strengths. 

A series of measurements taken by method (3) 
with the superconducting galvanometer, has 
already been published by two of us.' In that 
work, a single crystal of ‘‘chemically pure”’ tin 
was used, and it was felt advisable to extend the 
work with an improved method of measurement 
and even purer material. A discrepancy was 
found in the earlier work, which was traced to 
the use of an imperfect magnet, and the present 
paper includes corrections to the former results 
for the tin crystal and an extension of the 
method to spectroscopically pure tin. 


t Paper presented at the Toronto meeting of the Amer- 
ican Physical Society, June 25, 1938. 

* Holder of the University of Toronto War Memorial 
Fellowship. At present at University of British Columbia, 
Vancouver, Canada. 

1K. C. Mann and J. O. Wilhelm, Trans. Roy. Soc. 
Canada, ITI, 31, 19 (1937). 
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been found further that the amount of resistanceless 
current that a cylindrical specimen can carry under these 
conditions has a well-defined limit. The effects of very 
small quantities of impurities of different types have also 
been investigated and have been found greatly to affect the 
above results. When the persistent current strength was 
slightly above its equilibrium value, it required a measurable 
time to decay; the behavior was similar to the relaxation 
effects observed in the study of magnetic and thermal 
properties of superconductors. 


It is important to note that method (3) gives 
the field strength at which the first signs of re- 
sistance appear. In longitudinal fields, this is not 
exactly equal to the critical field //. as defined by 
other workers, since in all materials, the transi- 
tion from zero to normal resistance takes place 
over a finite range of field strengths, and J//, is 
usually taken as the field strength at which the 
transition is complete. For very pure materials, 
this range is quite small, and the different 
methods are in fair agreement. In the present 
paper, the term “critical field’’ refers always to 
the field in which resistance first appears, and 
will be denoted by //r in transverse fields and 
by /7, in longitudinal fields. The fields Hy are 
directly comparable with those of other workers 
since they mark the first appearance of resistance 
of the specimen when it passes into the “‘inter- 
mediate state” or mixed phase of normal and 
superconducting regions as postulated by Peierls’ 
and London.* The characteristic ratio, discussed 
in the previous paper,! is Hy/H_. 

With regard to the influence of impurities on 
the transition, some experiments have been 
carried out by other workers on specimens where 
the amount of added impurity was consider- 
able.‘~° The present authors thought it advisable 


2 R. Peierls, Proc. Roy. Soc. A155, 886 (1936). 

3 F, London, Physica 3, 450 (1936). 

4L.S. Schubnikow, W. I. Chotkewitsch, I. D. Schepelew 
and J. N. Rjabinin, Actes du VIle. Congrés Int. du Froid, 
457 (1936). 

5K. Mendelssohn, Judith R. Moore and R. B. Pontius, 
Actes du VIIe. Congrés Int. du Froid, 431 (1936). 

6 D. Shoenberg, Proc. Roy. Soc. A155, 712 (1936). 
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that more quantitative work on this subject 
should be undertaken with smaller amounts of 
controlled impurity, and that the persistent cur- 
rent method might be particularly suitable for 
the purpose. With this end in view, we have 
carried out experiments, adding small but meas- 
ureable amounts of impurity to spectroscopically 
pure tin. The effects of different types of impuri- 
ties have been tried, both superconducting and 
nonsuperconducting. The superconducting group 
contained elements with transition temperatures 
above and also below the transition temperature 
of tin. In the following paper, the results of ex- 
periments are reported which give the effects 
of one of each of the three classes of impurities 
upon both transverse and longitudinal critical 
fields, and hence upon the characteristic ratio. 


METHOD 


In the previous work, persistent currents were 
induced in a superconducting circuit consisting of 
the superconducting galvanometer and the speci- 
men itself. External magnetic fields were then 
applied and increased in steps until the persistent 
current could no longer flow. It was assumed that 
the prevention of persistent currents was due to 
the return of resistance, and so the field at which 
this occurred marked the critical field strength. 
It seemed advisable in the present experiment to 
increase the sensitivity of the current to small 
resistances so the circuit was slightly modified. 

We may recall that in the presence of a small 
resistance R, a persistent current will decrease 
according to the law 


T= Je 68/2), (1) 


Hence, decreasing the self-inductance L of the 
circuit causes a more rapid decrease of persistent 
currents, and the effect of a small resistance is 
greatly increased. Therefore, the superconducting 
galvanometer, which had a high self-inductance, 
was replaced by a simpler circuit. 

This circuit is shown diagrammatically in Fig. 
1. The whole of the circuit except the test cylin- 
der and the superconducting switch! consisted of 
lead; as lead has a high critical magnetic field, 
this part of the circuit always remained super- 
conducting for the field strengths used. The 
cylindrical test specimen was mounted as shown 
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Fic. 1. Superconducting circuit for the measurement of 
critical magnetic fields. 


to prevent the distortion of the field at the ends 
from affecting the readings. The superconducting 
switch was made of tin of larger diameter than 
the specimen, so that the magnitude of the 
current that the circuit could carry without 
showing resistance would be determined directly 
by the specimen itself. To protect the switch 
from outside fields, a shield of lead foil was 
wrapped around it. Search coils were placed be- 
fore and behind the wire in a plane perpendicular ° 
to the plane of the circuit; these coils consisted 
of about 200 turns of fine copper wire wound 
around the edges of a fiber rectangle and fastened 
into position so that they extended down the 
length of one side of the circuit. They were con- 
nected to a Grassot fluxmeter as indicated. The 
self-inductance of the circuit when entirely super- 
conducting was calculated to be 85 cm. 

In order to use the same field coils for both 
transverse and longitudinal fields, a second circuit 
was constructed which differed from the first in 
that its self-inductance was slightly higher, and 
the specimen was in a vertical position. Both 
longitudinal and transverse fields were supplied 
by a vertical solenoid, 20 cm long, which fitted 
around the helium flask. The solenoid was cali- 
brated with the fluxmeter by comparison with a 
standard solenoid, and it is estimated that the 











760 ms. ©. BARS, B. G. 
field measurements are accurate to within 0.5 to 
1 percent. 

The inducing field (not shown in the diagram) 
was produced by a pair of field coils outside the 
helium flask, the direction of this field being 
perpendicular to the plane of the circuit. 

All specimens were prepared by melting the 
constituents into a Pyrex mould and cooling 
rapidly. Inspection showed no large single crystal 
formation. Each specimen was in the form of a 
cylinder 40 mm long and 3.65 mm in diameter. 
The departure from circular cross section was 
small, the greatest being less than 5 percent. 

The most satisfactory results were obtained by 
the following procedure which was repeated for 
each reading: 

(1) The superconducting switch was applied, 
destroying the superconductivity of that portion 
of the circuit, and so preventing the circulation 
of persistent currents. 

(2) The inducing field was switched on. 

(3) The external applied field 7, (transverse or 
longitudinal) was switched on. 

(4) The superconducting switch was removed, 
thus “‘closing’’ the superconducting circuit. 

(5) The inducing field was switched off. This 
induced a persistent current through the circuit. 

(6) After waiting for a certain time to allow 
the persistent current to decrease should there be 
any resistance in the specimen, the superconduct- 
ing switch was applied again. Since this intro- 
duced a considerable resistance into the circuit, 
the persistent current dropped to zero very 
rapidly, and the resultant deflection of the flux- 
meter was recorded. Because the fluxmeter re- 

acted to changes of flux through the search coils 
due to changes of the persistent current, its 
readings were directly proportional to the current 
flowing. 


TABLE I, Data on the transverse and longitudinal 
critical fields for pure tin. ; 


| 
TEMPER- | 








CHARACTERISTIC 





ATURE Hr HL RATIO 
3.60° °K | 10.0 gauss | 17.5 gauss 0.570 
3.51° 17.5 30.0 0.583 
3.38 | 27.4 , 47.0 0.583 
3.308 | 34.7 | 59.5 0.584 
3.17° | 46.0 79.0 0.582 
2.975 | 61.0 105.0 0.580 


2.720 | 78.0 | 136.0 0.578 
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Fic. 2. Behavior of persistent currents in a pure tin 
cylinder in transverse magnetic fields, plotted against the 
ratio Hr/H,. Temperature: 3.38 °K. 


To calibrate the fluxmeter deflections directly 
in terms of current strength, two copper wires 
were soldered to the lead circuit above and below 
the search coils. These wires were led out of the 
cryostat to an outside battery circuit. At the 
beginning of an experiment, the temperature of 
the helium was kept at 4.2°K, at which tempera- 
ture the lead is superconducting and the tin is 
not. Any current introduced through the calibra- 
tion leads therefore passed entirely along the lead 
wire near the search coils. A deflection of 1 mm 
corresponded to a current of about 0.4 ampere. 
However, inasmuch as persistent currents of the 
order of 20 and 30 amperes were used in the ex- 
periments, this relatively low current sensitivity 
is of little importance. 


EXPERIMENTAL RESULTS 


(A) Spectroscopically pure tin 


For comparison purposes, a complete set of 
experiments was carried out on a cylinder of 
spectroscopically pure tin (Hilger S. Lab. No. 
10,000), which was investigated for both trans- 
verse and longitudinal critical fields. The results 
are given in Table I. Typical curves are shown 
plotted in Figs. 2 and 3. The broken line shows 
the fluxmeter readings (reduced to current 
strength) taken three seconds after the persistent 
current was induced in the circuit. The unbroken 
line shows the result of waiting 60 seconds after 
inducing the current. 

Typical curves showing the decay of persistent 
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Fic. 3. Behavior of persistent currents in a pure tin 
cylinder in longitudinal magnetic fields. Temperature: 
3.179 °K. 


currents with time are given in Fig. 4. Jn all cases, 
it was found that a delay of 60 seconds was 
sufficient to bring the current strength very close 
to its equilibrium value. 

Figure 5 is a comparison curve showing the 
variation of /7; with temperature. Plotted also 
are the results recently published on critical 
fields 17. by de Haas and Engelkes.’ 


(B) Single crystal of chemically pure tin 

The tin single crystal was the same specimen 
as that used in the earlier experiments.' Supple- 
mentary measurements were made during the 
present experiment, with the improved circuit. 
The results are listed in Table II. Fig. 6 shows 
the characteristic ratio plotted against A7, the 
temperature interval measured from the transi- 
tion point of tin, which is 3.72° °K. 


(C) Impure tin 


The three impurities that were selected as 
representatives of their types were bismuth (non- 
superconducting), /ead (superconducting with a 
transition temperature of 7.2°K), and thallium 
(superconducting with a transition temperature 
of 2.37°K). The bismuth was spectroscopically 
pure (Hilger S. lab. No. 8016), as was the lead 
(Hilger S. lab. No. 8334). The thallium was com- 
mercially pure material, but since the amount of 
each impurity used was small, their extreme 
purity is not essential. The amounts of each im- 
purity added to the tin were (1) tin-bismuth; 
99.5 percent tin, 0.5 percent bismuth: (2) tin- 


*W. J. de Haas and Miss A. D. Engelkes, Physica 4, 
325 (1937). 


lead; 99.5 percent tin, 0.5 percent lead: (3) fin- 
thallium ; 99.3 percent tin, 0.7 percent thallium. 

Experimental results for the contaminated tin 
are given in Table III. Typical curves for each 
impurity are plotted in Figs. 7, 8, and 9. It should 
be mentioned that, as in the case of the very pure 
tin, the equilibrium value of the persistent cur- 
rent was practically attained in an interval of 60 
seconds. 


DISCUSSION OF RESULTS 


(A) Spectroscopically pure tin 


1. Critical magnetic fields of spectroscopically 
pure tin.—The longitudinal critical fields for 
spectroscopically pure tin are slightly higher than 
those recently published in Leiden by de Haas 
and Engelkes, and at the same time are consider- 
ably higher than those for the tin single crystal. 
However, the low values of /7; obtained for the 
single crystal are not unexpected. Since it is not 
of extreme purity, its transition range from zero 
to normal resistance is probably considerable, 
and remembering that /7; measures the begin- 
ning of the transition, the above result is not 
unusual. 

The transverse critical fields for spectroscop- 
ically pure tin are, within experimental error, 
exactly 0.58 of the longitudinal critical fields 
at the same temperature. The constancy of this 
ratio 0.58 is in direct opposition to the results 
for the less pure tin crystal, where the char- 
acteristic ratio was found to depend linearly 





os 
T 
1 


a 
———— 
* 
i 







‘ APPLIED TRANSVERSE FIELD => 
i X_ s2causs T 3.17°K 


os 
' 


APPLIED TRANSVERSE FIELD . 
JOGAUSS T 3.60°K 
re 


PERSISTENT CURRENTS (arsitRary units) 
T 








rr 60 ry 
TIME (seconns) 


Fic. 4. Decay of persistent currents in a pure tin cylinder. 
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Fic. 5. Variation of longitudinal critical fields of 
spectroscopically pure tin with temperature. 


upon the temperature. Quite recently, Misener® 
at Cambridge obtained a similar temperature de- 
pendence using cylindrical wires (polycrystalline) 
of spectroscopically pure tin. Since workers at 
Leiden? found a constant 0.58 as the value of the 
ratio for a single crystal of tin, it would seem that 
the variation of the ratio with temperature is 
dependent upon some other factor than crystal 
structure or purity. 

2. Time effects in spectroscopically pure tin.— 
The time effects observed in the measurements 
may be given a fairly simple explanation. Re- 
sistance measurements on cylinders in longi- 
tudinal and transverse fields show that in the 
beginning of the intermediate state, the return 
of resistance is not discontinuous even in the 
purest samples, but increases very slowly at first. 
In transverse fields, this resistance gradually 
increases to normal at H,, while in longitudinal 
fields, the first small resistance in the neighbor- 
hood of /. is followed almost at once by a very 
abrupt increase at H/.. If currents stronger than 
the critical currents are induced in a super- 
conducting cylinder, the cylinder passes at once 
into some part of the intermediate state, and 
because of the small resistance which sets in, the 
current decreases. Since the resistance will de- 
pend upon the current, the decrease will not be 
purely exponential with the time. This decrease 
will continue until the current has fallen to its 
critical value, at which point the sample will 
show no resistance. In the present experiment, 
using the value 85 cm as the self-inductance of 

8 A. D. Misener, Proc. Roy. Soc. A166, 43 (1938). 


*W. J. de Haas, J. Voogt and J. M. Jonker, Physica 1, 
281 (1934). 
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Fic. 6. Variation of the ratio Hr/H,, of a single crystal of 
“chemically pure’ tin with temperature. 


the circuit, we can calculate that after 60 seconds, 
the resistance encountered by the current is less 
than 10-" ohm, a value which may be quoted 
as the upper limit of resistance at the critical 
field points listed above. 

For longitudinal fields, the final point for zero 
current is almost independent of the time at 
which the readings were taken. This is to be 
expected from the above reasoning, since if there 
is an intermediate state in longitudinal fields, it 
occurs only in a small range of field strengths, 
and as cylinders show a relatively large resistance 
once the field at the surface becomes critical, 
persistent currents induced above the critical 
current value decrease to their proper value at 


once. 


It is quite probable that a large number of the 
time effects observed by others can be explained 
in this way. 

3. Critical persistent currents.—Referring to 
Fig. 2, we should expect the behavior of the 
persistent current J beyond a certain point B, 
to follow the line AC which represents the rela- 


tion 


2H,+21/r=H,, 


(2) 


TABLE II. Data on the transverse and longitudinal critical 
fields for a single crystal of pure tin 














TEMPER- | CHARACTERISTIC 
ATURE Hr Hr. | RATIO 
3.629°K | 6.3 gauss | 12.5 gauss 0.504 
3.56° 10.5 | 20.0 0.525 
3.46° | 18.0 33.5 0.537 
3.419 22.0 | 41.5 0.530 
3.17° 40.5 73.5 0.552 
2.94° 58.0 | 100.0 0.580 
2.40° 96.0 155.0 0.620 
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where H, is the applied field and r is the radius 
of the specimen. This line defines a boundary on 
the diagram at which the field on the surface of 
the specimen is just equal to H,;. It may be 
assumed that the longitudinal critical field 7, is 
equal to the critical field //. for penetration as 
found in induction experiments, which is very 
nearly true for pure tin. Therefore, if a point to 
the right of AC represents a stable state of per- 
sistent current and field, it would give a surface 
field greater than #7, and so the field must pene- 
trate into the specimen, which thereby passes 
into the so-called intermediate state, assumed to 
be a mixed phase of normal and superconducting 
regions. Actually, the experimental curve follows 
relation (2) until the point E is reached. From E 
to D, it departs from its linear form, and shows 
a greater value of J than is to be expected from 
a simple application of Eq. (2). At the point E 
then, the specimen passes into the intermediate 
state. Pursuing this reasoning further, we see 
that the current-carrying capacity of the cylinder 
in this state is now greater than it would have 
been had it remained completely superconduct- 
ing, the boundary of which condition is marked 
by the line AC. It is quite possible that once 
penetration has begun, the sample breaks up in 
such a way that the small superconducting re- 
gions interspersed among the normal have to- 
gether a greater current-carrying capacity than 
if the entire cylinder had remained superconduct- 
ing, whether this results from a greater total 


TABLE III. Data on the transverse and longitudinal 
critical fields for contaminated tin. 








| CHARAC- 











TERISTIC 
SPECIMEN TEMPERATURE Hr AL RATIO 
Trx-BIsMUTH 3.60° °K 14.0 gauss 
3.51° 16.5 gauss | 27. 0.59 
3.385 43.5 
3.308 53.5 
3.17° 40.7 71.5 0.57 
2.97% 57.5 96.5 0.59 
2.720 130.0 
Tin-Leap 3.60° 16.2 
3.51° 23.5 28.3 0.83 
3.385 46.5 
3.308 55.5 
3.178 56.0 74.5 0.76 
2.975 74.5 100.0 0.75 
2.72° 130.0 
TIN-THALLIUM 3.60° 15.0 
3.510 19.5 27.0 0.72 
3.388 43.7 
3.308 55.0 
3.170 48.0 74.0 0.65 
2.975 67.0 101.0 0.67 
2.720 133.0 
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Fic. 7. Behavior of persistent currents in a tin-bismuth 
cylinder (99.5 percent tin, 0.5 percent bismuth) in trans- 
verse and longitudinal fields. Temperature: 2.975 °K. 
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Fic. 8. Behavior of persistent currents in a tin-lead 
cylinder (99.5 percent tin, 0.5 percent lead) in transverse 
and longitudinal fields. Temperature: 2.975 °K. 
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Fic. 9. Behavior of persistent currents in a tin-thallium 
cylinder (99.3 percent tin, 0.7 percent thallium) in trans- 
verse and longitudinal fields. Temperature: 2.975 °K, 


superconducting surface, or from some other 
cause. The current Ig represents the greatest current 
that the superconducting regions of the mixed phase 
can carry without causing a return of resistance. 
As the field penetrates further, increasing the 
proportion of normal material, the current gradu- 
ally decreases to zero at D. D marks what has 
been defined as H,7, the transverse critical field 
above which no current can flow without showing 
resistance. This is the only point on the diagram 
that is directly comparable with the results of 
other workers, who have uniformly used small 
measuring currents. 
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Fic. 10. The influence of persistent currents on the mag- 
netic transition of a pure tin cylinder. 


The point A should mark the critical current 
that the cylinder can carry in zero field without 
bringing on resistance, and so should be calcu- 
lable by Silsbee’s hypothesis, 7; =2/,,/r. In all 
cases, the agreement between calculated values 
and those obtained by extrapolation of EB to 
A was satisfactory, the disagreement generally 
being less than 5 percent. 

4. The influence of persistent currents on induc- 
lion.—A separate experiment was carried out on 
the spectroscopically pure cylinder in an attempt 
to check the accuracy of the above conclusions. 
This cylinder was kept in place in its super- 
conducting circuit, and a fine bismuth wire was 
mounted on its surface in a diametral plane 
perpendicular to the direction of the applied 
transverse field. The bismuth wire was connected 
by copper leads to a potentiometer. The routine 
experiment was then repeated, with the excep- 
tion that the resistance of the bismuth wire was 
measured as well as the strength of the persistent 
current. The results are shown in Fig. 10. 10(a) 
shows the strength of the magnetic field at the 
surface of the cylinder when no persistent current 
is flowing. 10(b) shows the field strength during 
the flow of current (after it has reached a steady 
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value), and after it has been reduced to zero by 
the action of the superconducting switch. Fo, 
purposes of comparison, the values of the per. 
sistent current are also plotted. The portion of 
the curve in the intermediate state shows an 
upward slope which may be explained by the fact 
that the ends of the bismuth wire to which the 
copper wires were attached, were pulled con. 
siderably away from the surface of the specimen, 

Examination of the curves will show that 
penetration of the field into the specimen begins 
at the field strength represented by the line E, 
as was suggested above. 

5. Critical persistent currents in longitudinal 
fields.— Referring to Fig. 3, we see that for a 
portion of the curve, there is a linear relationship 
between the strength of the persistent current / 
and the applied longitudinal field //,. This is 
true in every case in which the pure tin was used, 
although the length of the linear part varies 
somewhat. Furthermore, an extrapolation of 
this line gives us AB, which in every case meets 
the ordinate at a point very close to the critical 
current for that temperature. These extrapolated 
values of the critical current are always slightly 
lower than the calculated values. It must be 
admitted that the calibration of the longitudinal 
search coils for current strength is not very 
certain, nor can the same reliance be placed upon 
this calibration that can be attributed to the 
transverse field search coils. However, the very 
consistency of its results is a point in its favor, 
and it is evident that some linear relation exists 
between persistent current and longitudinal field. 
Since the direction of the longitudinal field and 
the field due to persistent current are mutually 
perpendicular, we should expect the relationship 
to be 


(77,)? + (21 /r)? = (1). 
Instead, the line AB approximately represents 
H,+21/r=H (3) 


although the point B, which represents //, is 
not exactly on the straight line. The significance 
of the linear relation is evident. The mutual 
effect of the persistent current field and _ the 
applied field is apparently independent of the 
direction of the latter, and depends only upon 
its magnitude at the surface of the cylinder. 
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An ideal superconductor in the form of an 
infinitely long cylinder would pass directly from 
superconducting to normal in a_ longitudinal 
field without passing through an intermediate 
state. In practical cases, however, cylinders do 
show a small intermediate state as witnessed by 
the finite width of the transition range. Since 
we conclude from our results with transverse 
fields that the intermediate state can carry a 
limited current, this should apply to longitudinal 
fields where there is a narrow range of mixed 
phase. Hence, we should expect the curve in 
Fig. 3 to curl slightly near the point B, in order 
to account for this small current-carrying 
capacity, and we must conclude that the actual 
transition from superconducting to normal begins 
at a field strength marked by an extrapolation 
from the point A to zero current, which point 
will be only slightly less than the point B. 


(B) Impure tin 


1. Effects of impurities on longitudinal critical 


fields —The effect of all impurities, at least in 


the small amounts used here, is to lower //,;. 
Schubnikow and others‘ have found the reverse 
effect on //7. for larger amounts of impurities, 
and that is the conclusion reached by Mendels- 
sohn, Moore, and Pontius. Shoenberg® has 
plotted the magnetization curve of a lead sphere 
to which has been added 1.5 percent of bismuth, 
and has found that the impurity increased the 
critical field. It is known, however, that im- 
purities have the effect of widening the transition 
range, and the critical fields reported in the 
papers quoted mark the points at which the 
magnetic transition is complete, while the critical 
fields in the present paper mark the points at 
which resistance commences. For very large 
impurities, i.e., for alloys, the fields at which 
resistance first appears have been found to be 
very much greater than the critical fields ob- 
tained in magnetic experiments.” It would be 
interesting to continue this work by the present 
method, with the use of increasing amounts of 
impurity. 

It should be remembered that where im- 
purities are used, there will be a considerable 
“locked-in” flux. With the method of measure- 


_ lJ. N. Rjabinin and L. W. Schubnikow, Phys. Zeits. 
Sowjetunion 7, 122 (1935). 


ment used in this experiment, it will be seen 
that each reading is a complete magnetic cycle 
in itself. Each reading involves increasing the 
total field acting on the specimen above the 
critical field value, because the sum of the 
inducing field, the applied field, and the field 
due to the persistent current field must be above 
the critical value for a short time along the 
sloping portion of the transition curves. There- 
fore, the full amount of locked-in flux should be 
obtained with each reading taken. The next 
reading releases the flux again, so that apart 
from a_ possible reduction of the persistent 
current below the value which would be found 
in a virgin cycle, the final point where no more 
persistent current will flow should be the same 
regardless of the amount of flux locked in. A 
study of the magnetization curve of a lead 
anchor ring published by Shoenberg® shows a 
considerable locked-in flux as the cycle is 
completed, but the indications are that if the 
magnetic cycle is repeated, the persistent current 
is reduced to zero at the same field strength as 
when the cycle was first begun. 

The amount of reduction of /7;, by impurities 
varies slightly with the impurity used. The 
superconductors reduce it only slightly, while 
the nonsuperconductor has a considerable effect. 
Lead has the least effect and thallium has 
slightly more than lead. 

2. Effects of impurities on the transverse critical 


fields.—It is in the effects of impurities on //, 


that abnormalities appear. These critical fields 
seem to be extremely sensitive to impurities. 
Bismuth decreases the transverse critical field 
in about the same ratio as it decreases the 
longitudinal critical field, while the supercon- 
ductors increase it; lead has the greatest effect 
and gives characteristic ratios of 0.75 and higher. 
The effects of thallium lie in between the two 
extremes. Unfortunately, the ratios are too 
scattered to permit any generalization as to 
their dependence upon temperature. 

The method also permits no definite conclu- 
sions regarding the effect of impurities on the 
normal transition temperatures, since this has 
to be obtained by an extrapolation of the /7;,—T 
curves to zero field. We may say, however, that 
if such changes occur at all they are compara- 
tively small. 
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3. Effects of impurities on the resistance of the 
intermediate state.—An examination of the time 
effects in impure tin in both transverse and 
longitudinal fields shows definitely that the 
effect of impurities is to increase the resistance 
of the specimen in the intermediate state. 
Bismuth increases this resistance more than the 
other impurities, and consequently decreases the 
current the most rapidly. Thallium has the 
next greatest effect, and lead the least. 

Equation (2) expressing the behavior of 
persistent currents in transverse fields does not 
hold for the impure samples as it does for large 
currents in pure tin. Nor is there any consistent 
linear relation between persistent current and 
applied longitudinal field as expressed in Eq. (3). 
This is hardly to be expected, for since the 
presence of a large locked-in flux considerably 
complicates any generalization, it is impossible 
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to say just when penetration of the specimen by 
the field commences. Since the flux is locked in 
with each reading, penetration may commence 
as soon as the persistent current begins to be 
affected by the external field. If this is so, we 
would expect the current-carrying capacity of 
the intermediate state to be altered by im- 
purities. Thus, the high transverse critical fields 
given by tin-lead and tin-thallium would indicate 
that owing to the presence of the superconducting 
impurities, the current-carrying capacity of the 
intermediate state is increased. Bismuth on the 
other hand must decrease it. Eqs. (2) and (3) 
however, are not valid over any portion of the 
curves. 

The authors wish to express their thanks to 
Professor E. F. Burton, the director of the 
laboratory, for his constant encouragement 
during the course of this work. 
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Several authors have suggested that the relaxation effects frequently observed in experi- 
ments on the magnetic properties associated with superconductivity may be due to the slow 
decay, caused by a very small resistance, of eddy currents in the specimen. Similar relaxation 
effects have recently been observed by the authors and Wilhelm in experiments on persistent 
currents in a closed superconducting circuit. Viewed in the light of a marked parallelism in 
behavior of all time effects, these experiments definitely confirm the above suggestion. Further, 
a simple thermodynamic argument shows that the same cause will produce relaxation in the 
thermal equilibrium, and so will account also for the time effects in the calorimeter experiments 


of Keesom and van Laer. 


INTRODUCTION 


HE relaxation effects which have been 
observed in connection with the transition 





between the superconducting and normal states 
of a metal, when this takes place in the presence 
of a magnetic field, have given rise to much 
discussion. The effect in question can be de- 
scribed generally as a delay in attaining equi- 
librium when a change is made in either the 
external magnetic field or the temperature. In 
all cases so far reported, the relaxation effects 


'¥ have been found only with metals of high purity, 


in the transition region between the pure super- 
conductor and the normal metal. It can reason- 
ably be assumed, therefore, that the effects are 
associated with a mixture of superconducting 
and normal regions in a pure metal. 

Different experimenters who have observed 
the effects have suggested various tentative 
explanations, but so far it has not been possible 
to present definite evidence of the cause, or even 
to show that all the effects are due to the same 
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cause. Several authors have suggested'~* that 
the effects observed in experiments on the 
magnetic properties associated with supercon- 
ductivity might be due to the slow decay, 
caused by a very small resistance, of eddy 
currents induced in the specimen by the changing 
magnetic field. If this is the case, the phenomenon 
must be an irreversible one, and so must be 
associated with a certain amount of hysteresis 
in the magnetic cycle, as pointed out by Mendels- 
sohn and Pontius.*: * 

Similar relaxation effects have recently been 
observed by the authors and Wilhelm,® in 
experiments on the prevention of persistent 
currents in a closed superconducting circuit by 
a magnetic field. In these experiments, the 
current in the circuit was measured directly, 
independently of other magnetic effects, and 
the decay of the current strength with time was 
clearly due to the presence of a very small 
resistance when the specimen contained suitable 
proportions of superconducting and normal 
regions. The experiments showed, in agreement 
with those of de Haas, Voogt and Jonker,’ that 
no resistance appeared until a certain portion of 
the metal had passed into the normal state, and 
then as the transition proceeded the resistance 
remained finite but small over an appreciable 
range of magnetic field strengths. The small 
effective resistivity in the earlier stages of the 
transition region is also indicated by the experi- 
ments of Shoenberg*:* on a superconducting 
sphere in an alternating magnetic field, where 
the resistance to the eddy currents was shown 
by an out-of-phase component in the inductance 
of a coil surrounding the sphere. 

The experiments described in J show that 
under certain external conditions the currents 
induced in a superconducting metal may take 


1W. J. de Haas, A. D. Engelkes and O. A. Guinau, 
Physica 4, 595 (1937); Leiden Comm. 247e. 

1936) Mendelssohn and R. B. Pontius, Physica 3, 327 
(1936) Mendelssohn and R. B. Pontius, Nature 138, 29 
*D. Shoenberg, Camb. Phil. Soc. Proc. 33, 260 (1937). 

G. Daunt, Phil. Mag. 24, 361 (1937). 

*K. C. Mann, H. Grayson Smith and J. O. Wilhelm, 
Phys. Rev. 54, 758 (1938). This paper will be referred to 
throughout as J. 

7W. J. de Haas, J. Voogt and J. M. Jonker, Physica 1, 
281 (1934); Leiden Comm. 229c. 

* D. Shoenberg, Actes du 7e Congrés Internat. du Froid 
1, 492 (1936). 

*D. Shoenberg, Camb. Phil. Soc. Proc. 33, 559 (1937). 


an observable time to decay, and it is the 
purpose of the present paper to advance the 
proposition that all the relaxation effects which 
have so far been observed are due to this rela- 
tively simple cause. It is significant that the man- 
ner in which equilibrium is approached, and the 
conditions under which the effects are observed, 
are very similar in the experiments J, in which 
the resultant current strength was actually 
measured, and in other experiments in which 
the magnetic or thermal properties have been 
studied. 

Experiments in which relaxation effects have 
been observed can be divided into three classes : 


A. Experiments, such as J, in which the effect is clearly 
due to the decay of the current circulating around a 
closed circuit. 

B. Experiments in which the effect is a delay in attaining 
equilibrium between the magnetic induction within the 
specimen and the external magnetic field. 

C. Experiments showing a delay in attaining thermal 
equilibrium when the heat of transition is involved. 


It is proposed to discuss these in order, and to 
show that there is a strong thread of continuity 
running through the entire series, with definite 
connecting links between the three types of 
experiment. 


DELAY IN ESTABLISHING MAGNETIC 
EQUILIBRIUM 


The largest number of observations of relaxa- 
tion effects belong to class B, connected with 
experiments on the magnetic properties of simple 
superconducting bodies.'® In all these cases the 
effect has been a delay, of very variable length, 
in attaining the final state of equilibrium of the 
magnetic induction within the body." 

The experiment performed by de _ Haas, 
Engelkes and Guinau! forms a direct link between 
the persistent current experiments J and other 
magnetic experiments. In this experiment the 


10 References 1 to 5, 12, 13 and 1% also J. N. Rjabinin 
osg4) W. Schubnikow, Physik. Zeits. Sowjetunion 6, 557 

The experiment performed by Daunt (reference 5) is 
included in class B because it is concerned with the mag- 
netic equilibrium. However, the effect observed, a varia- 
tion with time of the shielding properties of a hollow tin 
cylinder, depends rather upon the proportion and dis- 
tribution of the superconducting regions. It follows from 
the thermodynamic arguments given below that the 
amount of superconducting material present varies with 
the time in the same way as the excess eddy current. 
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field strength was measured inside a canal bored 
through a tin sphere in the direction of the 
external field. On account of this canal, the body 
has to be considered as a closed circuit, in which 
circulating currents can be induced. In the light 
of the present evidence the relaxation effects 
were evidently due, as the experimenters them- 
selves suggested, to the decay with time of 
these currents, and the experiment should be 
placed along with J in class A. This is further 
supported by the fact that no field was observed 
in the canal until the external field strength was 
appreciably greater than the value at which 
penetration of flux into the sphere commenced. 
Since it is now known that resistance does not 
usually begin to appear until an appreciable 
part of the body has passed into the normal 
state, the exclusion of the field from the canal 
was evidently due to a resistanceless persistent 
current set up around the closed circuit. 

Now, de Haas, Engelkes and Guinau stated 
further that there was no essential difference in 
behavior, including the relaxation effects, be- 
tween the field at the surface of the sphere with 
the canal, and that at the surface of a similar 
solid sphere. We can conclude, therefore, that 
the effect in the solid sphere is due to the same 
cause as that in the bored sphere, namely to the 
decay of eddy currents. 

Insofar as details have been reported of the 
relaxation effects of class B, the behavior has 
been quite similar to that in the persistent 
current experiments J. In the first place, the 
decay with time definitely does not follow a 
simple exponential law, with a rate of decay 
proportional to the excess.?: + * ' Rather, the 
rate of approach to equilibrium is rapid at first, 
and then becomes much slower as the final state 
is neared. This agrees with J, and in the latter 
case the shape of the decay curve could be 
ascribed to the fact that the small resistance 
depends on the amount of current flowing, in 
excess of the equilibrium current which the 
specimen can carry without resistance. 

The relaxation effects have been observed in 
general only with pure metals.?:* In J it was 
found that the resistance in the early stages of 

#21. W. Schubnikow, W. I. Chotkewitsch, J. D. Schepe- 
lew and J. N. Rjabinin, Physik. Zeits. Sowjetunion 10, 165 


(1936); 10 (Supp.), 36 (1936). 
3D. Shoenberg, Proc. Roy. Soc. A155, 712 (1936). 
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the transition was very much greater for tin 
contaminated with various impurities than jt 
was for pure tin. 

In experiments on spheres, and on cylinders 
in transverse fields where the field is considerably 
distorted around the body and the penetration 
of field proceeds gradually, the relaxation effects 
have been found to be more pronounced, and 
the times to be longer, during the earlier stages 
of penetration." In J also, the small resistance 
which made the decay of current slow enough 
to be observed was associated with the earlier 
stages of the transition. 

From the rate of decay of the persistent 
currents in J an estimate can be made of the 
mean resistivity of the mixture of supercon- 
ducting and normal material. Towards the end 
of the relaxation period this was about 3X 10-" 
ohm-cm for pure tin, but the estimate is very 
rough since the resistance varied as the decay 
proceeded. With such a resistivity, the relaxation 
time for Foucault currents flowing around the 
circumference of a cylinder of radius r would be 
of the order of 700r? seconds. The order of 
magnitude of the resistance observed is therefore 
satisfactory, although this figure is somewhat 
less than the times which have been observed 
for long cylinders in a longitudinal magnetic 
field.2: 12. 15 


THE TIME OF RELAXATION 


In most cases the times of relaxation which 
have been reported are the times required for 
equilibrium to be attained within the limits of 
measurement, and these times have varied very 
much in different experiments. It is well known 
that the secondary phenomena associated with 
superconductivity are very sensitive to variations 
in the shape and purity of the specimens, and 
this, as shown in J, includes the small resistance. 
However, it can be shown that in different 
experiments where the purity and shape are 
similar, the observed relaxation times can still 
depend very much on the way in which the 
experiment was carried out, principally on the 
magnitude of the steps in which external condi- 
tions were altered. 


4 References 1, 4, 5, and 13. However, Mendelssohn and 
Pontius (reference 3) observed relaxation effects through- 
out the transition for a short cylinder. 

% K, Mendelssohn, Proc. Roy. Soc. A155, 558 (1936). 
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The experiments J, and the general shape of 
the decay curves, show that the resistance 
increases rapidly with the amount of excess 
current flowing. Consequently, when the field 
or temperature are varied in small steps so that 
the currents induced are small, the effective 
resistivity will be extremely small, and the time 
required for the current to decay to half-value 
will be comparatively long. It can easily be 
seen that the whole decay curve will be extended 
along the time axis. Then, since experiments in 
which small changes have been made are usually 
those in which a sensitive method of measure- 
ment has been used, the time to attain “‘effective 
equilibrium” is also likely to be long. 

When different experiments are compared, the 
association of slow relaxations with small changes 
of field strength seems for the most part to be 
confirmed. Rapid relaxations, of the order of a 
few seconds, have been observed by Daunt® 
when the direction of the field was suddenly 
changed, by Keesom and van Laer'® with changes 
of the order of a third of the transition range, 
by the authors in J where every observation 
represented a reduction of the total field through 
a large part of the transition range. Slow re- 
laxations, of several minutes, have been ob- 
served only in detailed studies of the magnetic 
cycle, where the field was changed in small 
steps.!: 2» 3. 2. 15 Qn the other hand, Shoenberg*: * 
has observed rapid relaxations in studying the 
magnetic cycles of spheres and short cylinders. 


THE DELAY IN THERMAL EQUILIBRIUM 


In experiments on the heat of transition and 
specific heat of tin, in the presence of a magnetic 
field, Keesom and van Laer'® observed relaxa- 
tion effects as the tin was heated through its 
transition from superconducting to normal, 
indicating a delay in the absorption of the beat 
of transition. When the metal was in its transi- 
tion region, and heat was added at a uniform 
rate, the initial rise of temperature was greater 
than it ought to have been if the heat of transi- 
tion had been immediately absorbed. Then, 
after the heating ceased, the temperature 
dropped again to its final equilibrium value, 
with a relaxation time of 20 to 40 seconds. 


*W. H. Keesom and P. H. van Laer, Physica 3, 173 
(1936); Leiden Comm. 240c; Physica 4, 499 (1937). 


On the other hand, no delay was observed in 
the cooling due to the magneto-caloric eftect, 
when the magnetic field was increased adiabati- 
cally. Keesom and van Laer consider that a 
relaxation of the order of 5 seconds ought to 
have been observable, and for this reason they 
suggest that there is some essential difference in 
the two cases. However, the dependence of the 
relaxation time on experimental conditions could 
cause a variation by a factor of 5 or more. 
Moreover, the alternating current experiments 
of Shoenberg® indicate that there is a relaxation, 
in this case very rapid, in the magneto-caloric 
effect. Hence the authors see no necessity for 
concluding that the cause of relaxation is 
different in the two cases. 

Mendelssohn has reported?:'® that similar 
delays were observed in establishing magnetic 
equilibrium whether the field strength was 
altered, or the temperature changed keeping the 
field constant. This is to be expected if the effect 
is due to eddy currents, for in the transition 
region a change of temperature will initiate a 
redistribution of the field, and this will induce 
currents of the kind postulated. It then follows 
that there ought to be a relaxation in the 
thermal equilibrium, as observed by Keesom and 
van Laer. 

We shall assume that when a change in 
external conditions is made, either of magnetic 
field or of temperature, the immediate change 
6’o in the magnetization of the superconductor 
is numerically less than the change do in the 
equilibrium value. Then there must be a further 
delayed change, the relaxation, amounting to 
6’’o, where 

i’0+6"'c= de, 


and where 6c is a function of the time, de- 
termined by the decay of the eddy currents. 

In any change the external work done is J/éc, 
and if the heat absorbed is 6Q we have 


Ho +6Q=5U+8U,, (1) 


where 6U; is the kinetic, or self-inductance 
energy of the eddy currents. Since 6U; is always 
positive when an equilibrium state is disturbed 
by altering external conditions, the magnetic 
cycle as a whole may be irreversible. But the 
process can be said to be _ instantaneously 
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reversible in the sense that, if the time required 
to alter conditions is small compared with the 
time of relaxation, an immediate reversal will 
destroy the eddy currents and restore the initial 
conditions. Therefore, for a rapid initial change, 
6U; can be treated as a part of the internal 
energy. Then, during the slow decay, this energy 
is exactly recovered as heat, and so the decay 
represents merely a change in the form of the 
internal energy, and it is permissible to apply 
thermodynamic relations to the problem. 

Ignoring the distinction between the energy of 
the eddy currents and other forms of internal 
energy, we obtain from (1), as a fair approxi- 
mation to the actual conditions, 


60=T8S=C,6T—T(dH/dT),60. (2) 


In this relation we can put, at least approxi- 
mately, 


(dH /d7),=dH_./dT, 


where //, is the critical field for the interruption 
of superconductivity, for throughout the transi- 
tion region the field within the body must be 
nearly equal to the critical field, independent 
of @.'7 

Consequently, in the first experiment of 
Keesom and van Laer, heating in a constant 
field, the rise of temperature during the heating 
period will be given by 


C,é’T =6Q0+T7 (dH, dT)é'c. (3) 


Since dH,/dT is a negative quantity, and 46’c is 
positive and less than the equilibrium value 6c, 
the temperature increase 6’7 must be greater 
than the equilibrium increase, in agreement with 
experiment. 

After the heating is complete, we have, 
according to the eddy current hypothesis, a 
further change 6”o in the magnetization, and 
hence a further change in temperature, given by 


C,6"T =T(dH,./dT)6"'c. (4) 


This represents a delayed cooling, as observed, 


17 Theoretically, the internal field should be everywhere 
equal to H,, if the distribution of normal and super- 
conducting regions is regular: F. London, Physica 3, 450 
(1936). 
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which follows exactly the variations in the 
magnetization. 

Equation (4) gives also the cooling to be 
expected in the adiabatic magneto-caloric effect, 
and shows that in this case also the changes of 
temperature should follow the course of the 
magnetization, and exhibit the same kind of 
relaxation as has been observed in purely mag. 
netic experiments. 

The heat of transition from the supercon. 
ducting to the normal state is given by'® 


L=—VT(H/4r)(dH,.,dT) = —T(dH./dT)o, (5) 


where o = VH,/4r is the total change in magnet- 
ization from pure superconductor to normal 
metal. Eq. (2) can now be written 


60=C,8T+Léo/c. 


But, if the mixed phase interpretation of the 
transition region is accepted, 


50=C,6T+Lar, 


where 6r is the increase in the fraction of the 
material which is in the normal state. From this 
it can be argued that the transition of the 
material from one state to the other in local 
regions also follows the changes in magnetization, 
and so also proceeds slowly as the excess eddy 
currents die out. The same presumably applies 
to the distribution of the normal regions, inso- 
far as this is determined by the direction of the 
external field, and so the eddy current hypothesis 
can also account for the relaxation effects 
observed by Daunt.*:'' This suggests that the 
process may be similar to that suggested by 
Mendelssohn and Pontius,* that in a decreasing 
field the regions in which the eddy currents are 
located contract as the currents decay, and 
allow the transition to the superconducting 
state to proceed. 

In conclusion the authors wish to express their 
thanks to Professor E. F. Burton for his con- 
tinued encouragement and advice, and to Dr. K. 
Mendelssohn for his helpful correspondence. 


18 C, J. Gorter and H. Casimir, Physica 1, 305 (1934); 
W. H. Keesom and P. H. van Laer, Physica 4, 487 (1937). 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


Scattering of Slow Neutrons by Paramagnetic Salts* 


Bloch! and Schwinger? have investigated theoretically 
the polarization effects when neutrons interact with mag- 
netized ferromagnetic material. Experiments have been 
performed to demonstrate these effects.*“* Halpern and 
Johnson’: 8 have pointed out that magnetic scattering will 
occur in every type of magnetic material and that the 
magnetic and nuclear contributions to the neutron scatter- 
ing may be separated by studying the scattering of certain 
metals in different valence states. 

Preliminary results on scattering of neutrons by para- 
magnetic substances reported by one of us® indicated the 
necessity for making investigations of the neutron scatter- 
ing at small angles. 

Experiments have now been carried out in which scatter- 
ing by paramagnetic substances has been studied by two 
methods: 

(1) Measurement of the effective cross section of the 
paramagnetic salts as compared to the additive cross 
sections for the elements which compose them, under con- 
ditions in which neutrons scattered through angles greater 
than approximately 3° were not detected. 

(2) Measurement of the angular distribution of the 
scattered neutrons. 

A neutron beam approximately 100 cm long from source 
to boron chamber was shielded by BysC and accurately 
collimated by cadmium channels. The cross sections of the 
compounds were then measured with the sample interposed 
in this beam approximately midway between the source 
and the detector, so that practically no scattered neutrons 
were detected. The cross section of an identical physical 
mixture was then determined as in the case of MnS, or else 
cross sections of the constituent elements were meas- 
ured separately under the same conditions. The results 
are shown in Table I. The differences in column four 


TABLE I]. Results for the observed, nuclear, and magnetic 
cross sections for various paramagnetic salts. 














NUCLEAR MAGNETIC 
PaRa- OBSERVED ADDITIVE Cross SECTION 
MAGNETIC Cross Section | Cross SECTIONS FOR SALT 
SALT (cm?) (cm?) (cm?) 
MnSO, 33.6 1074 31.3 107% 2.3 10-*4 
MnS 19.1 15.1* 4.0 
MnO 19.9 18.1 1.8 
Fe,0; 39.2 36.0 3.2t 

















* Physical mixture. 
t This number should be increased by twice the magnetic scattering 
cross section of the metallic iron atom when unmagnetized. 





are believed to be correct for the samples used within 
+0.8 X10°*4 cm?. 

The results show an increase in scattering for the para- 
magnetic salts over the additive cross sections of the ele- 
ments which compose them. Carefully selected materials 
were used in all cases and special precautions were taken to 
exclude water contamination. 

The angular distribution of the scattered neutrons has 
been studied by comparing the transmission of the para- 
magnetic salts when placed near the center of the beam and 
close to the detector. With the sample close to the detector 
an appreciable solid angle was subtended by the sample at 
the chamber. The effective change in solid angle subtended 
between the two points in the beam was experimentally 
measured with carbon as a scattering material. Iron was 
also used in this way and the iron and carbon data indicate 
a scattering cross section for iron of 8.510-* cm? and a 
capture cross section for iron of 3.5 10~** cm*. The total 
cross section for iron was measured in this beam and found 
to be 12.0+0.1 X 10™** cm’. 

MnS gave pronounced evidence of small angle scattering. 
From an experimental point of view the MnS was the most 
favorable of the paramagnetic salts as the cross section of 
the negative ion was the smallest, and also a physical 
mixture was easily obtainable to make a comparison. A 
preliminary study of our data obtained with the MnS 
indicates that the form factor for the magnetic scattering 
has decreased noticeably in the region 20 to 45 degrees. 
These results seem to indicate conclusively the existence of 
magnetic scattering of slow neutrons by paramagnetic 
materials, 

We are indebted to Professors Halpern and Johnson for 
many helpful discussions. 

A paper giving the details of our work will follow, 


MARTIN I). WHITAKER 


New York University, 
University Heights. 


HaroLp G. BEYER 


Joun R. DUNNING 
Pupin Physics Laboratories, 
Columbia University, 
New York, N. Y., 
October 15, 1938. 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research at Columbia University. 

1! Bloch, Phys. Rev. 50, 259 (1936). 

2? Schwinger, Phys. Rev. 51, 544 (1937). 

3 Dunning, Powers and Beyer, Phys. Rev. 51, 51 (1937). 

* Hoffman, Livingston and Bethe, Phys. Rev. 51, 214 (1937). 
( + + aa von Halban and Koch, Nature 139, 756 (1937); 140, 360 

19 ° 

6 Powers (in process of publication). 

7 Halpern and Johnson, Phys. Rev. 52, 52 (1937). 

8’ Halpern and Johnson, Phys. Rev. 51, 992 (1937). 

* Whitaker, Phys. Rev. 52, 384 (1937). 
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The Increase of X-Ray Reflection from Quartz Due to a 
Strong Electric Field 


When a strong electric field was applied to a thin quartz 
plate for a long time, it was found that the intensity of 
x-ray reflection increased very much even after the re- 
moval of the electric field. Crystal plates free from twin 
and about 1 mm in thickness were cut parallel to various 
net planes and etched slightly with HF solution. An 
electrostatic field of 10~17 kv/mm was applied perpen- 
dicular to their surface. After the removal of the field, the 
intensity of x-ray reflection from an internal net plane was 
measured by the ionization spectrometer. 

(1) The intensity of reflection increases at first with the 
length of time of application of the field, but reaches a 
saturation value after several hours of application. 

(2) No difference is found whether the field is applied 
parallel or antiparallel to the electric polar axis. 

(3) This effect is strongly structure sensitive, but the 
general behavior is much the same for different crystal- 
lographic directions. 

(4) The effect dies away very slowly after the removal of 
the field, and in some cases considerable increase in reflec- 
tion is still observed after five or six days. However, at 
high temperatures or under the irradiation with x-rays or 
y-rays, the decay is more rapid. 

Further examinations are now in progress, and the 
definite conclusion concerning the origin of the effect must 
be postponed. But there is no doubt that the increase of 
reflection is due to the decrease of x-ray extinction? as a result 
of the inhomogeneous strain. Since the purely elastic stress 
shows no conceivable after-effect, and the present effect is 
easily destroyed by x-rays, it is natural to consider the 
effect to be electronic in its origin. A plausible explanation 
might be as follows: Electrons, after wandering through the 
crystal under the strong electric field, are trapped* by atoms 
at the lattice imperfection, and the stress thus produced 
may be the cause of inhomogeneous strain. 

My sincere thanks are due to Professor S. Nishikawa for 
his continuous guidance and kind encouragement through- 
out this work, 


YOsHINOBU KAKIUCHI 


Physical Institute, 
Tokyo Imperial University, 
September 24, 1938. 


1Smekal, Handbuch der Physik, 24/2. 
2 Ewald, Handbuch der Physik, 23/2, esp. §21 and p. 428. 
3 Gurney and Mott, Proc. Phys. Soc. 49, 32 (1937). 





Nuclear Isomerism in Element 43 


We wish to report briefly an interesting case of isomerism 
which has appeared during an investigation of the short- 


lived radioactive isotopes of element 43. The irradiation of | 


molybdenum with deuterons or slow neutrons produces a 
radioactive molybdenum isotope with a half-life of 65 hours 
which emits electrons with an upper energy limit of ap- 
proximately 1 Mev. (This molybdenum activity has also 
been reported recently by Sagane, Kojima, Miyamoto and 
Ikawa.)! This molybdenum decays into a second activity 
which has a half-life of 6 hours and which emits only a line 
spectrum of electrons. Since the molybdenum emits elec- 
trons, the daughter activity must be ascribed to element 43; 


THE EDITOR 


chemical identification has been carried out and has con. 
firmed this identification of the 6-hour activity. Absorption 
measurements in aluminum and measurements with a 
magnetic spectrograph? indicate an energy for the electrons 
of about 110 kev. This line spectrum must be due to the 
conversion electrons of a gamma-ray of about 130 key 
energy. The 6-hour activity also emits x-radiation and 
y-radiation. The absorption of the x-rays in molybdenum, 
columbium and zirconium shows a discontinuity that js 
consistent with the Kae line of element 43, which is to be 
expected on the basis of the interpretation given below, 

The simplest and most reasonable explanation for these 
facts is the existence of an excited state in this isotope of 
element 43 which reverts to the ground state by the 
emission of conversion electrons and gamma-rays with a 
half-life of 6 hours. A line of conversion electrons corre- 
sponding to a similar transition seems to have been 
detected by Pontecorvo® during a study of the nuclear 
isomerism in rhodium. A more complete discussion and a 
description of the experiments will be published later in 
the Physical Review. 

We wish to thank Professor E. O. Lawrence for the 
privilege of working with the cyclotron and for his interest 
in this problem. 

We wish also to express our appreciation to Mr. D. C. 
Kalbfell for the photographing of the line spectrum of 
electrons. This research has been aided by grants from the 
Research Corporation. 

E. SEGRE 
G. T. SEABORG 
Radiation Laboratory, 
Department of Physics (E.S.), 
Department of Chemistry (G.T.S.), 
University of California, 


Berkeley, California, 
October 14, 1938. 


1 Sagane, Kojima, Mijamoto and Ikawa, Phys. Rev. 54, 542 (1938). 
2 Kalbfell, Phys. Rev. 54, 543 (1938). 
3 Pontecorvo, Phys. Rev. 54, 542 (1938). 





The Helium-Deuteron and Deuteron-Deuteron 
Nuclear Reactions—Corrections 


(1) In a recent letter to the Physical Review, A. J. 
Ruhling! has mentioned that long range protons had been 
reported? by us from the reaction 

oHe?+ ,H*—>2He!+;H'. (1) 
I wish to point out that these observations turned out 
to be erroneous, and because of the presence on the target 
of a trace of boron as impurity. We have obtained no 
evidence so far that the reaction (1) does take place. 

(2) R. D. Myers* quotes me as reporting? a spherical 
symmetry for the neutrons from the reaction 

,H?+ ,H*—>,He?+ on! (2) 


in contradiction with observations of Kempton, Browne 


and Maasdorp.‘ This is not so. 
M. L. OLIPHANT 
University of Birmingham, 


Birmingham, England, 
September 30, 1938. 


! A. J. Ruhling, Phys. Rev. 54, 308 (1938). 

2 Copenhagen Conference. 

3R. D. Myers, Phys. Rev. 54, 361 (1938). 

4 Kempton, Browne and Maasdorp, Proc. Roy. Soc. A157, 372 (1936). 
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Scattering of Fast Electrons 

In a private communication, Professor E. J. Williams 
has suggested that the electron scattering data recently 
reported in this journal! could be profitably compared 
with his latest computations on plural and multiple 
scattering. For comparison with cloud chamber observa- 
tions the distribution in angle projected on a plane con- 
taining the initial direction of motion must be known. 
According to Professor Williams the projected plural and 
multiple scattering for fast electrons (@=v7/c~1) is 
Gaussian with an arithmetic mean projected angle given 
by? 
a, =k/W = (Ze? N*t"?) (8.10 

+0.56 logio {74° .Nt/Zpv**Npw})/W (1) 

=106/W degrees (1’) 
where ¢ is the thickness, Z the atomic number, NV the 
number of nuclei per cc of the scatterer and W is the 
kinetic plus mass energy of the electron. The numerical 
results, here and in what follows, are given for a lead 
scatterer of thickness ¢=0.015 cm as employed in the 
experiments and for W in Mev. In a form convenient for 
the treatment of the scattering of electrons of different 
energies we have: 

Py(Wa)d( Wa) =(2/rk) exp (—(Wa/k)?/x)d(Wa) (2) 

=0.006 exp (—(Wa/188)?)d(Wa). (2) 


The first term in brackets in k appears squared in the 
expression for the projected single scattering! as follows: 


Ps(Wa)d(Wa) =42(Z%e4 Nt) (Wa)-*d( Wa) (3) 
= 2840( Wa) *d(Wa) (3’) 


while the second term is a statistical factor yielded by the 
calculation of plural and multiple scattering from single 
scattering. Professor Williams also points out that the 
transition from multiple to single scattering (Py =Ps) 
occurs at ~4a,,, this result depending only on the statistical 
factor discussed above. The single scattering contributes 
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only about 4 percent to the mean scattering angle. 

In Fig. 1 the fraction of 368 electrons (238 negatives, 
130 positives) scattered by an 0.015 cm lead lamina into 
intervals A(Wa)=20 Mev degrees is compared with 
equations (2') (curve B) and (3’) (curve C). The electrons 
ranged in energy from 5 to 17 Mev with a mean total 
energy at approximately 11 Mev. A Gaussian curve (A) 
with a, =45/W is found to fit the small angle scattering 
within the statistical fluctuations. The observed mean 
angle is thus smaller than the theoretical by a factor of 
2.3 (compare (1’)). It is to be noted that any random error 
in measurement will tend to increase the observed mean 
angle. The large angle scattering is given qualitatively by 
the theoretical single scattering as pointed out in the first 
publication.' In Fig. 2 the observed mean angle for all 
electrons (open circles) and the observed mean angle for 
only those electrons with Wa=120 Mev degrees (full 
circles) as functions of W are shown. The latter points 
fit the equation 42/W (curve A) whereas the former agree 
well with 55/W (curve B). The large angle scattering thus 
contributes approximately 25 percent of the mean angle 
of scattering. As this large angle scattering apparently is 
single, the single scattering is seen to become important 
at a critical angle smaller than that given by theory. 
Thése results indicate either that the statistical factor 
found from the plural and multiple scattering computations 
or the theoretical single scattering at small angles is too 
large. Professor Williams estimates his computational 
errors to be not more than three or four percent in the 
extreme and points out that the theoretical single scattering 
should hold especially for small angles as in this region 
the theory is independent of Dirac’s treatment of spin. 
The preliminary experimental observations are now being 
supplemented by experiments with scatterers of different 
thickness in an attempt to discover the source of the 
discrepancy with theory. 

W. A. FowLer 


Kellogg Radiation Laboratory, 
California Institute of Technology, 
Pasadena, California, 
September 26, 1938. 


1 Fowler and Oppenheimer, Phys. Rev. 54, 320 (1938). 
_ ? Now in publication. We are greatly indebted to Professor Williams 
for his kind permission to use the results of his computations before 
publication. 





